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Abstract

The analysis of functional data is an increasingly relevant part of statistics. The
exploratory data analytic method of cluster analysis plays an important role in
different fields, including those in which functional data are collected. To improve
the accuracy when clustering functional data, we propose a predictive likelihood
function which serves as an objective function to be optimized in order to deter-
mine the most appropriate clusters. To optimize the objective function over the
space of clustering partitions, we produce a Markov chain of partitions. At each
step, we generate via a simulated annealing algorithm new partitions for which
the predictive likelihood is evaluated. A schedule for adjusting the temperature
parameter enhances the efficiency of the chain. Compared with a functional K-
means algorithm and the algorithm of the R function funFEM, our method can
achieve higher performance as measured by the Rand index on simulated data.
Our approach is also applied to two real data sets, a vertical density profile data
set and a yeast gene data set, and it achieves meaningful clustering results.

Keywords: Cluster analysis; Simulated annealing; Density profile data; Yeast gene data

1 Introduction

Cluster analysis is a common methodology for learning from data in statistics and is
widely used in marketing, biology, geography, and other fields. The goal of clustering
is to group objects that have similar characteristics based on data measured on them.
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Functional data analysis is the analysis of data that are curves (Ferraty and Vieu,
2006). Functional data can be treated as functions of time so that we observe mea-
surements for every curve over some time domain T which without loss of generality
can be taken to be the interval [0, T ]. The trend exhibited by functional data is usually
complex and not simply linear. This requires some choices be made when modeling
the trends of the signal curves before the main analysis. In particular, we must choose
an appropriate basis with which to represent the observed functional data.

In our approach, we will use predictive likelihood in functional data analysis. Pre-
dictive likelihood can be used to perform cluster analysis via choosing the clustering
partition to maximize the predictive likelihood. By comparing the predictive likeli-
hood values across a large set of clustering partitions and picking the largest value,
we hope to obtain the best clustering for curves based on that criterion. The predic-
tive likelihood expression we will derive depends only on the number of curves in each
cluster, the dimension of a vector of basis coefficients for the curve representations,
and a measure of variability within each cluster.

This article is organized as follows. In Section 2, we review some general clus-
tering literature and literature on clustering functional data. In Section 3, we derive
the predictive likelihood for our functional data clustering model. We also propose a
stochastic search method based on simulated annealing and explain how we achieve a
suitable acceptance rate by iterating between a set of “random pick” steps and steps
based on silhouette width. In Section 4, we simulate data following various functional
data models and describe how our algorithm clusters such data. In Section 5, we use
this improved algorithm to cluster real data sets such as vertical density profile data
and data on yeast gene expression ratios.

2 Literature Review

Cluster analysis, a form of unsupervised learning, has a long history. Early types
of clustering methods included dissimilarity-based hierarchical methods and parti-
tioning methods. More recently, model-based clustering (e.g., Banfield and Raftery
(1993)), entailing specifying an explicit statistical model for the data, has come to the
forefront of clustering research. When the data set is functional in nature, a major
approach to dealing with infinite-dimensional functional data is dimension reduction
or functional versions of model-based clustering. Since distances cannot be precisely
calculated without an explicit analytic representation of functions, dissimilarity-based
approaches often fail as explained by Jacques and Preda (2014). Practically speaking,
a popular method entails transforming the curves into a space of functions with finite
dimensions. Then, clustering techniques for data with finite dimensions can be used,
approximating the distance between the true functions (Jacques and Preda, 2014).

Numerous authors have proposed methods for the cluster analysis of functional
data. These include early work such as Tarpey and Kinateder (2003), who connected
principal points of functions (optimal approximations of the functions) to cluster
means of a K-means clustering of basis coefficients, establishing the importance of
basis representations in clustering functional data. In another early work, Rossi et al
(2004) used a Self-Organizing Map, again on a basis expansion of the functions. Two

2



methods commonly used in practice, partially due to their ease of implementation
in provided software, are the functional K-means approach (Febrero-Bande and de la
Fuente, 2012) and the funFEM algorithm (Bouveyron et al, 2015), each of which we
revisit later in our simulation study. More recent approaches include the the princi-
pal curve clustering of Wu et al (2022), in which the clustering is implemented on the
principal scores from a functional principal components analysis of the data and the
projection-based approach of Delaigle et al (2019), which employs a weighted version
of the functional k-means method. Model-based functional data clustering approaches
include that of Nguyen and Gelfand (2011), which assumes a Dirichlet process model
for the functions, and Hébrail et al (2010) assumed a simple regression model for each
function and used that as the foundation for the clustering. We will do something sim-
ilar in employing regression for each curve, although we allow our regression model to
be more flexible than in Hébrail et al (2010) and our method is more similar to the
general model-based approaches of Chamroukhi and Nguyen (2019) and Chamroukhi
(2016), although our objective function and optimization algorithm is different from
theirs. Our method eschews an overtly dissimilarity-based approach such as the one
described in Chen et al (2014) and is more reminiscent of model-based approaches like
Chamroukhi and Nguyen (2019) in which the basis representation is central. Extensive
reviews of functional data cluster analysis can be found in Zhang and Parnell (2023),
Jacques and Preda (2014), and Hitchcock and Greenwood (2015).

