
STAT205 – Elementary Statistics for the Biological and Life Sciences

Elementary Statistics for the Elementary Statistics for the 
Biological and Life SciencesBiological and Life Sciences

STAT 205STAT 205

University of South CarolinaUniversity of South Carolina
Columbia, SCColumbia, SC



STAT205 – Elementary Statistics for the Biological and Life Sciences

Chapter 11:  An Introduction to Chapter 11:  An Introduction to 
Analysis of Variance (ANOVA)Analysis of Variance (ANOVA)
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Example 11.2.1Example 11.2.1



 

Return to the (Return to the (indepindep.) 2.) 2--sample model sample model 
from Sec. 7.2 (tfrom Sec. 7.2 (t--test).  What if there are test).  What if there are 
more than 2 groups?more than 2 groups?



 

Ex. 11.2.1Ex. 11.2.1:  Lamb response to :  Lamb response to diffdiff’’tt
 

diets.diets.
 YY11

 

= weight gain of lambs after diet type 1= weight gain of lambs after diet type 1
 YY22

 

= weight gain of lambs after diet type 2= weight gain of lambs after diet type 2
 YY33

 

= weight gain of lambs after diet type 3= weight gain of lambs after diet type 3

So now weSo now we’’re interested in re interested in µµ11

 

vs. vs. µµ22

 

vs. vs. µµ33

 

!!
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Multiple Group ModelMultiple Group Model
samplesample

 
samplesample

 Observations from:Observations from:
 
# # obsvobsv’’nsns

 
meanmean

 
variancevariance

YY11

 

~ N(~ N(µµ11

 

,,22))
 

nn11

YY22

 

~ N(~ N(µµ22

 

,,22))
 

nn22

YY33

 

~ N(~ N(µµ33

 

,,22))
 

nn33



 


YYII ~ N(~ N(µµII ,,22))
 

nnII

Notice: Notice: ““dotdot””
 

notationnotation

Y1.        S1
2

Y2.        S2
2

Y3.        S3
2

         

YI.        SI
2

Yi. = 1
ni

Yijj=1
ni

            Si
2 = 1

ni-1
(Yij-Yi.)2j=1

ni
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Multiple ComparisonsMultiple Comparisons



 

ItIt’’s natural to ask:  why not now just s natural to ask:  why not now just 
compare compare all possible pairsall possible pairs µµ11

 

––
 

µµ22

 

,  ,  µµ11

 

––
 

µµ33

 

,  ,  
µµ22

 

––
 

µµ33

 

, etc., each with a t, etc., each with a t--test (or conf. test (or conf. 
interval)?interval)?



 

DEFDEF’’NN:  The  :  The  PROBLEM of MULTIPLE PROBLEM of MULTIPLE 
COMPARISONSCOMPARISONS

 
occurs when the same occurs when the same 

data set is used to make multiple data set is used to make multiple 
inferences on inferences on II > 1 associated parameters.> 1 associated parameters.
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Error InflationError Inflation



 

Suppose Suppose II = 3.= 3.



 

Perform a tPerform a t--test of Htest of Hoo

 

::µµ11

 

= = µµ22

 

with falsewith false--
 positive error rate set to positive error rate set to 

 
= .05.  = .05.  



 

Then, perform another test, now on HThen, perform another test, now on Hoo

 

::µµ11

 

= = 
µµ33

 

.  .  JointlyJointly, the probability of making a , the probability of making a 
false positive error is now false positive error is now largerlarger than 5%!!than 5%!!



 

In fact, it gets worse as  In fact, it gets worse as  II increases.increases.
 Table 11.1.2 gives an illustration  Table 11.1.2 gives an illustration  
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Table 11.1.2Table 11.1.2
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Combined AnalysisCombined Analysis



 

Error considerations make it more efficient Error considerations make it more efficient 
to study an overall null hypothesis:to study an overall null hypothesis:

 HHoo

 

::µµ11

 

= = µµ22

 

= = ……
 

= = µµII

(vs. a non(vs. a non--directional alternativedirectional alternative
 HHAA

 

: some difference among : some difference among µµii

 

’’ss).).



