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Orthogonal subspaces, bases, projections, Gram-Schmidt

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.

Karl B. Gregory (U. of South Carolina) STAT 714 fa 2025 linear algebra review 4/6 1/ 26



These notes include scanned excerpts from Lay (2003):

'HIRD EDITION

Linear Algebra

AND ITS APPLICATIONS
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@ Orthogonal matrices

© Orthogonal subspaces

© Orthogonal projections

@ Gram-Schmidt orthogonalization
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Orthogonal and orthonormal sets of vectors

A set of vectors ijl, . ,VPTSE R™ is an orthogonal set if v; - v; = 0 for all i # j.
b

If in addition ||v;|| =1 for i =1,...,n, the set is an orthonormal set.
’P A

“x“: Jz'ov g J!fx

Example: The elementary vectors

1 0 0 0
0 1 0 0
€1 = : ) € = : ’ ’ €h—1—= : ’ e, = .
0 0 1 0
0 | | 0 | 0 | 1
in R” are an orthonormal set; moreover Span{e;,...,e,} = R".
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Result (Orthonormal columns) S
An m x n matrix U haslorthonorma/ columns if and only ifUTU = I.
_4
Prove the result. U\ = UV Fe+ ULV,
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Theorem (Results for matrices with orthonormal columns)

Let U be an m X n matrix with orthonormal columns and let x,y € R". Then
Q |[Ux]| = ||
QO (Ux)-(Uy) =x-y

—
lz (Ux):(Uy) =0 <= x-y=0 ’ Jlls fomn D ]

Exercise: Prove the above results.

ORIk f(ux\*ws : Yz‘gjz = {7x = i
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Uty =T

Nich KRxn

prthogonal matrix

l
An orthogonal matrix is a square invertible matrix U such thaf

== p—

If U is n x n with orthonormal columns, we have UTU =1, and UUT =1,
(since the left inverse is the right inverse).

So square matrices with orthonormal columns are called orthogonal matrices.
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© Orthogonal subspaces
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Orthogonal complement
Let W be a subspace of R".
o If z-x =0 for all x € W, we say z is orthogonal to W.

@ The orthogonal complement of W is the set of all such vectors z.

4

w.ina’:em"\ : %-x -0 ‘For qu ‘ZS&\,JS \‘rp
Denote the orthogonal complement of a subspace W as W+ i l"
?Q,f ?wAin lcf

Theorem (Results about orthogonal complements)
Let W be a subspace of R". Then:

@ A vector x is in W iff x is orthogonal to every vector in a set that spans W.

A —

(—; W+ is a subspace ofR”./
e /

Prove the result.
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Exercise: Find the orthogonal complements of these subspaces:
wt v [7‘1
| Y
4 1 1
0W1:Span<\[1]}6fg .
([ O 7 B 1 T ) C‘W_

Q@ Wo=Span< | 1 |,| O | ; N

\ L 1 4 L 0 1) | J x
1 i
. W, "Sf‘“g{- '}ﬁ
Draw pictures.
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The next result tells us how to find an orthogonal complement.

Let A be an m x n matrix. Thenl

Theorem (Orthogonal complement of column and row space) J

And|(Row A)L = Nul A.

Prove the result. A‘ \ ﬁw‘,, et &
rey

@,l AY= % xoazo N :,ew/% A
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Exercise: Find the orthogonal complement of Span< | 1 |, | 1 | ;

[ 1

gk (N AB- = Nl A . ATz ”92» .

AN L?Z\
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Theorem (Chopping result. Cf. Monahan (2008) Result A.6)

For two vector spaces W and V., W C V implies V+c wt.

As a consequence, we have additionally W =V +— W+ = V+*.
C o) ‘
2 C

Prove the result.

| o ylcow?
dc-«.f WC«V K V ¢

Proli  Sups WV LA ’

—
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Theorem (Lemma 2.1 and Results 2.2 and 2.4 of Monahan)

For an n x p matrix X, we have
@ NulX"X = Nul X
Q@ ColX™X = ColXT
© X"XA =X"XB < XA = XB.

