STAT 714 hw 8

Simultaneous confidence intervals, variance component estimation, mixed models

1. Let A be an n x n matrix. Prove each of the following results:

(a)
(b)
(c)

2. If a random vector z has covariance matrix 3 and moment generating function M, (t)

We have x” Ax = x"Ax for all x € R", where A = (1/2)(A + A”).
If xTAx =0 for all x € R" then A = —AT.
If A is symmetric, then x”’ Ax = 0 for all x € R” implies A = 0.
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but ¥ is singular, then z is said to have a singular multivariate Normal distribution. Come up with
a way to generate a realization of z and describe it.

3. Let Yj; = p; + &4, €ij ~ Normal(0,0?) for i =1,...,a and j = 1,...,n. Suppose you are interested
in building simultaneous confidence intervals for every contrast comparing a pair of means, that is
for p; — p; for all i # j.

(a)
(b)

(c)

Give the matrix representation y = Xb + e of the model.

Let cq, Cy, ... be the vectors defining the necessary contrasts and let C = [¢; ¢ - --]. Give the
values of the diagonal entries of CT(X?X) C.

Referring to Lecture 5, run a Monte Carlo simulation to obtain the value of [t[X_, , such that

P (,ul- — ;i € [gj,; —y; = |t|]vv_a7a6 2/n] for all 7 # j> ,

where N = na. Use a = 0.05, n = 6, and a = 5.

Tukey’s HSD method for building simultaneous confidence intervals for all pairwise differences
in a balanced one-way ANOVA design prescribes building the intervals

[gz - gj. + Qa,N—a,aé- V 1/”] )

where the values of g, n_q,« appear in tables in the appendices of many textbooks. Use your
Monte Carlo code to verify the numbers highlighted in the table attached to this homework
(note that g x—a.0 = V2 |t|}_aq)- Eachentry in the highlighted row of the table will correspond
to a different (n, a) pair. For example, the value 3.96 corresponds to n = 6, a = 4. Note: Some
of the Error df and Number of Groups combinations are not possible with a balanced design
(e.g. 20 and 3). You may skip these, as these numbers are obtained with an adjusted method
called the Tukey-Kramer method. Note that for the case of a = 2 one can run a much simpler
simulation.



Table A.6 Critical Values of the Studentized Range, for Tukey's HSD.

o T

T = Number of Groups
Error df | Two-sided o 2 \ 3 4 5 6 7 8

5 0.05 3.64 4.6 5.22 5:67 6.03 6.33 6.58
5 0.01 5.70 6.98 7.80 8.42 8.91 9.32 9.67
6 0.05 3.46 4.34 4.90 5.30 5.63 5.90 6.12
6 0.01 5.24 6.33 7.03 7.56 7.97 8.32 8.61
7 0.05 3.34 4.16 4.68 5.06 5.36 5.61 5.82
7 0.01 4.95 5.92 6.54 7.00 7.37 7.68 7.94
8 0.05 326 4.04 4.53 4.89 5.17 5.40 5.60
8 0.01 4.75 5.64 6.20 6.62 6.96 7.24 7.47
9 0.05 3.20 3.95 4.41 4.76 5.02 5.24 5.43
9 0.01 4.60 5.43 5.96 6.35 6.66 6.91 7413
10 0.05 315 3.88 4.33 4.65 491 5.12 5.30
10 0.01 4.48 5.27 577 6.14 6.43 6.67 6.87
11 0.05 31 3.82 4.26 4.57 4.82 5.03 5.20
11 0.01 4.39 5.15 5.62 5:97 6.25 6.48 6.67
12 0.05 3.08 3.77 4.20 4.51 4.75 4.95 S5E12
12 | 0.01 4.32 5.05 5.50 5.84 6.1 6.32 6.51
13 0.05 3.06 3.73 4.15 4.45 4.69 4.88 5.05
13 | 0.01 4.26 4.96 5.40 5.73 5.98 6.19 6.37
14 | 0.05 303 | 370 | 411 | 441 | 464 | 483 4.99
14 0.01 4.21 4.89 532 5.63 5.88 6.08 6.26
15 0.05 301 | 367 | 408 | 437 | 459 | 478 4.94
15 0.01 4.17 4.84 5.25 5.56 5.80 5.99 6.16
16 |  0.05 300 | 365 | 405 | 433 | 456 | 474 4.90
16 | 0.01 413 | 479 | 519 | 549 | 572 | 5.91 6.08
17 | 0.05 298 | 363 | 402 | 430 | 452 | 470 | 486
17 | o.01 410 | 474 | 514 | 543 | 566 | 585 | 601
18 | 0.05 297 | 361 | 400 | 428 | 449 | 467 | 480
18 | 0.01 407 | 470 | 509 | 538 | 560 | 579 | 594
9 | 0.05 296 | 359 | 398 | 425 | 447 | 465 | 479
9 | 001 405 | 467 | 505 | 533 | 555 | 573 5.89
20 | 0.05 295} 358 | 396" 4239 445 | 462 477
20 0.01 402 | 464 | 502 | 529 | 551 | 5469 584
25 0.05 201 | 352 | 389 | 415 | 436 | 453 467
25 0.01 3.94 4.53 4.88 5.14 5.35 551 5.65
30 0.05 289 349 | 385 | 410} 430 |«446 | 4z
30 0.01 389 | 445 | 480 | 505 | 524 | 540 | 554
40 0.05 286 | 344 | 379 | 404 | 423 | 439 £50
40 0.01 3.82 4.37 4.69 493 541 5.26 5.39
60 0.05 283 | 340 | 374 | 398 | 416 | 431 444
60 0.01 376 | 428 | 459 | 482 | 499 | 513 5.25

Table produced using the SAS System using function PROBMC('SRANGE'..1 = o df, T).

. Obtain an expression for the REML estimator for o2 in the model Y; = p1 + ¢;, &; d Normal(0, 2),
1=1,...,n.

. Consider the model Y;; = pu + oy + B; + €5, where p1 and «; are fixed effects, B; £ Normal(0, 0%),

and &;; xd Normal(0,02%),i=1,...,a,j=1,...,b.
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(a) Write the model in matrix form y = Xb + Zu +e.
(b) Give V = Covy.
(c) Give the expected values of these sums of squares:
i. SST=5%¢, Z?Zl(yzj -7.)?

ii. SSA =037 (4. —7.)°

iii. SSB=aY_,(7; —7.)°

iv. SSAB =30 30 (i — Ui — U+ 5.)°
(d) A randomized complete block design applied several pre-planting treatments to soybean seeds

in different fields (blocking variable). The response is the number of plants, out of 100 planted
seeds, which failed to emerge.

Field
Treatment |1 2 3 4
Control g8 11 12 13
Avasan 2 5 7 11
Spergon |4 10 9 8
Semaesan |3 6 9 10
Fermate |9 3 5 5

These data are taken from Dr. Michael Longnecker’s course notes from 642 at TAMU in 2010.
i. Obtain (numerically) the REML estimator of the variance of the Field effect.
ii. Obtain (numerically) the REML estimator of the variance of the error term.

iii. Obtain a p-value for testing the significance of the treatment effect using the test statistic

SSA /(a—1)

Fa= SSAB /((a —1)(b— 1))

iv. Obtain a p-value for testing Hy: 0% = 0 using the test statistic

SSB /(b — 1)
SSAB /((a— D)6 —1))

Fp =

v. Complete an ANOVA table like the one below, providing F' values and p values for Treat-
ment and Field.

Source dft  SS MS F p-value
Treatment SSA
Field SSB
Error SSAB
Total SST
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