 

Indeed, a more complete analysis seeks to Indeed, a more complete analysis seeks to 
incorporate information among incorporate information among allall

 
groups:groups:

•• e.g., we can estimate the common e.g., we can estimate the common 22

 
using using 

variation from all variation from all II groups. groups. 
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ANOVAANOVA



 

DEFDEF’’NN:  The  :  The  ANALYSIS  OF  VARIANCE ANALYSIS  OF  VARIANCE 
(ANOVA)(ANOVA)

 
among among II > 1 populations is used > 1 populations is used 

to make inferences about the to make inferences about the II population population 
means.means.



 

The various components for an ANOVA are The various components for an ANOVA are 
assembled from the data.  We start with:assembled from the data.  We start with:

=  total sample size=  total sample size

=  grand mean=  grand mean

n* =  ni
i=1

I

y.. =  1
n*

 yij
j=1

ni


i=1

I
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Sums of SquaresSums of Squares
DEFDEF’’NN:  :  SUMS OF SQUARESSUMS OF SQUARES

 
are sums of are sums of 

squared deviations from a central value.squared deviations from a central value.
(a)  the  (a)  the  WITHIN GROUPS S.S.WITHIN GROUPS S.S.

 
isis

(b)  the  (b)  the  BETWEEN GROUPS S.S.BETWEEN GROUPS S.S.
 

isis

(c)  the (c)  the TOTAL S.S.TOTAL S.S.
 

isis

SS(Within)  =   (yij - yi.)2
j


i

 
 

SS(Between)  =   (yi. - y..)2
j


i

 = ni(yi. - y..)2
i

 
 

SS(Total)  =   (yij - y..)2
j


i
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SS(ResidSS(Resid.).)


 

Notice that inNotice that in
 

the perthe per--
 

group means        can be viewed as group means        can be viewed as 
““predictorspredictors””

 
of each of each yyijij

 

under our multiunder our multi--
 group model, so these deviations are a form group model, so these deviations are a form 

of of ““residualresidual””
 

or or ““errorerror””
 

from from yyijij



 

So, we often write SS(Within) = So, we often write SS(Within) = SS(ResidSS(Resid.) or .) or 
sometimes SS(Within) = SS(Error). sometimes SS(Within) = SS(Error). 

yi.
SS(Within)  =   (yij - yi.)2

j

i
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Mean SquaresMean Squares

DEFDEF’’NN:  A  :  A  MEAN SQUAREMEAN SQUARE
 

(MS) is the avg.  (MS) is the avg.  
of the squared deviations from a central of the squared deviations from a central 
value.  It is a Sum of Squares (SS) divided value.  It is a Sum of Squares (SS) divided 
by the number of informative values in the by the number of informative values in the 
SS.SS.

called called ““degrees of freedomdegrees of freedom””, or , or dfdf
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MS(ResidMS(Resid.).)



 

For For 

we have we have dfdfwithinwithin

 

= n*= n*
 

––
 

II.  So, MS(Within) is.  So, MS(Within) is



 

Some other notations:Some other notations:
 MS(ResidMS(Resid.).)

 
= SS(Within)/(n*= SS(Within)/(n*––

 
II))

 MS(Error)  =  SS(Within)/(n*MS(Error)  =  SS(Within)/(n*––
 

II))

SS(Within)  =   (yij - yi.)2
j


i

 
 

MS(Within) = SS(Within)
dfwithin

 = SS(Within)
n* - I
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MS(Between)MS(Between)



 

For For 

dfdfbetwbetw’’nn

 

==
 

II ––
 

1.  So, MS(Between) is1.  So, MS(Between) is



 

Alternate notation:Alternate notation:
 MS(Groups) = SS(Between)/(MS(Groups) = SS(Between)/(II ––

 
1)1)

SS(Between)  =   (yi. - y..)2
j


i

 
 

MS(Between)  =  SS(Between)
dfbetw'n

=  SS(Between)
I - 1
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Computing FormulaeComputing Formulae

For computing purposes, we use:For computing purposes, we use:

And it turns out (11.2.1) thatAnd it turns out (11.2.1) that

SS(TotSS(Tot.) = .) = SS(BetweenSS(Between)  + )  + SS(ResidSS(Resid.).)