Prove the results.

(1) Qo Nt XX = N X

P{o;F . c

x € Nl XT)( =0 X-r)(g =0
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Theorem (An orthogonal set of nonzero vectors is a basis)

If {u1,...,u,} is an orthogonal set of nonzero vectors in R", then it is linearly
independent and therefore a basis for Span{uy,...,u,}.

An orthogonal basis is a basis which is an orthogonal set.

Prove the result.

C«‘Q,M- . ﬁ ?‘. 2, ﬂip‘s o[“:L\, nown zere =2 542 ) e ‘:"‘2 ‘iﬂ. iaalqp.
. Cp.
‘?n-f—: ;}qro% C.%‘ * .-+ CP":,p ‘2 ‘c"v e Ciymy CP
\vo'H" S:A"

(“‘\‘. M nes fﬂ Adt* ov
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Example: Here are two bases for the same space—one orthogonal, one not:
0, W { [ 1
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How to find a vector’'s “coordinates” with respect to an orthogonal basis:

Result (Find a vector's coordinates wrt an orthogonal basis)

Let {uy,...,uy} be an orth. basis for a subspace W of R". Then for eachy € W,

y-uj

y=cuy +---+cpu,, Wwherec = ., J=1,....p.
uj - u;
4
Prove the result.
Wride )"Ct"f.n“""“L Crlle -
~N
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Exercise: Find the coefficients to construct y = [ ; ] from the orthogonal basis
v, .
V3/2 ~1/2
1/2 || v/3/2
-y
\/ = ¢ \cl\n + Ca !‘l - ’.“—}l :.t + A:._:' -
~ v;':t
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© Orthogonal projections
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Theorem (Orthogonal decomposition theorem)

Let W be a subspace of R". Then we can decompose any 'y € R” as

y=y+& where |y Wland &c W .

Moreover, for any orthogonal basis {uy,...,u,} for W, we have
/\ ¢ u ¢ u N\ N\
y:y 1111-|—°-'-|—y pup and eé=y-—Yy.
u; -uq U, Up

The vector y is called the orthogonal projection of y onto W, denoted by proj,, y.
Note that if y € W then proj,, y =y.

Prove the theorem.

LA’ 6 N ‘:fz ‘)‘ an o-fl. Lo‘w" i‘\' \A’c
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Theorem (Best approximation theorem)

e

Let W be a subspace of R", y any vector in R", and y = proj,, y. Then

ly —y|| <|ly—v| for a/@s W distinct fro:@

Prove the result.

ly-sll =y -G -1 >

=2 My -5\ Myl
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Exercise: Let v = [ 1 ] and y = [ ; ] Give the orthogonal projection y of y on

Span{v}. Draw pictures! Check orthogonality of y —y and y.

_1/ ]
A . S/ .
YoV 3 2 .
Y - ~ N o 3 \ - /z &

Y

2/ (Vz
A 1 [ 2
e o Y - Z{ . ‘] - e
~ \
2 LA | 2
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@ Gram-Schmidt orthogonalization
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The Gram-Schmidt process turns a basis into an orthogonal basis.

The Gram-Schmidt Process

Given a basis {xi, ..., X,} for a subspace W of R", define
Vi = X4
X2°V; L 0. x
V2 =X) — ¥i = 2 U9 2=
: : Yi° Vi : : Spemivl)

X3° V] X3° V) .2 'P
\% Vo = 5 o)

V3 = X3 — T Je  Qv.¢\ ~
¥i* Vi Va2* Y2 ~ o 9 ~u.~\
N —
X, V] X,* Vo Xt Vi

V,=Xp— ——Vj———vy—...— 2 Pl
Y1* Vi Va£.¥Vo Vp—-1°* Vp_1

Then {vy, ..., V,} is an orthogonal basis for W. In addition
Span {vy, ..., Vi} =Span{x, ..., X} forl <k<p (1)

Prove the result.
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Exercise: Use the Gram-Schmidt process to orthogonalize the basis

s 7 B 7] B T )

_ == O
= = O O

/"
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