3 Method

The subfield of statistics known as functional data analysis (FDA) (Ramsay and Silver-
man, 2002; Ferraty and Vieu, 2006) deals with data that are functions, i.e., intrinsically
infinite dimensional. The data are inherently stochastic processes {yi(t), i = 1, 2, ..., N}
in a Hilbert space. In practice, the response is measured densely on a grid of points
t1, . . . , tn over some domain [0, T ]. A general model for a functional observation can
be represented as

yi(tm) =

B∑
b=1

cibϕb(tim) + ϵij = µ(tim) + ϵim (1)

where i = 1, . . . , N , m = 1, . . . , n, and {ϕb(t), b = 1, . . . , B} is a basis system to
represent the signal function µ(t), ϵim = ϵi(tm) are measurement errors or noise, and
cib are the coefficients of the basis functions. The data curves are represented via a basis
expansion in the functional space, for example with a B-spline approximation or a P-
spline approximation in a non-periodic functional observation. The choice of basis can
be informed by prior knowledge before analysis; for example, a Fourier basis using sine
and cosine functions for basis functions can be used to represent a periodic functional
observation. A wavelet basis can be used to represent irregular, spiky functions. We
will use the basis representation explicitly within the predictive likelihood.
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3.1 Predictive Likelihood for Functional Data Clustering

The prediction of unobserved or missing data can be handled with a predictive likeli-
hood (Butler, 1986). Bjørnstad (1990) suggested that the predictive likelihood can be
viewed as a non-Bayesian analogue of the posterior predictive density for unobserved
random quantities (not requiring the specification of a prior) and reviewed numerous
formulations of the predictive likelihood in various settings. We propose a predictive
likelihood objective function for the purpose of cluster analysis.

Suppose we have as our observed data N functional observations
(y1(t), y2(t), . . . , yN (t)), each having random components following a Gaussian distri-
bution at each measurement point along the curve. (In Section 4, we will investigate
the sensitivity of our method to this assumption.) For object i where i = 1, . . . , N ,
we can define an indicator vector Zi = (Zi1, . . . , ZiN )

′
such that Zij = 1 if object i

belongs to cluster j and 0 otherwise. Each partition in the space of clustering par-
titions corresponds to a different Z = (Z1, . . . ,ZN ), and the particular choice of Z
then determines the clustering structure. Note that if the number of clusters K < N ,
then Zi,K+1 = · · · = ZiN = 0 for all i, so to simplify the notation, henceforth we will
have the index for the number of clusters stop at K, although we keep in mind that
the value of K may vary between 1 and N within the broad family of models (and
may vary within the optimization algorithm we will use).

One can frame the goal of cluster analysis as the prediction of the values of the Zi’s
based on the data Y (i.e., the data curves (y1(t), . . . , yN (t)). This is along the lines
of the classification maximum likelihood approach (see, e.g., Everitt et al (2011)). We
assume the Zi’s are i.i.d. unit multinomial vectors with unknown probability vector
p = (p1, . . . , pK). Also, we assume a model f(Y|Z) for the distribution of the data
given the partition. The joint density

f(Y,Z) =

N∏
i=1

K∏
j=1

[pjf(yi(t1), . . . , yi(tn))|zij)]zij

is a sensible choice to serve as an objective function, where yi(t1), . . . , yi(tn) is the
discretized observation of the ith curve yi(t). Note that the parameters in f(Y|Z), and
p, are unknown. In model-based clustering, these parameters are estimated by finding
the values of Z and the data model parameters that maximize the likelihood, given
the observed Y. If the data model f(Y|Z) allows it, a predictive likelihood for Z can
be constructed by conditioning on the sufficient statistics r(Y,Z) of the parameters
in f(Y,Z) (Butler, 1986; Bjørnstad, 1990). We choose to let this predictive likelihood,
f(y, z)/f(r(y, z)), serve as the objective function. Bjørnstad (1990) notes that, when
Y or Z is continuous, an alternative predictive likelihood with a Jacobian factor for the
transformation r(Y,Z) is possible. (Including the Jacobian factor makes the predictive
likelihood independent of the choice of minimal sufficient statistic; excluding it makes
the predictive likelihood invariant to scale changes of Z.)

Consider a functional datum yi(t) and its corresponding observed discretized curve
Yi. For our approach to cluster analysis, we will make the admittedly restrictive
assumption that functional observations in the same cluster come from the same linear
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smoothing model with a normal error structure. Therefore, the distribution of Yi,
given that it belongs to cluster j, is

Yi | zij = 1 ∼ N(Tβj , σ
2
j I)

for i = 1, . . . , N . Here T is the design matrix, whose n rows contain the independent
variables in the regression model defined by the functional form we assume for yi(t).
This model for Yi allows for a variety of parametric and nonparametric linear basis
smoothers, including standard linear regression, regression splines, Fourier series mod-
els, B-splines, wavelets, and smoothing splines, as long as the basis coefficients are
estimated using least squares.

