STAT 720 sp 2019 hw 1

due on Wednesday, Feb 6th, 2019

1. Do problems 1.1, and 1.15 from B&D Intro.

2. Let Y, = Zy + 0,2, + 07y o, for t € Z, where {Z;,t € Z} is WN(0, 0?).
(a) Find the autocorrelation function p(-) of {Y;,t € Z}.

We begin by finding the autocovariance function (-). We have

v(h) = Cov(Yitn, ¥2)
=EY, Y,
=E[(Zisn + 01 Zyn1 + 02 Zpyn2)(Zy + 0121 + 022, 5)]
=E[ZinZi + 0 ZpinZo1 + 022411245
+ 0 Zin1Z + Q%Zt—i-h—th—l + 01027 12—
+ 02 ZyihoZs + 0102214 h—o0Zs 1 + 07 Zyi—2Zy o)
(1+62 46502 h=0
(0, + 60105)02, |h| =1

N 920'2, ‘h‘ =2
0, |h| > 3.
This gives
(1, h=0
6, + 0,6
1i;i;,w:1
plh) = b
1+%+@’H_
L0, h| > 3.

(b) Set 6, = 0.9 and 6, = 0.5 and let {Z;,t € Z} be independent Normal(0, 1) random variables.
Then, for the sample sizes n = 10, n = 25, and n = 50, generate 500 realizations of Y7,...,Y,,.
On each realization, compute the sample autocorrelation function at lags h = 0,1,...,10.
Then make boxplots of the estimated values of the autocorrelations from the 500 simulated

time series with the true values of the autocorrelations overlaid. The resulting plots should
look like this:
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Turn in your plots and your R code. In addition, comment on the performance of the sample
autocorrelation function as an estimator of the true autocorrelation function as the sample size

mcreases.

## Function to compute sample autocorrelations:

my.acf <- function(x,max.lag=12)

{

n <- length(x)
x.bar <- mean(x)

gamma.hat <- numeric(max.lag+1)

for(h in O:min(max.lag,n-1))

{
gamma.hat [h+1] <- 0
for(t in 1:(n-h))
{
gamma.hat [h+1] <- gamma.hat[h+1]+(x[t]-x.bar)*(x[t+h]-x.ba
}
}

gamma.hat <- gamma.hat / n
rho.hat <- gamma.hat / gamma.hat[1]

output <- list( gamma.hat = gamma.hat,
rho.hat = rho.hat,
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lags = 0O:max.lag)

return(output)

H###HHH

thetal <- .9
theta2 <- .5
sigma <- 1

rho <- c( 1,
(thetal + thetal*theta2)/(1+thetal”~2+theta2"2),
theta2/(1 + thetal”2 + theta2"2),
rep(0,8) )

theta <- c¢(1,.9,.5)

q <- length(theta) - 1
S <- 500

max.lag <- 10

nn <- c(10,25,50)
acf.est <- array(NA,dim=c(S,max.lag+1l,length(nn)))

for(j in 1:length(nn))

{
n <- nn[j]
for(s in 1:8)
{
Z <- rnorm(n+q,0,1)
X <- numeric(n)
for( t in 1:n)
{
ind <- q + t:(t-q)
X[t] <- sum( theta * Z[ind] )
}
acf.estls,,j] <- my.acf(X,max.lag)$rho.hat
}
}
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par (mfrow=c(1,3))
for(j in 1:length(nn))

{
boxplot(acf.estl[,,j],main=paste("n=",nn[j]) ,names=c(0:10))
points(rho,pch=19,col="red")
abline (h=0,1ty=3)

}

3. Let Y, = my + ¢, for t € Z, where m; = ¢y + c1t + cot? and {ei,t € Z} is a stationary time series
with mean zero.

(a) Show that the series V?Y;,t € Z is stationary.

We have

VY, = V(Y; — Y 4)
— (Y~ Vi) — (Vi) — Yiy)
=co+et+eot? e —2[co+er(t — 1)+ cpt — 1) +g4_4]
+[co + c1(t —2) + cot — 2)* + ;0]
= cot? — 2cy(t* — 2t + 1)+ co(t? — 4t +4) + 6, — 2601+ €19
=2co+ €4 — 2641 + €4_9.

Since this is a constant plus a linear combination of realizations of a stationary process, it
is stationary.

(b) Find choices of ay = a_s, a; = a_1, and ag such that the filter

2

=Y @Y, (1)

j=—2

is an unbiased estimator of m, for all ¢.

The equation
2

Z ajlco + cr(t — §) + et — 5)?] = co + crt + cot?
j=—2

can be written as
(ag + ay + ag + ay + az)(co + cit + cot?) + ca(2a; + 8az) = co + ¢t + eot?,
and this is satisfied if

a2+a1+a0—|—a1—|—a2:1
2a1 +8as =0 (<= a1 = —4ay).
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So, for example, the choices ag = 18/12, a; = —4/12, and ay = 1/12 will work.

(c) Following part (b), set ap = 18/12 and a; and ay accordingly. Then apply the smoothing in (1)
to the R data set uspop, using Y_; =Yy, =Y; and Y, 1 = Y,,.o = Y, to take care of estimation
at the start and end of the series. Plot the time series with the estimated my, ..., m, overlaid
and make a plot of the residuals Y; — m; versus ¢ for all t = 1,...,n. Supply the R code and
the plots.

