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Distributions of quadratic forms, Cochran’s theorem, ANOVA table

Karl B. Gregory

University of South Carolina
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These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.

Karl B. Gregory (U. of South Carolina) STAT 714 fa 2025 Lec 04 1/ 30



€@ Random vectors, multivariate Normal distribution

e Review of chi-square, t-, and F-distributions

© Distributions of quadratic forms

@ Cochran’s theorem and the ANOVA table
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Univariate Normal distribution:

@ The pdf of the Normal(y, o?) distribution is given by

1 1 y — 1)?
f(y;,u,az):\/—z?gexp [—( 205)] for y € R.

o The moment generating function is My (t) = et*+o°t/2 for all t € R.

@ The pdf and cdf of the Normal(0, 1) distribution get special notation:

) _ 1 —z%/2
Wz) = =€

» - oy
”\".
1 SACSY
q, !‘|'

\daaa Y ]_
et d(z) = / Tor

o The mgf of Z ~ Normal(0, 1) is(Mz(t) = et /2 for all t € R.

e_tz/zdt for z € R.
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Moment generating function of a random vector

The moment generating function of a p x 1 random vector y is defined as

My (t) — EetTya

provided the expectation exists for all t such that |t||.c < h for some h > 0.

Exercise: Let Z3,..., Z, % Normal(0,1) and set z = [Z1,...,Z,]". Find the mgf
ofy = u + Az.
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Result (Multivariate mgf results)
Letyi,...,yk be K random vectors with mgfs My, , ..., My, , respectively. Then

Oy < y2 iff My, (t) = My, (t) for all ||t < h for some h > 0.
Q Vi,...,Yk are mutually independent iff

My(t) = My, (t1) x - - X My, (tk)

for all t such that ||t||o. < h for some h > 0, wherey = [y{ ...y}]" and
t=1[t]...t]]".

See Res 5.1 and 5.2 of Monahan (2008).
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Multivariate Normal distribution
@ The pdf of the Normal(u, X) distribution is given by
1
fly; nZ) = 2m) P22 e | =Sy — ) Z 7 (y —p)|  fory €RP.

o The moment generating function is M (t) = et #+t Zt/2 for all t € RP.
@ The pdf of the Normal(0,1,) distribution is

o(z) = (27r)_”/2e_ZTZ/2 for z € R”

@ The mgf of z ~ Normal(0,1,) is M,(t) = et't/2 for all t € RP.
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Exercise: Let y ~ Normal(u,V) and w = a + By. Show that

w ~ Normal(a + Bu,BVB').
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Result (Distributions of “blocks” of a Normal random vector)

Let'y ~ Normal(p, V) and partition'y, u, and V as

Y1 e Vii ... Vik
y=|:|, p=1| |, V=] : . :
YK 9% Viki ... Vkk

Then:
Q y; ~ Normal(u;,Vj;) foreach j, j=1,...,K.

@ yi,...,yk are mutually independent iff Vi = 0 for all i # j.

See Cor 5.1 and Res 5.4 of Monahan (2008).

Prove the result.

0 N N (/A \/3

P= Pt 41’“
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y = by,
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Exercise: Let y ~ Normal(u, V) and set

w; =a; +Byy and w;=a+ Boy.

Show that w; and ws are independent if and only f B;VB.] = 0.

—
] .
N"‘ r?»\ %1
W
p"J IN‘&J ﬁl—.l
W T a +1$Z "'N(f}*ﬁyj’,, VLT
N
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Exercise: Let E: Xb + e, e ~ Normal(0, azln))
© Find the joint distribution off y = Pxyland & = (I, — Px)y.
@ Check whether y and é are independent.wx& L

pc/ 1 Y y q)x XE)_ ) /?x fpx(;-ga\
~ . ~ Yo
) T.-P)Y N o
L ~ ] XB/V | @’ P)C XE \@ a@b?x T-P, /
i L.jh"g‘ % )(\; V'r a X,
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Chi-squared distributions:
@ The pdf of the x2 distribution is given by
1

w

oo

1
v/2—1
(v/2)2772 "

fw(w;v) = -

@ v is called the degrees of freedom
o mgf: My(t) = (1 —2t)7%/2 for t < 1/2.
o Let x7 . satisfy P(W > x2 ;) = &£, where W ~ x?.

Let Z1,..., 2, % Normal(0, 1), then

W=27+ - +2Z>~ 2.

], for x > 0.

Exercise: Prove the above using mgfs.
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t distributions:

@ The pdf of the t, distribution is given by

M=) 1 2\ ~(r+1)/2
fr(t:v) = 2 1+ — for t € R.
T(t;v) O ( + u) ort €

@ v is called the degrees of freedom

@ mgf: does not exist!
o Let t, ¢ satisfy P(T > t,¢) =&, where T ~ t,.