SS(Total)  =  yij
2

j

i

  -  1
n*

( yij
j


i

)2

 
and   SS(Resid.) = (ni - 1)Si

2
i

   = SS{Within}



STAT205 – Elementary Statistics for the Biological and Life Sciences

Pooled AveragePooled Average

Also, since  Also, since  dfdfresidresid

 

= n* = n* ––
 

II ==

we can write we can write 

as a as a dfdf--weighted (weighted (““pooledpooled””) avg. of the per) avg. of the per--
 group variances.  group variances.  IfIf

 
all the all the poplpopl’’nn

 
variances variances 

are equal to are equal to 22, then , then MS(ResidMS(Resid.) is an un.) is an un--
 biased estimator of this common biased estimator of this common 22..

(ni - 1)
i=1

I

MS(Resid.)  =  (ni - 1)Si
2

(ni - 1)



STAT205 – Elementary Statistics for the Biological and Life Sciences

Estimating Estimating 



 

To estimate the common To estimate the common 
 

we usewe use



 

To emphasize this we use the notationTo emphasize this we use the notation

which is at times called the which is at times called the ““root mean root mean 
squared errorsquared error””

 
or RMSE. or RMSE. 

MS(Resid.)
 
 
 
 

Spool  =  MS(Resid.)  
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ANOVAANOVA



 

We collect all the We collect all the 
•• Sums of Squares, Sums of Squares, 
•• Mean Squares, Mean Squares, 
•• dfdf, etc., , etc., 

together into a simple table of values, together into a simple table of values, 
called an called an ANOVA TableANOVA Table..



 

Think of it simply as an accounting Think of it simply as an accounting 
device, or perhaps as a device, or perhaps as a ““spreadsheetspreadsheet””

 for arranging all the various terms.for arranging all the various terms.
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Source of
Variation df SS MS

Between
Groups I - 1 (yi. - y..)2

j

i

SS(Between)
I - 1

Residual n* - I (yij - yi.)2
j


i

SS(Resid.)
n* - I

Total n* - 1 (yij - y..)2
j


i

ANOVA TableANOVA Table

NOTE:  Recall that NOTE:  Recall that SS(ResidSS(Resid.) is also called SS(Within).) is also called SS(Within)
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Example 11.2.1Example 11.2.1
Ex. 11.2.1Ex. 11.2.1:  For the Lamb Weight :  For the Lamb Weight 
example, we have the following data:example, we have the following data:
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Example 11.2.6 Example 11.2.6 ––
 

ANOVA tableANOVA table



 

The ANOVA calculations for the Lamb Weight The ANOVA calculations for the Lamb Weight 
data done in R give (coming updata done in R give (coming up……) Table 11.2.3:) Table 11.2.3:



 

So, e.g., SSo, e.g., Spoolpool

 

= = √√23.333  = 4.83 lbs.23.333  = 4.83 lbs.
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FF--testingtesting



 

We use the ANOVA calculations to assess We use the ANOVA calculations to assess 
HHoo

 

: : µµ11

 

= = ……
 

= = µµII .  To do so, we need the .  To do so, we need the 
following:following:



 

DEFDEF’’NN:  The :  The FF--DISTRIBUTIONDISTRIBUTION
 

with with 11

 

and and 22

 degrees of freedom is the degrees of freedom is the distdist’’nn
 

of the ratio of the ratio 
of two (of two (indepindep.) mean squares. .) mean squares. 