We must propose some basis for the curves, such as a linear, quadratic, cubic,
spline, or Fourier basis (or a basis that combines multiple such components), having
an associated design matrix denoted by T. Then, β̂j is the least squares estimator
of the coefficient vector of the regression for objects in cluster j (this is shown in
Appendix A.1 to be the average of the least-squares estimates of the coefficient vectors
from the individual regression fits for all the curves in cluster j).

Once we assume a model for the discretized functional data, we derive the predic-
tive likelihood to use as an objective function for the clustering algorithm. The details
of this derivation are given in Appendix A, but we outline the broad steps of it here:

1. We write f(y, z) based on the model assumption given above that the discretized
curvesYi’s are normal, i.i.d. within the same cluster and with cluster-specific means
and covariance matrices across different clusters.

2. We write f(r(y, z)) for the cluster-specific sufficient statistics (mj , β̂j , σ̂
2
j ), j =

1, . . . ,K, under the model assumptions that the mj ’s are multinomial with param-

eters N and p1, . . . , pK ; β̂j is multivariate normal; and a properly scaled version of
σ̂2
j has a chi-square distribution.

3. We show that in the predictive likelihood expression f(y, z)/f(r(y, z)), several
terms in the numerator and denominator cancel and the resulting simplified expres-
sion serves as our objective function that we seek to maximize in the clustering
algorithm.

Let J = {j|zij = 1 for some i} denote the set of the K nonempty clusters. The
unknown parameters in f(Y,Z), j ∈ J , are (pj ,βj , σ

2
j ). The corresponding sufficient

statistics are (mj , β̂j , σ̂
2
j ). Given a value of Z, which defines the clustering partition,

the sufficient statistics (mj , β̂j , σ̂
2
j ) can be obtained: mj =

∑N
i=1 zij is the number of

objects in the (proposed) jth cluster, which is a direct consequence of Z; β̂j is the
p∗-dimensional least squares estimator of βj (based on a regression of a vectorized
version of all objects in the proposed jth cluster using the design matrix of the chosen
basis) and thus also follows from the proposed cluster partition; and σ̂2

j , the unbiased

estimator of σ2
j , is the sum of squared errors of the regression of all objects in the

proposed jth cluster, and thus also follows from the proposed cluster partition. As
shown in Appendix A, the estimators β̂j and σ̂2

j can be expressed in terms of the

estimators β̂ij and σ̂2
ij (for all i such that zij = 1), obtained from the regressions of

the individual functional objects using the design matrix of the chosen basis, so that
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the regression models can be fit initially on each individual curve, and need not be
refit each time the structure of the clusters changes during the steps of the algorithm.

Then, as shown in Appendix A, the predictive likelihood for the unknown cluster
indicator matrix Z can be written:

g(z) =
f(y, z)∏

j∈J f(mj , β̂j , σ̂2
j )

∝
∏
j∈J

mj !(mj)
− 1

2 (σ̂2
j )

−
mjn−p∗

2 +1Γ

(
mjn− p∗

2

)(
mjn− p∗

2

)−
mjn−p∗

2

The parts of this formula that vary across clustering solutions are the number of
objects in the j-th cluster mj and σ̂j , which is a measure of within-cluster variability.
The value of mj is a characteristic of the clustering partition proposed at the current
step in the algorithm. We show in Appendix A.1 how to calculate σ̂j . Based on the
formula in Appendix A.1, this σ̂j can be interpreted intuitively as measuring both
the spread of the discretized curves around their own smoothed representations and
the inherent variation of discretized curves within a single cluster. In short, σ̂j is a
type of measure of the variability within cluster j. Since desirable clustering partitions
have small within-cluster variances, small values of σ̂j yield good clustering partitions,
and the typically negative exponent of σ̂j in g(z) indicates that small within-cluster
variances yield large values of g(z), so that maximizing the predictive likelihood is
associated with a good clustering. Clusters containing more curves (having large mj

values) will have a more substantially negative exponent and so the within-cluster
variances of the larger clusters will more heavily drive this phenomenon than the
within-cluster variances of smaller clusters. The other factors of g(z) depend only on
the mj ’s. Given the dominance of the mj ! piece, these extra factors can be viewed as
penalty terms that penalize partitions that have many clusters with small mj values,
since multiplying a few large mj ! values will yield a higher predictive likelihood than
multiplying many smaller mj ! values.

