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STAT 824 sp 2025 Lec 11 slides

Bootstrap for regression

Karl Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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Bootstrap in multiple linear regression Constant error term variance

Linear regression model
Let (x1, Y1), ..., (Xn, Yn) be data pairs such that b ,,...-.,.,m-.‘

=

T .
\/i:xi18+5i7 = 4,...,0N,

. . . . - . - 2 2
with X1,...,x, € RP determlnlstael, ...,&p lid with %1 =0, 'LE&?l =0 F 0.

Let X = [x1,...,%,]" and

nXxe J

B,=(XTX)"IXTY T
67 =(n=p) Y = XB,I3
P
L+ S é@— \)L - khoun Ju"'l, ‘Es‘ka" E:r r> .

Exercise: Consider estimating contrasts ¢’ 3 for ¢ € RP with cTBn.

© Come up with pivot quantities relevant for making inferences.

© Give the form of a confidence interval for ¢’ 3.
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Corollary to the Lindeberg CLT

For each n > 1, let &;,...,&, be iid with zero mean and unit variance and let
a,...,an € R. Then
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L T R R A L e i e - Constant error term variance

-1 ST i xxT > o,
Define the quantities " "o

qun —— ?:rcgr’

Q=<' (By—B) and T,=/n-c'(B,—B)/6,
Vo Q.2 a Ve (R a0 = Ty = T2

Theorem (Asymptotically Normal pivots for least-squares coefficients)

For any c € RP we have
Y

Q [cT(nIXTX)"c#®Q, = N(0,02) and
Ve
Q [cT(nIXTX) 1c#2T, 25 N(0,1)
as n — oo, provided
max h; — 0 asn— oo,

1<i<n

where hi;, i = 1,...,n is the ith diagonal entry of X(X"X)~1XT.

Exercise: Proof the result using the Corollary to the Lindeberg CLT on next slide.
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Bootstrap in multiple linear regression Constant error term variance

Corollary to the Lindeberg CLT

For each n > 1, let &4, ...,&, be iid with zero mean and unit variance and let
ai,...,an € R. Then

—1/2 "

Z aigi g N(Oa 1)
i=1

(3-%)

as n — oo provided

n N\ —1/2
( E aj> max |a;| — 0
: 1<i<n
J=1
as N — Q. )
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L T R R A L e i e - Constant error term variance

Residual bootstrap for linear regression
@ Draw €7,..., ¢ with repl. from &; = Y; — x,-TB,,, i=1,...,n
Q Set Y :x,-T,(A‘i'n—l—e}k fori=1,...,n.
© Compute B3, = (XTX)"IXTY* and (6%)2 = (n— p) || Y* — X3, ||2.
@ Compute the bootstrap versions of @, and T, given by

Q =+vn-c"(B,—B,) and T;=+/n-c"(B,-B,)/5;

o

61 ’a- ) o /-
af T, ~ L“T.. /?(511,.(“/:\ ¢ 1o & (r’“ i < G'T.(‘-/'\\’I .

Ca
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Bootstrap in multiple linear regression Constant error term variance
A T /
; (l - I 3 : (- < ( a™ ‘ ) Ta
Q - " C,- a ~ b ~ P

Monte Carlo implementation of residual bootstrap

Given MC realizations Q*() < ... < Q}(B) of Q*and T*V) < ... < T B) of T,
B large, (1 — «)100% bootstrap Cls for ¢’ 3 based on Q, and T, are

O [c7B, — Q@B 12 (T _ grll(-a/28]) 1721
© [c7B, — TAe/28D m1pzg (T pa=a/2BN) 1724 1

Exercise: Simulate performance of residual bootstrap Cls for (i) ¢’ 3, and (ii) Bo;-
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Bootstrap in multiple linear regression Heteroscedastic error term variances

m—

Linear regression model with heteroscedasticity
Let (x1, Y1),...,(Xn, Yn) be data pairs such that

T .
Yi=x; Bg+¢i, i=1,...,n,

with x1,...,x, € RP deterministic, Ee; = 0 and Ee? = 07 € (0,00), i = 1,...,n.

Exercise: Give an expression for Var(¢g c’3,) for c € RP.