The following R code applies the smoother and produces the plots:
data(uspop)

Y <- as.numeric(uspop)

tt <- seq(1790,1970,by=10)

n <- length(Y)

a <- c(1/12,-4/12,18/12,-4/12,1/12)
q <- (length(a)-1)/2

Ymod <- c(rep(Y[1],q),Y,rep(Y[n],q))
m.hat <- numeric(n)

for(t in 1:n)
{

m.hat[t] <- sum( a * Ymod[t: (t+2%q)])
}

par (mfrow=c(1,2))

plot(Y"tt,xlab="time",ylab="US pop")
lines(m.hat™tt)

plot(Y-m.hat~tt,xlab="time",ylab="Residuals")
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(d) Since the trend in the uspop data appears to be quadratic, and since quadratic trends can be
eliminated by differencing the series with the operator V?, apply the differencing V? to the
uspop data and plot the resulting series. Comment on whether you think the trend has been

eliminated by the differencing.

The following R code produces a plot of the twice-difference series:
pdf (height=5,width=5, "hw01_plot02.pdf")

par (mfrow=c(1,1))
plot(diff (diff(Y)))

dev.off()
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4. Show that for any random variables X, ..., X, and real numbers aq, ..., a,,, we have
m

Varz ZZ@LL]COV Xi, Xj).

=1 =1 j5=1

2

Ms

i=1

a0, EX; X; — ZZa a; EX;EX;

=1 j=1

zm:zm:aa]Cov (Xi, X;).
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5. Let {X;,t € Z} be a stationary time series with autocovariance function (-) and show that

Var(v/nX,) ni (1—@) v(h),

=—(n-1)

where X,, = (X1 + -+ + X,,)/n.
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We have

Var(y/nX,) = n Var ( ZX)
= Z Z Cov(X;, X;)

i=1 j=1
:gzzw-ﬁ
i=1 j=1
n—1

Z (n = [R)7(h)

hfnl

n—1

= (1 = [h[/n)~(h).

h=—(n—1)

6. Consider the MA(q) process defined by
Xt = HoZt + 61Zt,1 + -+ qut,q, for te Z,

where {Z;,t € Z} is WN(0, ?).
(a) Show that

q—|hl
2 . .
Cov(Xy, Xppn) =4 € ; 0;0;4n  for |h| < q
0 for |h| > ¢

forallt € Z.
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We have EX,; = 0 for all t € Z. Moreover

q q
COV(Xt, Xt—i—h) = Cov (Z Hth_j, Z eth—i-h—k)
j=0 k=0
q q
= Z Z 9j9k COV(Zt,j, Zt+h7k)

j=0 k=0
q q
=D 00k12(t = = (t+h = k)
j=0 k=0
q q
=Y ) 00t —j— (t+h—k))
j=0 k=0
q q
=> ) 0,6:1(k = j + h)yz(0)
j=0 k=0
q—|h|
_ o’ Z 0;0;4n for || < q
=0
0 for |h| > gq.

(b) Show that

Assuming n > ¢, we have

n—1
Var(v/nX,) = (1 —[h[/n)y(h)
h=—(n—1)
n—1 q—|h|
= Z (1 — |h|/n)o Ze 0;41n)
h=—(n—1)
q q— Ihl
= Z (1—|h|/n)o Z 0,0,
h=—q

Now we have

g a-Inl q 2
T}LIEOVar(\/_X =0’ Z Z@Qﬁ‘h‘—a (Z@) :

h=—q j=0
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To see the last equality, consider summing all the entries of the matrix

Oofo .. 0ob),

000 ... 0,0,

(c) Set (0y,01,05,05) = (1,0.8,0.5,—0.2) and let {Z;,t € Z} be independent Normal(0, 1) random
variables.

i. Give the asymptotic variance of the quantity \/nX, as n — oo based on this time series.

The asymptotic variance is

sum(c(1,.8,.5,-.2))**x2 = 4.41].

ii. Use R to generate a realization of length n = 100 of the time series; produce a plot of
your time series using plot(X,type="1"). Hint: You will need to generate n + q = 103

values from the Normal(0, 1) distribution and then use these to construct the realizations
D CTD. &

The following R code does this:

n <- 100
theta <- c¢(1,.8,.5,-.2)
q <- length(theta) - 1

Z <- rnorm(n+q,0,1)
X <- numeric(n)

for(t in 1:n)
{

ind <- g + t:(t-q)

X[t] <- sum( theta * Z[ind] )
}

plot(X,type="1")
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Under the same settings, generate 1000 realizations of length n = 100 of the times series and
compute the sample means of each of the 1000 realizations. Then compute the variance
of /nX, over the 1000 realizations. Compare this value to the theoretical asymptotic
variance of /nX,,.

The following R code runs the simulation:

n <- 100
theta <- ¢(1,.8,.5,-.2)
q <- length(theta) - 1
S <- 1000

X.bar <- numeric(S)

for(s in 1:8)

{

Z <- rnorm(n+q,0,1)
X <- numeric(n)

for( t in 1:n)
{

ind <- q + t:(t-q)

X[t] <- sum( theta * Z[ind] )
}

X.bar[s] <- mean(X)
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var(sqrt(n) * X.bar)
sum(theta) "2

The empirical variance of \/nX, should be close to 4.41.
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