Note that the number of measurement points n on each discretized curve has a role
in the predictive likelihood expression. The value of n is the same across clustering
partitions, so its value will not affect the selection of the best partition. However, if
the curves are measured very densely and n is extremely large, as is the case with
some functional observations, the predictive likelihood could be unwieldy or practically
impossible to compute. In such cases, we recommend an interpolation along the domain
that would work with a smaller subset of the measurement points (the same subset
across all N curves). For such an interpolation to make sense, the curves would need
to be relatively smooth — at least not so jagged that interpolation would sacrifice
important characteristics of the functional data. We also note that in practice, we
work with the logarithm of the predictive likelihood to reduce the chance of numerical
overflow when calculating the predictive likelihood.
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3.2 Simulated Annealing

Simulated Annealing (SA) is a stochastic optimization algorithm proposed in Kirk-
patrick et al (1983) and Černỳ (1984) for solving highly nonlinear problems. The
procedure was first used in a physical annealing context by Metropolis et al (1953).
It can effectively solve optimization problems in which many local optima exist. The
algorithm produces a stochastic process of states (which in our context are clustering
partitions of the functional data) and includes a temperature parameter T which is a
tool to control the acceptance rate for newly proposed states.

In our algorithm, since our predictive likelihood serves as an objective function we
wish to maximize, both the predictive likelihood values and the temperature affect the
probability of accepting the proposed partition at each step of the simulated annealing
process. A “cooling schedule” determines how fast the temperature decreases through-
out the algorithm. While a logarithmic cooling schedule has theoretical advantages, as
explained in (Nourani and Andresen, 1998), in many applications it can produce an
impractically slow decrease. However, given the massive partition space in our cluster-
ing setup, we intentionally choose the doubly iterated logarithm in the denominator
to yield a slowly decreasing temperature schedule that allows a wider exploration of
the partition space. Setting the tuning parameter in the numerator of the temperature
formula to 100 allows us to keep this acceptance rate between 20 to 50%, as suggested
by, e.g., Robert and Casella (1999):

Tc =
100

log(log(1 + c))
(2)

where c is the iteration number of the algorithm. At each iteration, we accept the new
partition with a probability determined by the temperature and the change between
the new and current predictive likelihood value. The formula is as follows:

pc = min

(
exp(valuenew − valueold)

Tc
, 1

)
(3)

where valuenew is the predictive likelihood value corresponding to the new partition
and valueold is the predictive likelihood value corresponding to the current partition.
The form of this acceptance probability formula is taken from the classic Metropolis
step introduced in Metropolis et al (1953).

In the stochastic search algorithm, we need a way to sensibly generate a new state
(which, recall, is a clustering partition) at each step. We now present two techniques
for generating a new partition from the current partition. We call these the “Silhouette
Width Technique” and the “Random Pick Technique”. Our algorithm will alternate
between these techniques across the iterations.

3.3 Silhouette Width Technique

One of the most common strategies for assessing cluster validity is the silhouette
width. The concepts of the silhouette width for an object in a clustering solution,
and the average silhouette width among all objects, were introduced by Rousseeuw
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(1987). The silhouette width shows how well each object fits into its respective cluster.
A way to measure goodness of a clustering partition is called the average silhouette
width, which was first proposed by Rousseeuw (1987). The average silhouette width
measures cluster quality and ranges between −1 and 1, where an average silhouette
width of 1 means all objects are properly matched, while an average silhouette width
of −1 means all objects are not matched correctly (Rousseeuw, 1987). A high positive
value of the average silhouette width indicates the clustering partition is a good result.
The silhouette width is defined for each individual object, while the average silhouette
width (averaged across all objects in the data set) is a measure of the goodness of
the overall clustering partition. Let d(i, j) represent the distance between the i-th and
j-th objects in a data set. For our purposes, the distance measure for the curves is
defined as Euclidean distance (L2 distance). The formula for the L2 distance between
curve i and curve j is as follows:

dL2
(i, j) =

√∫
[yi(t)− yj(t)]2dt (4)

which can be approximated readily for observed discretized functions. The formula
for the silhouette width of the j-th object (which is assigned to, say, the J-th cluster,
denoted CJ , which contains |CJ | objects) is

SWj =
b(j)− a(j)

max{a(j), b(j)} (5)

where

a(j) =
1

|CJ | − 1

∑
j∗∈CJ ,j∗ ̸=j

d(j, j∗) (6)

and

b(j) = min
J′ ̸=J

1

|CJ′ |
∑

j′∈C
J
′

d(j, j
′
). (7)

Thus a(j) is the average distance of object j to other objects j∗ ∈ CJ in its own
cluster which is denoted by CJ . And b(j) is the average distance of object j to objects
j
′ ∈ CJ′ in the nearest cluster to that object, which is denoted by CJ′ . Intuitively,
a(j) measures how close the j-th object is to the other objects in its own cluster. And
b(j) measures how close the j-th object is to the objects in the cluster nearest to the
j-th object’s own cluster. If b(j) is much larger than a(j), then the silhouette width
of the j-th object is highly positive and this is evidence that the j-th object has been
placed in the correct cluster. The average silhouette width is necessarily between −1
and 1, and the value of the silhouette widths averaged within some generic cluster C
(where NC is the number of objects in cluster C) is

SW (C) =
1

NC

NC∑
j=1

SWj (8)
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where the average is taken over all the NC objects in cluster C, j = 1, . . . , NC .
Then the overall average silhouette width for the clustering partition is the average
of SW (C) values over the K clusters C = 1, . . . ,K. If the data are homogeneous
and well separated, a larger average silhouette width value means a better quality of
clustering. Compared with other measures of cluster accuracy such as the F-measure,
the adjusted Rand Index, connectivity, the Dunn Index and a stability-based method,
the average silhouette width has a good performance when the number of clusters is
smaller than or equal to 5 (Handl et al, 2005) and is typically considered a reliable
measure of the quality of a clustering partition.