\/»(e..‘f%\ \. (& JEOTEY

T

o (e R Ay (et D S

8 /20
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Bootstrap in multiple linear regression Heteroscedastic error term variances

Define 62, = n- ¢’ (XTX)71XT" . diag(&2,...,€2) - X(X"X)"1c and let

c,n

Qn:\/ﬁ°cT(Bn_IB) and Hn:\/B°CT(Bn_IBO)/6-C,”

Theorem (Asymptotically Normal pivots for LS coefs under hetsc.)
Let 02, = nc” (XTX)"'X"(0%,...,05) X(X"X)"'c and assume o, — o as
n — oo for some o2 € (0,00). Then we have

Q Q, D, N (0, 02)

@ H, 2 N(0,1) =~ o weyee-

f’.‘rf": I R« =
as n — oo provided =
max h%/o? — 0
1<i<n
as n — oo, where h? is diagonal entry i of the matrix X(X' (0%,...,02) X)XT

and under some additional moment conditions (see [5]).
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Bootstrap in multiple linear regression Heteroscedastic error term variances

Wild bootstrap for linear regression

ereoc deamd

@ Generate indep. bootstrap aﬂals 5 L, exW satisfying{‘I‘Ei[s;"W] =0,
‘IE [(eXV)?] = & 0and E.[(e")3] = Where =Y, —xB,,i=1,...,n

~© Set Y,-*W:x-T,Bn—I—e-, izl,...,n.
A*W

~@ Compute B = (XTX)"IXTY*W, aW — y=w 75" 4y
Q@ Compute wild bootstrap versions of the pivots @, and H, given by

/\*W

Q*W vn-e'(B, —B,) and HW = vn-cT(B, —5)/“:%”,

where (657)% = n-c"(XTX)71XT - diag((¢5"V)?, ..., (&)%) - X(XTX) " e.
4
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Bootstrap in multiple linear regression Heteroscedastic error term variances

Monte Carlo implementation of wild bootstrap

Given MC realizns Q*W(@W < ... < @;"(B) of QW and H*W(M) < ... < HEW(
of H*Y B large, (1 — a)lOO% bootstrap Cls for ¢’ 3 based on @, and H, are

[ Tﬁ Q:W(I(e/2)B) | ~1/2, Tﬁ o W=ey/2)2]) —1/2]

© [c78, — HVUEPB) ajos (T ppWTa—a/2ED) /05

Oc,n; Oc n]

B)
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Bootstrap in multiple linear regression Heteroscedastic error term variances

e lesms

Two ways to obtain wild bootstrap res===ls [1], [2]
©@ Mammen (1993): For i =1,...,n, get V;1, Vio i Normal(0, 1). Then set
Ui = (01 + \4,1/\[2)(52 + Vi,2/\/§) — 0102,
where 6; = (3/4 + V/17/12)Y/2, 6, = (3/4 — /17/12)}/2. Then let
5;‘W =& - U,.

@ Das et al. (2019): For i = 1,..., n, generate U; ~ Beta(1/2,3/2). Then set

87W — é\,' . 4(U,' — 1/4)

Exercise: Simulate performance of wild bootstrap Cls for (i) ¢’ 3, and (ii) 3y;.
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Bootstrap in multiple linear regression Heteroscedastic error term variances

Discuss: Comparison of methods in simulation.

r<- .7
R <- rAabs( outer(1:8,1:8,"-"))

P <- 2*sin(C R * pi / 6)

X <- ¢cbind(1,(pnorm( matrix(rnorm(n*8),ncol = 8) %*% chol(P)) - .5) * 5)

beta <- c(-1,c(4:1)*(-1)A(4:1),0,0,0,0)

e V-

(1)

o~

igma <- 1/4 + abs(X[,2] + 2.5

[Siome -
er

<- rnorm(n,¥,sigma)
Y <- as.numeric(X %*% beta) + error

DAT‘\ J‘T‘J‘ e Xy

e"Coverage of 95% confidence intervals for g3 at sample sizes n = 10, 20, . . ., 100.

ct. b py

TV Wi
70 80 / 90 100

]

‘3‘ method | (107 20 30 40 50 60

ﬁi_ <. 034 081 088 091 093 095 0.93 0.95/0.95 0.95

< Ef[ﬁ; 98 0.99 098 097 097 0.97 0.97 0.98 0.97) 0.96
57, as N(0,1) | 0.66 0.92 094 096 095 097 0.96 097 096 0.5
£33 JQ™ 103l 079 087 0.90 0.93 095 093 095 093 093
i*@ S| H:% 090 091 092 093 093 095 0.94 094 094 0.93
$’ 0.30 .79 0.86 0.90 ©.93 0.94 093 0.93 0.93 0.93
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Bootstrap in multiple linear regression Heteroscedastic error term variances
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Bootstrap in multiple linear regression Resample pairs

Linear regression model with heteroscedasticity and a random design
Let (X1, Y1),...,(X,, Y,) be data pairs such that

Yi=X"Bg+ei, i=1,...,n,

with X1,..., X, € RP rvs, E[g;|X;] = 0 and E[?|X/] = 07 € (0,00), i =1,...,n.

y

A random design is often more realistic (but does it really matter?).

