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Overview of linear models course

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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@ Linear models with fixed effects

© Linear models with random and mixed effects

© What isn't a linear model?

@ Goals for the course
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One-sample problem
For responses Yi,...,Y,, assume
Yi=p+e, i=1,...,n

where
@ i is the mean

e ¢, are independent Normal(0, o2)

Goal: Make inference on p.

Exercise: Put equations in matrix foom Y = Xb + .
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Simple linear regression
For responses Yi,...,Y,, assume
)/i:ﬁo—"/glxi'i_gh i:17"‘7n7

where
@ [y is the intercept
@ (31 is the slope

e &; are independent Normal(0, o2)

Goal: Make inference on Sy, f1.

Exercise: Put equations in matrix foom Y = Xb + e.
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Multiple linear regression

For responses Yi,...,Y,, assume

Yi = Bo+ Bixti+ -+ BpXpi +€i, i=1,...

where
@ [ is the intercept
® f31,...,0p are the linear effects of the covariates

e &; are independent Normal(0, o2)

Goal: Make inference on Sy, f1.

Exercise: Put equations in matrix foom Y = Xb + e.
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Cell-means model (One-way ANOVA)

For responses Yj;, assume

Y,'J':,u,,'~|—8,'j, i=1...,a, Jj=1,...

where
@ u; are the treatment means
e ¢;; are independent Normal(0, o)

Goal: Test for differences in treatment means.

Exercise: Put equations in matrix form Y = Xb + .
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Treatment effects model (One-way ANOVA)

For responses Yj;, assume

Yi=p+ai+e;, i=1,...,a j=1,...

where
@ L is a mean
@ «; are treatment effects

e ¢;; are independent Normal(0, o)

, Nj

Goal: Test for differences in treatment means.

Exercise: Put equations in matrix form Y = Xb + .
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Treatment effects with continuous covariate (One-way ANCOVA)

For responses Yj;, assume
Yi=pn+oa+p6xj+e; i=1,...,a, j=1,...,n;

where
@ L is a mean
@ «; are treatment effects
@ [ is the effect of the covariate
o

e;; are independent Normal(0, o2)

Goal: Test for differences in treatment means.

Exercise: Put equations in matrix foom Y = Xb + .
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Two-way cell means model
For responses Yy, assume
Y,'jk:y,,'j-i-E,'jk, i:1,...,a, j:1,...,b,

where
@ i are treatment means

o ;i are independent Normal(0, o2)

Goal: Test for differences in means.

Exercise: Put equations in matrix foom Y = Xb + €.
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Two-way treatment effects model (Two-way ANOVA)

For responses Yjj, assume
Y,ijM—I-Oé,'-i-ﬁj—l—(Oé,B)U-i-&;jk, i=1,...,a, j=1,...,b, k:l,...,n;j

where

@ L is a mean
o are treatment effects for factor 1
B; are treatment effects for factor 2
(aB)jj are interaction effects

gjjk are independent Normal(0, 02)

Goal: Make inference on u, o, ..., a,.

Exercise: Put equations in matrix form Y = Xb + .
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© Linear models with random and mixed effects

o & - = DA
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One-way random effects model

For responses Yj;, assume

Y,'J'IILL-i-A,'-i-E,'j, i=1,...,a, j=1,...

where
e ¢; are independent Normal(0, 02)
e A; are independent Normal(0, 03)

@ A; and ¢j are independent

Goal: Test if treatment effect variance o7 is zero.

Exercise: Put equations in matrix form Y = Xb + Zu + €.
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Two-way random effects model

For responses Yjj, assume
Y,'jkIp,—FA,'—{-Bj—F(AB),'j—FE,'jk, i=1,...,a, j=1,...,b, k:l,...,n,-j

where

e ;i are independent Normal(0, 02)
A; are independent Normal(0, 03)
B; are independent Normal(0, 02)
(AB); are independent Normal(0, 035)
Ai,Bi, (AB)j;, and ¢jj are independent

Goal: Test whether variance components 03, 03, 045 are equal to zero.

Exercise: Put equations in matrix form Y = Xb + Zu + €.
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Two-way mixed effects model (Randomized complete block design)

For responses Yjj, assume
Y,-jk:u—l—a,-—l—Bj—i—(aB)U—i—s,-jk, i=1,...,a, j=1,...,b, k:l,...,n,-j

where

@ L is a mean
«; are treatment effects
ek are independent Normal(0, 02)
B; are independent Normal(0, 03)
(aB);; are independent Normal(0, 03 5)
Bi, (AB)jj, and ¢j; are independent

Goal: Test if variance components are equal to zero; test for treatment effects.

Exercise: Put equations in matrix form Y = Xb + Zu + €.
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One-way treatment effects model with subsampling

For responses Yjj, assume
Yik =p+aj+ej+du, i=1...,a, j=1,....n, k=1,...,mj

where
@ L is a mean
«; are treatment effects
g;; are independent Normal(0, 02)

djx are independent Normal(0, 02)

ejj and dj are independent

Goal: Test for differences in the treatments.

Exercise: Put equations in matrix form Y = Xb + Zu + €.
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© What isn't a linear model?

o & - = DA
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A linear model gives the expected value of the response as a linear function of
some parameters.

E.g. the model Y; = Bpe®X +¢;, i =1,...,nis a non-linear model.
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@ Goals for the course

o & - = DA
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The goal is that by the end of the course you should:

© Know how to conduct inference in various linear models.

@ Understand theoretical justifications of these inference methods
(Like why you should use an F-test with such-and-such degrees of freedom).

© Have a solid understanding of linear algebra and its role in statistics.
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