Let Z and W be independent rvs such that Z ~ Normal(0,1) and W ~ %2, then

Exercise: Prove above via finding the joint density of (T, U), where U = W.
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F distributions:

@ The pdf of the F,, ,. distribution is given by

1,2

r(y1—|-uz) 1 v1/2 1 —(v1+12)/2
fo(r _ (a-2)/2 (1 Y1
imn) = ity (52) 7 T

for r > 0.
@ 11 and v, are called the numerator and denominator degrees of freedom.
@ mgf: does not exist!
o Let F, 1, ¢ satisfy P(R> F,,¢) =& where R~ F,, 1, ¢.

Let Wy and W, be independent rvs such that Wi ~ x2 and W5 ~ x2_, then

. Wl/Vl

R = ~
W2/V2

FV1,V2'

Exercise: Prove above via finding the joint density of (R, U), where U = W,.
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Non-central t distributions:

@ The pdf of the t, , distribution is given by

t € R.

e 2Rt T((v+k+1)/2)
frtiv,¢) = VTl (v/2) kzzo k! (1+ (£2/v)) k1) 2

@ v is called the degrees of freedom
@ ¢ is called the non-centrality parameter

@ mgf: does not exist!

For Z ~ Normal(0,1) and W ~ x2 with Z 1L W, for any ¢ € R, we have
4
T p— _|_ ¢ Y V7¢'
W /v
Exercise: For X1, ..., X, " Normal(u, o2), show that

\/E()_(n — MO)/Sn ~ th—1,¢, with ¢ — \/E(:LL - MO)/O-'
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Non-central chi-squared distributions:

@ The pdf of the x2(¢) distribution is given by

e 2 (e/2)" 1 L
fW(W;V’gb):Z P r(y+2k)2%zkw z “le /2, for w > 0.
k=0 2

@ v is called the degrees of freedom.

@ ¢ is called the non-centrality parameter (ncp).
o mgf: My (t) = exp(ot/(1 —2t))(1 —2t)%/2 for t < 1/2.
ind

Let Z1,...,2Z, ~ Normal(0,1), then

W= (Zi+m)P+ (L +w) ~xp(p=pi+ ) &—

Note that Monahan (2008) eq. (5.4) parameterizes the ncp differently.

Exercise: Prove the above using mgfs.
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Non-central F distributions:

@ The pdf of the F,, ,,(¢) distribution is given by

1/1—{—2/(
2 V1—|—2k
o —¢/2(¢/2)2 r( V1+1/2+2k) <ﬂ> r—z 1
e V2
fR(r; Vl) V2) — Z kl r(ﬂ)r(2V1+2k) vq+rvao+2k ) r > O
k=0 | 2 2 (1 1 rﬂ) 2

@ 11 and v, are called the numerator and denominator degrees of freedom.
@ ¢ is the non-centrality parameter.

@ mgf: does not exist!

Let Wi and W, be independent rvs such that Wi ~ x2 (¢) and Wa ~ x2_, then

. Wl/Vl

R =
W2/V2

™~ FV1,V2(¢)’

Exercise: Prove above via finding the joint density of (R, U), where U = W.
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© Distributions of quadratic forms

= = S = T DAl
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We will need the following result.

Result (Spectral decomposition for an idempotent matrix)

Let A be a symmetric; X 2 matrix. Then A is idempotent with rank s if and only
if there exists a ,3 x s matrix G such that GTG = I, and GGT = A.

v

Prove the result.

A— Symnn .

Nnxn

e =
[A idewp. with b ﬂés? 3 (» at 76 =T od CE'= A
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Result (Chi-square results for quadratic forms in indep. Normals.)

Let y ~ Normal(p, o°1,)
Q@ We havey'y/o® ~ xi(¢ = p' p/o?). ]é
Q If A symm. idem. w/ rank s, theny" Ay/o? ~ x2(¢ = " Ap/o?)

Dy A )

Cf. Res 5.9 and 5.14 Monahan (2008).

Prove the results. Y~ N (/5'~ ) 0.11“\
s/i.l/a-}cr% , %”N(%;Tn\
~ 2 -
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Exercise: Let y e, where e ~ Normal(0, o21,) andE( has rank r] Define

P
N C )

where y = Pxy and & = (I, — Px)y. Find the distribution of F.

- ¢ z Xé‘r? )‘%%
;ll’;ll’ ,n(&Yu '.l y R TB(X =1y rPXZ W’L((‘}’ C)x :
e w e

6‘

},y”.u., io‘»ﬁ f“hi‘— >C

. Ly (3-R) xb L
T'f“é”l’ L, -8yl = o Y lt’?x Y ~’,l/,,,,(4> (< «3
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Result (Chi-square results for quadratic forms in Normals.)

Let y ~ Normal(p,0%V), V a n x n positive def/'n/'tey.
© We have y"V-1y/0? ~ \2(6 = uV "1y /0?)
Q I/f A symm. and AV is idem. w/rank s, then y" Ay/o? ~ x2(¢ = u" Ap/c?).

i ——

v

Cf. Res 5.10 and 5.15 of Monahan (2008).