In our procedure, at each step of the algorithm we calculate the silhouette width
corresponding to each curve. When an object’s silhouette width is low, it is desirable
to move the curve to another cluster with high probability. Therefore, we base the
decision of whether to move a curve to a different cluster on its silhouette width:

1. Compute the silhouette width SWj for curve j, as defined above, within its
particular current cluster.

2. Compute probability ps = max

{
SWj −minSW

maxSW −minSW
,

SWj

maxSW

}
.

3. Generate a uniform number us from Unif[0,1].

• If us ≤ ps, then curve j stays in its current cluster,
• else curve j changes to its nearest cluster.

4. Return to step 1.

where minSW is the lowest value over every silhouette width value in each cluster,
and maxSW is the largest value over every silhouette width value in each cluster.
The proportion (SWj)/(maxSW ) is high when SWj is close to the maximum sil-
houette width, meaning the j-th curve is nearly optimally clustered already, and so
(SWj)/(maxSW ) produces a sensible probability of a curve staying in its cluster.
The role of (SWj −minSW )/(maxSW −minSW ) in ps is for the special case when
SWj < 0, to avoid a negative probability.

3.4 Random Pick Technique

Recall that clustering is a process to separate a set of data into multiple homogeneous
groups (Jacques and Preda, 2014). During a partitioning clustering algorithm, obser-
vations are switched from one cluster to another until some equilibrium is reached.
Often, a clustering algorithm is determined in large part by the mechanism for obser-
vation switching. In the previous subsection, we have presented the silhouette width
method for potentially moving objects from one cluster to another. We now describe
another technique to transfer curves from one cluster to another cluster, which we
call the “random pick” technique. The reason for using this random pick approach is
to obtain an irreducible Markov chain as the chain of our partitions over the steps of
the algorithm. As we describe below, every partition in the state space has a nonzero
probability of being proposed at some point, so the chain has a chance to reach every
state. Eventually, our algorithm will alternate between the silhouette width method
and the random pick method during its steps.
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During the process, we assign a probability weight to each curve under considera-
tion for switching. The cluster of each curve may be randomly changed according to
that curve’s specified probability. This generates a new cluster partition for the data
set. It allows the Markov chain to be ergodic, meaning that every possible partition
has a non-zero chance of appearing in the chain. In the actual classification, we prefer
to control the number of clusters generated or eliminated, so we create a new parame-
ter δ. Also, we create another parameter α to control the probability of a curve staying
in its current cluster or changing to another cluster.

In our algorithm, K is the current number of clusters, K ∈ {1, 2, 3, ...}. We set
parameters δ = 0.4log(N) and α = (K − 1)/[K(K − 1)− 1] for k ≥ 3 (and α = 0.5 for
K ≤ 2), so that α ∈ (0, 0.5] and N is the number of curves in the entire functional
data set (across all clusters). While these choices seem heuristic, they were carefully
chosen after extensive experimentation to produce a robust rule for adding clusters
and moving objects to different clusters, with the goal of giving high probability to
keeping the number of clusters stable and keeping a curve in its present cluster, but
still allowing a nonzero chance for a curve to switch clusters or to be placed into a
newly created cluster. We use δ to control the rate of generating new clusters and
α to control the probability of a curve changing clusters in this algorithm. For each
observation: We keep the current number of clusters and keep the curve in the same
cluster with probability 1 − δ. We move the observation from the current cluster
to a different existing cluster with probability (K − 1)αδ, i.e. with probability αδ
of moving to any one of the other K − 1 clusters besides the cluster it is currently
in. We add a new cluster and place the curve in this new cluster with probability
(1− (K − 1)α)δ. For example, if we have N = 20 or N = 40 curves to cluster, Table 1
displays the probabilities associated with our random pick technique for various
values of α, where α depends on the current number of clusters k. Table 1 illustrates
how the α value and the probability of creating a new cluster decreases as the number
of clusters increases, thereby favoring a solution with a smaller number of clusters.
The number of clusters depends on δ, which is a function of the number of curves in
the data set, and α, a function of the current number of clusters. But the eventual
number of clusters in the final solution is guided by the data, since the partitions
are accepted or not based on the predictive likelihood value. Furthermore, since the
primary goal of using the “random pick” method is to produce an ergodic chain of
proposed partitions, the overall clustering solution will be quite insensitive to small
changes in the formulas for λ or α, as long as these choices yield stable adjustments
to the proposed clustering partitions.

