STAT 518 --- Section 5.5: Dlstrlbutlon-Free Tests
in Regression

~» Suppose we gather data on two random variables.

~* We wish to determine: Is there a relationship between
the two r.v.’s? (correlation and/or regression)

~» Can we use the values of one r.v. (say, X) to predlet the

_ other r.v. (say, Y)? (regression) '- mi endeut UM‘: celo[
- » Often we assume a straight-line relauonshlp {))etween |
_ two variables. &ucl’ res Fonse,) variables .

+ This is known as sunnle linear regressmn

- Example 1: We want to predict ¥ = brea_-t_h_aly.ze_r o
- reading based on X = amount of alcohol consumed.
Example 2: We want to estimate the effect ofa

- medication dosage on the blood pressure of a patlent
Example 3: We want to predict a college appheant’ |
college GPA based on his/her SAT score.

~ This again assumes we have paired data (XI, Y1),
(X2, 1), ..vy (Xiy Yu) for the two related variables.

Linear Regression Model

e The linear regression model assumes that the mean of
Y (for a specific value x of X) varies linearly with x:

E[Y|X=n]= «+px

o= }n%@rce,}o—i— and B = §lsi>‘e,




_+ These parameters are unknown and must be estimated
- using sample data.

_« Estimating the unknown parameters is also _c_alied_
fitting the regression model. | |

Fitting the Model (Least Squares Methbd)' )

» If we gather data (X, Y;) for several md1v1duals, we |
~can use these data to estimate o and B and thus estlmate
- the linear relationship between Y andX |

~+ Once we settle on the “best—ﬁttmg” regression line, its
~equation gives a predicted Y-value for any new X-value
\/ = a+bX

* How do we decide, given a data set, Whlch values a and
- b produce the best-fitting line?

~+ For each point, the error = Dl = \/ (Ox“'\DX )

- (Some positive errors, some negative errors)

« We want the line that makes these errors as small as
possible (so that the line is “close” to the points).

Least-squares method: We choose the line that

minimizes the sum of all the squared errors (SSE).

: ward 4o minimize 3= D
w1 2e. . Di

- Least squares estimates a and b:

= |
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» This least-squares method is completely dlstrlbutmn— 3
free. |

~« In classical models, we must assume VOV vt ‘L\ WLY o
- of the data in order to perform parametrle mference

* Since the slope P describes the marglnal effect of X on
¥, we are most often interested in hypethes1s tests and
- confidence intervals about B.

 If the data are normal, these are based on the '
f-distribution. -

o If the data’s distribution is unknown, we can use a
nonparametric approach. | |

+« We must assume only that the ¥’s are mdependent
_identically distributed, and that the ¥’s and X’s are at
least interval in measurement scale.

~* We further assame that the residual \/ E ( \/ X>

15 ;V\Ae,f@w&&vd‘ o f X
A Distribution-Free Test about the Slope |
~* Let B be some hypothesized value for the slope.

 For each bivariate observation, compute

U= Vo= B N

~and calculate the Spearman’s rho for the pairs
(X, W),y (X Un)

T Ho:B=F. \s-me. fen He Xi's end m_'
)u; s are Mi&fmm{amf
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compute the “two-point slope”:

SL' = \/JPW\/{
J ST

» There are, say, NV such “two-point -slope's.”.

~« Let the ordered two-point slopes be:

M= s SM

'« For a (1 - @)100% CI, find wi_q» from Table Al1 and
- define r and s as:

VZ’L(N"W-%> e
= = <N+W «,>+| = N+|—

«If r and s are not integers, round r down to the next
- smallest integer and round s up to the next largest
- integer (in order to produce a conservative CI).




"« The (1 - 0)100% CT for P is then

<Sm) S(s7>

[ * This CI will have coverage probability Ofaikﬂﬂ 1 = ‘1

Example 1 (GMAT/GPA data): Recall example from

~Section 5.4. Suppose a national study reports thatan

_increase of 40 points in GMAT score yields a 0.4

expected increase in GPA. Does this sample pro_Vid_e :
~evidence against that claim? (Use a = 0.03. )

'E GFA X=GMAT 0.4 _ 0.0l
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~» In cases with severe outliers, the least-squares
_ estimated slope can be severely affected by such :
outliers. An alternative set of regressmn estlmates was
- suggested by Theil:

\D = sample median of  Sg's
= mdxﬂﬂ(\{a_ 5)’“ \o [WLQAI%« (XL Sﬁl

A

= \/1&\+l0-l_x

Example 2: For several levels of drug dosage (X),
lipid measure (Y) is taken. The data are:
X:1 2 3 4 5 6 7

Y: 25 31 34 40 46 11.15.1

~« See R code for example plots using the least—squares
line and Theil’s regression line.

» The point estimator of the slope in Theil’s method is
called the Hodges-I.echmann estimator.

Comparison to Competing Tests

~+ When the distribution of (X, Y) is bivariate normal .
“and the Xi’s are equally spaced, the nonparametric test
for the slope has AR.E. of_0.%3 relative to the
classical t-test. o |

_+ In general, this A.R.E. is always at least _ 0. 95 .




