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Overview of linear models course

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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@ Linecar models with fixed effects

© Linecar models with random and mixed effects

© What isn’t a linear model?

@ Goals for the course
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One-sample problem

For responses Y7,...,Y,, assume
CA” N
/ﬁu—l—s;, I=1,...,n, l
where ) | noi%e,
errv a}yh‘

@ [ is the mean

@ ¢, are independent Normal(0, o)

z
]
Goal: Make inference on L. c
t
Exercise: Put equations in matrix for
P"{‘ - riw rc.
- , /* 4 cn
1 ¢
L] e T
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Simple linear regression
For responses Y7,...,Y,, assume
Y, = + B1x; +¢€;, 1=1,...,n,
Bo + B1xi + : [:.T
g x ‘\
y i [
where ' (o .
. . : . &
@ [g is the intercept - : [’.\
@ (31 is the slope
. , ‘!v\ 4 x,. cn
o ¢; are independent Normal(0,02) Lk 4 L . LT
ro= X b o+ £

Goal: Make inference on (g, 31.

Exercise: Put equations in matrix form Y = Xb + €.
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Multiple linear regression
For responses Y7,...,Y,, assume
\/;Zﬁo+[3@---—l—5pxp;+8;, I=1,...,n,
(2 =
Y, (4 &y oo X ] ,
where o A I . : > n /
@ [y is the intercept ' ‘ ‘ :
’ el LY e o ) g, |
® [1,...,0Bp are the linear effects of the covariates L e
@ ¢, are independent Normal(0, 02)

Goal: Make inference on (g, 31.

Exercise: Put equations in matrix forn\] Y = Xb + ei
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Cell-means model (One-way ANOVA)

For responses Yj;, assume

Yii = i, i:1"”’i’- jzl,...,;,-
where -
@ y; are the treatment means
o ¢; are independent Normal(0, o2) J
Goal: Test for differences in treatment means. f, = p o+ S

Exercise: Put equations in matrix form Y = Xb + .
T = pe 1 €24
iz 1,2 [“"2) e = g Car

n;=2
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Treatment effects model (One-way ANOVA)

For responses Yj;, assume

= i L£m I

[:' Z “"Z) - &+ (%

where n ;— ( N\ gt ‘
@ L 1S @ mean ‘ Y |- /*0‘. + | €z
@ «; are treatment effects 3. = p * dy +| %2

o ¢;; are independent Normal(0, o2)

L

¥ea = o+ By a\ 2,

—
Vi e ) ()
Goal: Test for differences in treatment means. X > | | |} o b=,
Exercise: Put equations in matrix forrr@: Xb + €. : g : d,
— J -~ -
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Treatment effects with continuous covariate (One-way ANCOVA)

For responses Yj;, assume

Y,'J':,IL—I—Oé,'—|—5X,'j—|—€,'j, 1=1,...,a, j:].,...,@

. — <
A | Z ’ a=% - 4 ol + P’xﬂ <) ”
where ;--‘L - Ty 4 '
® i is a mean " Yy 2 M+ FlPEme 0 Da
@ «; are treatment effects O TR N MR T A Y
@ [ is the effect of the covariate ¢ Aok Ay p
_ s 2 % X 4+ L
o ¢; are independent Normal(0, o2) e
4
~
r' Il o0 % [ .‘
: - - M
Goal: Test for differences in treatment means. X | | o « ol
- " ]
. L . |«
Exercise: Put equations in matrix form Y = Xlz—k E. " 0 | T .‘3' g
Ix9 4y ° | x. i >1
N

- J
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Two-way cell means model
For responses Yjj, assume
Yik = pij +€ijk, 1=1,...,a, j=1,...,b, k=1,...,nj

where
@ (i are treatment means

@ ¢ are independent Normal(0, o2)

Goal: Test for differences in means.

Exercise: Put equations in matrix form Y = Xb + €.
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Two-way treatment effects model (Two-way ANOVA)

For responses Yjj, assume

Y,'J'kZ,LL—l—Oé,'—Fﬂj—F(OAﬁ)U—F&Uk, (=1,...,a, j=1,....b, k=1,.../nj

where

@ (4 IS @ mean
«; are treatment effects for factor 1
B; are treatment effects for factor 2
(aB);i are interaction effects

ejjk are independent Normal(0, 02)

Goal: Make inference on u, aq, ..., a,.

Exercise: Put equations in matrix form Y = Xb + €.
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© Linecar models with random and mixed effects
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One-way random effects
For responses Yj;, assume
Y,'J':/L—FA,'—F&“U, i=1,...,a, Jy=1,...,n;
;; ',z [4: t\ V) - }A + g_"\ 4 cﬂ
where _ o
h=1 . + |4 ¥ L
@ ¢; are independent Normal(0, o2) fe = M !
@ A; are independent Normal(0, 03) T = P 4 ’41\ o
@ A; and ¢ are independent fia - »r o+ (A ¢ £

Goal: Test if treatment effect variance af\ is zero.

Exercise: Put equations in matrix form Y = Xb + Zu + €.

(00 1) A
) (o) j |
s |Tn | b : 2> W :
Y‘ 131 X \ ~ [rl (‘3 ? ~ A
‘v‘l‘bJ " \ (o) (
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Two-way random effects model

For responses Yjj, assume
Y,'jk:,u—l—A,'—I—Bj—l—(AB),:,'—F&“;jk, i=1,...,a, j=1,...,b, k:].,...,n,'j

where

® ¢jj are independent Normal(0, o2)
A; are independent Normal(0, 03)
B; are independent Normal(0, 0%)
(AB);; are independent Normal(0, 045)
Ai,Bi, (AB)jj, and ¢j; are independent

Goal: Test whether variance components 03, 0%, 045 are equal to zero.

Exercise: Put equations in matrix form Y = Xb + Zu + €.
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Two-way mixed effects model (Randomized complete block design)

For responses Yjj, assume

Y,'jk:/L—|—Oé,'—|-Bj—|—(OéB),'j—|—€,'jk, i=1,...,a, j=1,...,b, k:].,...,n,'j

where
@ [/ IS @ mean
«; are treatment effects
ejk are independent Normal(0, 02)

)

)

@ B; are independent Normal(0, 03)

@ (aB); are independent NormaI(O,af\B)
°

Bi, (AB)jj, and ¢j; are independent

Goal: Test if variance components are equal to zero; test for treatment effects.

Exercise: Put equations in matrix form Y = Xb + Zu + €.

Karl B. Gregory (U. of South Carolina) STAT 714 fa 2025 Lec 00 14 / 19



One-way treatment effects model with subsampling

For responses Yjj, assume

Y,-jk:,u-|-a,-i:1,...,3, j:l,...,n,-, k:].,,m,_/
where B Tin VA S

@ (4 IS @ mean

«; are treatment effects
g;j are independent Normal(0, o2)
dji are independent Normal(0, %)

eij and djj are independent

Goal: Test for differences in the treatments.

Exercise: Put equations in matrix form Y = Xb + Zu + €.
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© What isn’t a linear model?
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A linear model gives the expected value of the response as a linear function of
some parameters.

E.g. the model Y; = i =1,...,nis a non-linear model.
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@ Goals for the course
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The goal is that by the end of the course you should:

© Know how to conduct inference in various linear models.

© Understand theoretical justifications of these inference methods
(Like why you should use an F-test with such-and-such degrees of freedom).

© Have a solid understanding of linear algebra and its role in statistics.
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