3.5 Choosing an appropriate basis

In functional data analysis, a basis (i.e., a collection of basis functions) is a math-
ematical technique to represent functional data with an approximate mathematical
form. The choice of basis is a crucial decision in various applications. The selection of
appropriate basis functions depends on the nature of the data. Some common basis
functions that are widely used include: Polynomial basis functions (simple and effective
for capturing regular patterns in curves); Fourier basis functions (to represent periodic
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Table 1 Tuning parameter example for a functional data set
with N = 20 or N = 40 curves

N = 20
K clusters α 1− δ (K − 1)αδ (1− (K − 1)α)δ

3 0.400 0.936 0.051 0.013
4 0.273 0.936 0.052 0.012
5 0.211 0.936 0.054 0.010
6 0.172 0.936 0.055 0.009

N = 40
3 0.400 0.966 0.027 0.007
4 0.273 0.966 0.028 0.006
5 0.211 0.966 0.029 0.005
6 0.172 0.966 0.029 0.005

phenomena); B-spline basis functions (for representing smooth curves). Researchers
and analysts should exercise caution when selecting the appropriate basis functions
for their datasets. For example, when one chooses a Fourier basis to represent the
data, the functional data must exhibit periodic behavior. In our simulation study, we
illustrate the impact of different choices of basis function.

3.6 Our Clustering Algorithm

In this section, we explain in detail how we apply our new method to a set of functional
data to be clustered. We begin by choosing a basis to represent the functional data
and estimating the basis coefficients via least squares, separately for each curve. We
select the model for the basis representation of the curves based on the shape of the
curves. For example, we can choose a Fourier series basis if the data is periodic. The
specific approach we take is to consider a number of potential bases; for example, in
our real data analysis in Section 5, we consider a Fourier basis, a quadratic regression
basis, and a basis that is a mix of different types of basis functions.

The initial partition in the algorithm must be chosen in our algorithm, and we
may specify an arbitrary initial set of cluster labels, although performance is improved
when the initial cluster labels are well chosen, for example by doing a quick näıve
clustering method on the data. As a reasonable approach, a commonly-cited rule of
thumb (Boehmke and Greenwell, 2019) for small to moderate data sets is letting the
initial number of clusters K ≈

√
N/2, where N is the number of functional objects

in the whole data set. In our algorithm, the number of clusters will be dynamically
adjusted in a data-driven way to find the optimal number of clusters in the functional
data. This is because in both of the partition-generation approaches we use, the num-
ber of clusters is not necessarily fixed. In the “silhouette width” approach described
in Section 3.3, it is possible for all the objects in a cluster to move to another existing
cluster, thereby reducing the overall number of clusters in the partition. In the “ran-
dom pick” approach described in Section 3.4, it is possible both that an additional
new cluster could be created in a move, or all the objects in an existing cluster could
exit that cluster, so that the total number of clusters could either increase or decrease
in a step. Of course, any newly proposed partition is more likely to be accepted in the
algorithm if it produces a fairly high predictive likelihood.
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From the starting partition, we seek to improve the predictive likelihood to reach
the best or nearly best partition. Following the approach outlined in Sections 3.3 and
3.4, at each step we generate a new partition for the data using the random pick
technique or silhouette width method. Experimentation revealed that a good strategy
is to alternate between the two different methods of generating a partition, using one
of them M times in succession, and then switching to the other one for M steps, and
so forth. We experimented with various values of M and found M = 3 works well,
and a sensitivity analysis described in Section 4.1 confirms that the results were not
especially sensitive to the choice of M . Once we have generated a new partition, we
compare the predictive likelihood values of the new partition and the current partition;
if the value of the new partition is higher than the current one, then we replace the
current partition; if the value of new partition is lower, then we derive an acceptance
probability to replace the current partition using the formula in Equation 3. The
algorithm is described in Algorithm 1:

Algorithm 1 Predictive likelihood clustering algorithm

Require: Functional data, each observed at n discrete measurement points
Ensure: Final clustering partition
1: Randomly assign the curves into K clusters to obtain an initial partition.
2: Compute the initial predictive likelihood value valueold.
3: Choose the basis function model according to the characteristics of the curves,

construct the design matrix T, and estimate the model parameters by least
squares.

4: repeat
5: Generate a new partition of K clusters using either the random pick or

silhouette width techniques (doing each for M = 3 iterations in a row)
6: Compute the predictive likelihood value valuenew for the new partition.
7: Compute the temperature parameter Tc =

100
log(log(1+c)) at the c-th iteration.

8: Compute the acceptance probability

pc = min

{
exp

(
valuenew − valueold

Tc

)
, 1

}
.

9: Generate uc ∼ Unif(0, 1).
10: if uc ≤ pc then
11: Accept the new partition and set valueold ← valuenew.
12: If the new partition has added a new cluster or if a previous cluster has

been made empty, increment or decrement the value of K accordingly.
13: else
14: Retain the current partition
15: end if
16: until overall maximum predictive likelihood value found has not changed for S

steps (we recommend using S = 3000)
17: Among partitions considered, select the partition that yields the highest predictive

likelihood value.
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To improve the efficiency of clustering, we break our algorithm into stages con-
sisting of 50 iterations each. After a given stage, one approach is to use the best (in
terms of predictive likelihood value) partition across these 50 iterations as the initial
input for the next stage. We slightly alter this for flexibility: We randomly select, as
the initial input for the next stage, one of the top 20 (out of 50) partitions from the
stage, with the probability of selection being proportional to the relative magnitude
of each partition’s predictive likelihood value. This balances computational time with
good quality of clustering results. While the number of the iterations per stage can be
arbitrary, we have found that our clustering accuracy and computation time is best
balanced by using 50 iterations in each stage. This stagewise approach is often used
in optimization, machine learning, and simulation problems to find the best solution
in a complex search space.
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Fig. 1 The five signal curves, representing five distinct clusters of the simulated data.