NOTATIONNOTATION:  F ~ F(:  F ~ F(11

 

,,22

 

))



 

In F(In F(11

 

,,22

 

), ), 11

 

= = dfdf
 

from the numerator MS, from the numerator MS, 
and and 22

 

= = dfdf
 

from the denominator MS.from the denominator MS.
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FF--ratioratio

We use F for testing HWe use F for testing Hoo

 

: : µµ11

 

= = ……
 

= = µµII as as 
follows:follows:
•• calculate Fcalculate Fss

 

= = MS(Between)/MS(ResidMS(Between)/MS(Resid.).)
•• under Hunder Hoo

 

, F, Fss

 

~ ~ F(dfF(dfbetwbetw’’nn

 

, , dfdfresidresid

 

))

•• Obtain PObtain P--value from R.value from R.

•• If PIf P--value < value < αα
 

then reject!then reject!
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ReviewReview



 

We now have I groups to compare, each with their  We now have I groups to compare, each with their  
own mean own mean µµ11

 

, , µµ22

 

,,……, , µµII

 

..



 

We assume the variance We assume the variance 22

 
is the same is the same 

across the groups.across the groups.



 

The ANOVA table places all the SS, MS, The ANOVA table places all the SS, MS, FFss

 

, , 
and the Pand the P--value into a convenient table, called the value into a convenient table, called the 
ANOVA table.ANOVA table.



 

The PThe P--value tests Hvalue tests Hoo

 

::µµ11

 

= = µµ22

 

= = ……
 

= = µµII vs. a nonvs. a non-- 
directional alternative.  If we reject, then we know directional alternative.  If we reject, then we know 
therethere’’s a group effect!s a group effect!



STAT205 – Elementary Statistics for the Biological and Life Sciences

ANOVA in RANOVA in R



 

We need to define two lists, a list of the We need to define two lists, a list of the 
response variable, and list indicating which response variable, and list indicating which 
group the response came from.group the response came from.



 

The group list needs to be a The group list needs to be a ““factorfactor””
 

in R.in R.



 

Fitting the ANOVA model is carried out Fitting the ANOVA model is carried out 
through through fit=fit=aov(response~groupaov(response~group) ) then then 
typing typing summary(fitsummary(fit) ) to get the ANOVA to get the ANOVA 
table and Ptable and P--value.value.



 

LetLet’’s look at the lamb diet datas look at the lamb diet data……
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R codeR code

> weight=c(8,16,9,9,16,21,11,18,15,10,17,6)> weight=c(8,16,9,9,16,21,11,18,15,10,17,6)

> diet =c(1,1,1,2,2,2,2,2,3,3,3,3)> diet =c(1,1,1,2,2,2,2,2,3,3,3,3)

> diet=> diet=factor(dietfactor(diet))

> > plot(weight~dietplot(weight~diet))

> fit=> fit=aov(weight~dietaov(weight~diet))

> > summary(fitsummary(fit))

DfDf Sum Sq Mean Sq F value Pr(>F)Sum Sq Mean Sq F value Pr(>F)

diet         2     36  18.000  0.7714 0.4907diet         2     36  18.000  0.7714 0.4907

Residuals    9    210  23.333Residuals    9    210  23.333
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SideSide--byby--side side boxplotsboxplots
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InterpretationInterpretation



 

PP--value = 0.49 > 0.05, we accept that there is no value = 0.49 > 0.05, we accept that there is no 
difference in weight gain due to diet at the 5% difference in weight gain due to diet at the 5% 
level.level.



 

An estimate of An estimate of 22

 
23.33.23.33.



 

We will now analyze the We will now analyze the ““MOA & MOA & 
schizophreniaschizophrenia””

 
data from Chapter 1.data from Chapter 1.



 

You will analyze the You will analyze the ““radish growthradish growth””
 

data data 
from Chapter 2 in your homework.from Chapter 2 in your homework.
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