- |

o, #VY  Vpd o VeRR L E

: NSh nen Axn -“w;li ‘o(ﬁ
-
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Q@ If A symm. and@V is idem.

A YW T2 A= PD'P« ) TP =-T Cs‘u,.*n%
V' e
T . -I_\T “l _ s e
= ZAX * S @) A% 3- By o g2

e, ¢
' S

L Ay, wlm.,. w ik el S,

A AR = 27 (RR) A R
' AVA R

\/\/’

ZA
AR, (o).

W

Atsonec .
A AV = AV

.
Vv

VAVA = VA
N AVA-A =0

<

7

‘NJ/‘ V" 52\ AM e V LA ,C.Vl ru/l,.
> Avh-A

Whi o roale L 1y S P«"\ K

by ors ek (B AR Y2 4o (827) e (2 A)

(1)



- (VA
. ek (VA)

9.

yo Numd [, V)

Result (Independence of a linear function and a quadratic form)

= and A be symm. W Iﬂ BVA = Olthend

bre /ndependent

Prove the result.
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(
Z‘rAZ - (?TY)D Py po By AL Py => B A TA»z_

~ ~ ~ ”~

e (B e )y T

> BVPHPT =0
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Exercise: Let Xi,..., X, '~ Normal(y, o%) and let

2= L S (X-X) and X =13"x

n—14% :
=1 =1

Show that S? and X, are independent. ) Ki
. "
S
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@ Cochran’s theorem and the ANOVA table

= = S = T DAl
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Theorem (Cochran)

Let y ~ Normal(u, 0?1,) and let Ay, ....Ax be symmetric, idempotent matrices
K

2.

with fanks S1,...,SK such that

Ak = In] Then

k=1
TA TA
2 21y’ e 4 2Ky are independent
o o
TA TA
and Y 2ky §k (¢:” ;“) foreach k=1,..., K.
o o
Prove the result.
al . ) 7 G IG-r‘/ (
A}zzc"n(ﬂ: ';”*ZA"Z';"Z "=

-
nxn nxﬁ,,_ é’xsl")

Karl B. Gregory (U. of South Carolina)

STAT 714 fa 2025 Lec 04

26 / 30



(n.‘rvq h‘a:r
]y
T T ~
b Y L(”»
s [6»,- Gy )
-
& | &
by
Considas
|4
z A -1,
k=

¢$ L"l S‘Da Oﬂr?

Ned L show

("A:rz ) G)VTZ' o~ h‘-yc-M.
o )
67 o &
. . -
N S N R IO LR
v T
by, by

6Tl Tl e G676
: 60 | G 6, J6, - E,TGH

C’) l:r(ﬂ, 67 @Téz,_ G‘qué’kx

. ¢t G G
K
=2 = 6,67 = T,
o =
>3 G 6T =T.

T8 b oo sgeen, He T4,

T -
' 6'G=xT,.

“ nxd, nig
Nx ZS,.
ez
n
wa_ T

[



bawe

W

. ¥ 4
L ¢
{
N
w ~ .
L 3 2 s
< < “
S
s A LS
% R
LS
Sy d NS
S EF
N
n



Result (Sequential sums of squares by Cochran’s theorem)

Let y = Xb + e, where e ~ Normal(.go, 0°1,) and X = [Xg X; ... Xk]. Define

Po=Px,, P1=Px,x.y, P2=Px;x; xs5 --- Pk =Px
a— — ——— —— —
and set sy = rank Pg, sy = rank(Px — Px_1), k =1,..., K. Then we have
L ‘4’
1 1 2 1 T
o — o
1 1
—Y¥' (Pc —Pia)y ~ g, (¢ = —(Xb)" (P - Pk—l)Xb> , k=1....K
AT A 1 T 2 - \ l’ [r, P \ XL
168 = Sy (1=Py~x? s (7 2. % -
WY 0] T — n k=15k c
i g S~  ———C -

where the above quantities are mutually independent. °

Show that this is an application of Cochran’s theorem. _
2 #(P-0 4o+ (B =P \*E T =
P o+ (9-%) +(P-0) 4+ (B =R,
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Yy 23y s Yy TR 4 TR-RN R,
N r ~ ~ i

We can summarize the sequential sums of squares and their distribution in a table:

Source | SS/o? df ¢
1 - 1 -

Xo —Y Poy So E(Xb) Po(Xb)

X i G Pk_l)Dsk ~5(XB)" (Py — Py1)(Xb)
1 - K

e —y (1= Pk)y n—> , oS O
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Exercise: Let Y; =

Derive the following table summarizing the sequential sums of squares:

pu+ a; + €, 6,J s Normal(0,

II‘\

Source SS /o2 df 0
2
a
iy 1 1
Mean gn.(y“) 1 ﬁn w+n E niQ;
i=1
2
a
T = (Vi —7.)° 1 —nt
reatment — ni(yi —y.) a— > ni | a; —n nioy
i=1 J
1 a n;
— \2
Error ;E E(y,-j—y,-,) n—a 0
i=1 j=1
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