4 Simulation Study

In this section, we describe an experiment on simulated curves to demonstrate the
efficiency and accuracy of our algorithm in clustering curves. In each set of simulated
curves, we generate N curves coming from several distinct groups with signal curves
(µ1(t), µ2(t), µ3(t), µ4(t) , µ5(t)), so that each group has an equal number of curves.
The groups of simulated curves have these signal functions (plotted in Figure 1):

µ1(t) = − sin(t− 1) ln(t+ 0.5)

µ2(t) = cos(t) ln(t+ 0.5)

µ3(t) = −0.25− 0.1 cos(0.5(t− 1))t1.5
√

5(
√
t+ 0.5)

µ4(t) = −1 + 0.3t

µ5(t) = 0.2(t− 2.5)2 − 1

In the discretized form of the functional observations, our generated values of t form
an equally spaced grid of points where t1, t2, . . . , tn ∈ [0, 5], n = 50. When simulating
the observed curves, in order to obtain different curves within each group, we create
a simulated functional datum by adding noise following a Ornstein-Uhlenbeck process
to the signal function. The Ornstein-Uhlenbeck process is a common mean-reverting
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process to model continuous noise. The stochastic differential equation of the Ornstein-
Uhlenbeck process {Xt} is:

dXt = −θXtdt+ σdWt

in which θ > 0 is called the drift parameter, which measures the speed of the regression
to the mean, σ is the variability, andWt is Brownian motion. A positive drift parameter
will cause the process to drift back towards the signal component. Each simulated data
set consists of several clusters each containing an equal number of curves as described
below, where the each observed curve is composed of one of the signal curves plus
random Ornstein-Uhlenbeck noise; we set θ = 1 and vary σ for the simulated data.
Note that our functional regression model underlying the predictive likelihood actually
assumed an independent noise structure, while the Ornstein-Uhlenbeck process yields
a dependent noise structure, which is likely more realistic for actual functional data.
Because the dependent noise process is most realistic, we carry out our main simulation
study with Ornstein-Uhlenbeck noise, but in Section 4.1, we employ several other
independent noise settings to examine the sensitivity of the clustering results to the
noise structure.

To assess the performance of our method, we consider 18 simulation settings, and
for each setting, we simulate 100 data sets and perform cluster analysis on each data
set. Across the 18 settings, we allow the number of clusters, the number of curves
per cluster, and the size of the noise variance (measured by the Ornstein-Uhlenbeck
parameter σ) to vary. Our six basic settings are: I: N = 20 curves, K = 4 clusters;
II: N = 40 curves, K = 4 clusters; III: N = 20 curves, K = 2 clusters; II: N = 40
curves, K = 2 clusters; V: N = 20 curves, K = 5 clusters; VI: N = 40 curves, K = 5
clusters. For each basic setting, we consider σ = 0.5, σ = 0.8, and σ = 1.2, making 18
settings overall. The larger values of σ correspond to less separated clusters. Note that
for settings with K = 5 clusters, all five signal curves in Figure 1 were used to define
the clusters. For settings with K = 4 clusters, curves µ1(t), µ2(t), µ3(t), and µ4(t)
were used. For settings with with K = 2 clusters, curves µ1(t) and µ3(t) were used.

Before clustering, we must decide which basis function representation to use for
our functional data. For the simulated curves, we considered four different choices for
basis functions: a cubic basis, a Fourier basis including two sine terms and two cosine
terms, a mixed basis combining cubic basis functions and Fourier basis functions, and
a cubic B-spline basis with 5 distinct knots. To investigate the effect of the choice
of basis on the results, we tried each basis under consideration for the setting with
N = 20, K = 4, and σ = 0.5. For each of the bases, we generated 100 sets of simulated
data, estimated the basis coefficients, used our clustering method to find a clustering
partition, and calculated the mean and Monte Carlo standard error (MCSE) of the
Rand index (Rand, 1971) across 100 simulated data sets (see Table 2). From the
result, using the B-spline basis produced the highest mean Rand index compared to
other basis functions, and the mixed basis also performed well. It suggests the B-spline
basis functions and mixed basis functions are well suited for capturing the underlying
structure of these simulated data. In summary, the choice of basis can significantly
impact clustering results, although Table 2 shows several choices of basis perform
nearly equally well in this example. Our predictive likelihood clustering method may
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Table 2 Mean Rand index values (and MCSE) across 100
simulated data sets for several choices of basis.