Mammen (1993) showed that the wild bootstrap works in the above setting.

The resampling pairs bootstrap
@ Draw (X{, Y{), ..., (X, YF) with replacement from (X1, Y1),...,(Xs, Ya).

@ Then let 3, =((X*7X*)"1X*TY" |

pr every bootstrap resample!

Note that we must compute the inversg
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Bootstrap in multiple linear regression Resample pairs
?"wwlbm X

This is taken from Mammen (1993). “Bootstrap” is the resampling pairs bootstrap.

TABLE 1
Rates of convergence of the bootstrap procedures and the mean zero normal approximation under
m———————a the assumption E(¢,|X,) =0 Q. "
e
Estimation of ./(wﬁcT(B - 33 Z(neTB -B) /6,)
Normal approximation N(0, 6.2) Op(n=12 + pn—1)
Wild bootstrap Op(n=Y2%2 + pn—1)

Bootstrap&= (Lgawnole paitt [Yev,‘f:"\ Op(n=12 + pn~1)

In this paper the affect of the dimension p is tracked along with that of n.

The studentized resampling pairs bootstrap is more adversely affected by high
dimension than the wild bootstrap.
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Pointwise confidence intervals in nonparametric regression

Nonparametric regression model
Let (X1, Y1),-..,(Xh, Y,) be data pairs such that

Yi=m(X))+e, i=1,...,n,

with X1,..., X, € [0, 1] deterministic, Eg; = 0, Ee? = 0% € (0,00), i =1,...,n.

v

Az KB
. . . . . N -
Consider linear estimators, i.e. estimators of the form " i

Min(x) = Whi(x)Yi, for x €[0,1].
=1

Exercise: Discuss estimators of Var m,(x) in the cases % A
2 2 2 ) \‘[(
Q 01 =""=0,=0 6(0700)' W.. (%) * " X -
. J
© 07,...,02 are heteroscedastic. P~ l"(‘f
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Pointwise confidence intervals in nonparametric regression

Suppose we wish to build a confidence interval for m(x) at some x € [0, 1]. ]

Consider our discussions from Lecture 4: We have

My(X) — mp(x)  Ma(x) — Em,(x) N Em,(x) — my(x)
v/ Var i, (x) \/Var i, (x) \/Var i, (x)
—>D7Vr(0,1) —P 0 if m, l:nrdersmoothed

Strategy: Undersmooth and pretend Em,(x) is equal to m(x).

Studentized pivots under constant and heteroscedastic variances
(O.D
n E n An - An N
_mx) m() nd 7_,,:it_m(x) Emp(x) —
\/ZI 1 \/ZI 1 nzl(X@
N‘N‘\ )
O_l‘l: ’«:— 5 G’b- 6-‘7—' e, 0':: A“;\ paed L h Sauwe

Karl Gregory (U. of South Carolina) STAT 824 sp 2025 Lec 11 slides 18 / 29



Pointwise confidence intervals in nonparametric regression

m <- function(x){sin(3* pi * x / 2)/(1 + 18 * xA2*(sign(x) + 1))}
n <- 200

X <- runif(n,-1,1)

sigma <- (1.5 - X)A2/4

Y <- m(X) + rnorm(n,@,sigma)

The asymptotic Normality of the pivots suggests the pointwise Cls

n(x) £ z, /23,,\/2,?:1 Wg,.(x)} and [m,,(x) + 7, /2\/27:1 Wg,.(x)éﬂ .

Cls assuming iid errors Cls allowing nonconstant var
i ) o — ™ -
8_ — N N
S :
: - - - -3
&4 o : X >
a1 o 5 T T >
2] % Y Y
o G00, :
oo?’oogoooooooooooooo D D
| | | | | | | | | | | | | | | |
0.0 0.1 02 03 04 05 -1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
hh X X
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ol T o e e R L e A a R o AL i 8 Asymptotic distribution approach

=N

—...=02=0%¢(0,00)

Consider the constant variances case&r

Assume i, is undersmoothed and pretend Em,(x) equals m(x) (i.e. ignore bias).

A pivot for building confidence bands
Define

My (x) — Emp,(x)
T, = sup
x€[0,1] \/ZI 1 ( )

and denote by G, the distribution of T,,.

Exercise: Propose a confidence band for m(x), x € [0, 1] of the form

={(6Y) t ha(X) <y < tnalx),x € [0, 1]

assuming the distribution G, is known.
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ol T o e e R L e A a R o AL i 8 Asymptotic distribution approach

Asymptotic result of Sun and Loader (1994) [3], [4].

For Z1,...,2Z, S Normal(0, 1), we have

P <Supx6[0,1] | > im1 Mii(x)Z;

> c) ~2(1—P(c)) + %e_cz/z

for large ¢ and large enough n, where kg = fol \/27:1 2 M,,,-(x)]zdx.

The above result is sometimes called a tube formula.

Exercise:

@ Find M,;(x), i=1,...,n, such that we may write

Tn — SuPXE[O,l] 27:1 M”i(X)(gi/a-n)

@ Propose a conf. band for m(x), x € [0, 1] based on the above result.
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ol T o e e R L o A a R e e =i Asymptotic distribution approach

Approximation to kg

To compute kg in practice is hard. We can get an approximation to it as

Ko ~ S—: \ S:[Mni(xj—l—l) — Mi(x)]°

given a grid of values xq,...,xy € [0,1], for some large .

Exercise:

© Justify the above approximation to kg.
@ Construct the asymptotic (1 — «)100% confidence band

{(x,y) = [ i (x) £ Cabnr/S T, W2(x) } . xelo, 1]}

on a simulated data set, where ¢, is from the Sun and Loader method.
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ol T o e e R L e A a R o AL i 8 Asymptotic distribution approach

Consider the case in which 0%, ...,02 € (0,00) are heteroscedastic.

Assume i, is undersmoothed and pretend Em,(x) equals m(x) (i.e. ignore bias).

A pivot for building confidence bands under heteroscedasticity
Define

Pt o | o) — Emn()

= x€[0,1] \/27:1 W’%(X)é\?

and denote by G"*t the distribution of TNet.

Exercise: Propose a confidence band for m(x), x € [0, 1] of the form

Brn = {0x,y) 1 i (x) <y < upa(x), x € [0, 1]}

assuming the distribution Gt is known.
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ol T o e e R L o A a R e e =i Asymptotic distribution approach

Exercise:
© To build a conf. band a la Sun and Loader, we need M,;(x) such that

Tyt = SUPxe(o,1] | Die1 M,i(x)Z;

for some rvs 71, ..., 2, n Normal(0,1). Find M,;(x), i=1,...,n.

@ Construct the asymptotic (1 — «)100% confidence band

{(y)y €| M) £ e /S W2 (022 |, xe o1}
on a simulated data set, where c, is from the S&L method with xg based on
Waix)|&il
VI WA(x)E

M,i(x) =
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Confidence bands in nonparametric regression Bootstrap confidence bands

Karl Gregory (U. of South Carolina)

=N

Consider the constant variances case % =...=02=0°¢€ (0, oo)]

|9

Residual bootstrap for nonparametric regression

n.

)

© Draw e, ....e; w/repl from & = Y; — m,(X;), i =1, ...
- ——

() A ’
ﬁ“&: (%) * Z W,.: (=) e, (X))

t2

Exercise: Show that m*(x) — E, @ (x) provided > 7, & = 0.

25 / 29



(Ol e T e L LR R e e R e =i Bootstrap confidence bands

Consider the case in which o2,...,02 € (0,00) are heteroscedastic.

Wild bootstrap for nonparametric regressmn

eryor "vw-
@ Generate indep. bootstrap emebeads o1V XV satisfying E.[eX"V] = 0,

E.[(e")?] = &2, and E.[(e:")3] = & Where 5, =Yi—m,(X;),i=1,...,n
Q Set YW =m (X)) +eW, i=1,.
© Compute AW (x) = >27 , Wii(x )Y*W
Q@ Compute bootstrap version of T given by
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Confidence bands in nonparametric regression Bootstrap confidence bands ]

Consider constructing bootstrap versions of the pivots T, and T"et.

Residual /wild bootstrap versions of T, and Tt

Given a grid xi, ..., xy of values in [0,1], define /
« Wi (x;)er?V ?
TF = max and T"*" = max @1 bg)e
1<j<N

S| oL wa ey

-
—

and denote by G, and G"t the dists of T* and T't" conditional on the data.

Exercise:

@ Give the form of (1 — «)100% bootstrap confidence bands under constant
variances and heteroscedasticity.

© Demonstrate on simulated data.
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Confidence bands in nonparametric regression

assuming iid errors

Bootstrap band
0
|

-1.0 -0.5 0.0 0.5
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allowing heteroscedastic errors
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