Cubic basis Fourier basis Mixed basis B spline
Mean 0.8528 0.9217 0.9301 0.9368
MCSE 0.0037 0.0022 0.0037 0.0047

perform differently with different bases, and we choose the cubic B-spline basis for
our simulation study. Therefore, it is important to consider the structure of the data
and how the characteristics of each basis mirror that structure when selecting an
appropriate basis for the specific clustering task. Note that with a real data set, we do
not have knowledge of a gold-standard clustering partition, so we propose in Section 5
an approach for choosing the basis before clustering a real data set.

We define the true clustering structure as corresponding to the groups of signal
curves that the simulated curves are derived from. Once our final clustering partition
is computed for each data set, we compare the achieved partition with the “true”
clustering partition, via the Rand index (Rand, 1971), a measure of the similarity
between two data clusterings, to get an accuracy rate. The value of the Rand index
ranges from 0 to 1, which 0 indicates no similarity between the clusterings and 1
indicates identical clusterings. Therefore, if one of the clusterings being compared is
the gold standard (“true” clustering), then the Rand index serves as the proportion
of pairs of curves that are “correctly matched” (either together or apart) by the other
clustering (the one yielded by the algorithm).

We clustered the simulated functional data with three competing algorithms: our
“predictive likelihood” method; the functional K-means algorithm, implemented with
the kmeans.fd function in the fda.usc package (Febrero-Bande and de la Fuente,
2012) in R (R Core Team, 2024); and the funFEM algorithm (Bouveyron et al, 2015),
implemented with the funFEM function in the funFEM package in R, with model speci-
fication model="AkjBk" and initialization init="kmeans". The accuracy rate for each
clustering method was measured by the average Rand index across the 100 simulated
data sets. The comparative results (mean Rand index values and Monte Carlo standard
errors (MCSE)) are presented in Table 3. Our predictive likelihood method consis-
tently has higher mean Rand index values than the approaches using the kmeans.fd

and funFEM functions. All methods naturally worsen in performance when the within-
curve noise rises to σ = 1.2, implying less separation among the clusters, but our
method holds up fairly well. For all methods, Rand index values tend to be lower in
simulated data sets with more curves, but the decline in performance as the number
of curves increases is modest for our method. The functional k-means method strug-
gles notably when there are K = 2 clusters, probably because that method is driven
primarily by distance between curves rather than shapes of curves, and the two sig-
nal curves µ1(t) and µ3(t) are fairly close in distance. Our method, which smooths
the observed curves and clusters based on the basis representations, holds up better
in this more difficult clustering setting.
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Table 3 Mean Rand index values (and MCSE) for our method and two competing
methods for several simulation settings, varying the total number of curves, the number of
clusters, and the separation between clusters. Settings: I: N = 20 curves, K = 4 clusters;
II: N = 40 curves, K = 4 clusters; III: N = 20 curves, K = 2 clusters; IV: N = 40 curves,
K = 2 clusters; V: N = 20 curves, K = 5 clusters; VI: N = 40 curves, K = 5 clusters.

σ = 0.5 σ = 0.8 σ = 1.2
Setting Method Mean (MCSE) Mean (MCSE) Mean (MCSE)

I
Predictive Likelihood 0.9368 (0.0047) 0.9009 (0.0032) 0.8384 (0.0022)
kmeans.fd 0.8301 (0.0052) 0.8171 (0.0058) 0.8031 (0.0054)
funFEM 0.7326 (0.0016) 0.7392 (0.0026) 0.7044 (0.0045)

II
Predictive Likelihood 0.8656 (0.0025) 0.8334 (0.0023) 0.7816 (0.0021)
kmeans.fd 0.7577 (0.0035) 0.7527 (0.0031) 0.7539 (0.0042)
funFEM 0.6810 (0.0012) 0.6755 (0.0016) 0.6582 (0.0031)

III
Predictive Likelihood 1 (0) 0.9952 (0.0020) 0.8704 (0.0066)
kmeans.fd 0.4774 (0.0004) 0.4783 (0.0005) 0.4832 (0.0011)
funFEM 0.5994 (0.0021) 0.5923 (0.0037) 0.5818 (0.0058)

IV
Predictive Likelihood 0.9990 (0.0005) 0.9183 (0.0041) 0.7430 (0.0046)
kmeans.fd 0.4885 (0.0001) 0.4887 (0.0002) 0.4889 (0.0003)
funFEM 0.6130 (0.0015) 0.6077 (0.0028) 0.5915 (0.0044)

V
Predictive Likelihood 0.8764 (0.0019) 0.8545 (0.0019) 0.8198 (0.0018)
kmeans.fd 0.7774 (0.0062) 0.7724 (0.0062) 0.7678 (0.0056)
funFEM 0.8316 (0.0053) 0.8104 (0.0038) 0.7656 (0.0028)

VI
Predictive Likelihood 0.8277 (0.0014) 0.8090 (0.0016) 0.7673 (0.0014)
kmeans.fd 0.7705 (0.0043) 0.7711 (0.0040) 0.7505 (0.0047)
funFEM 0.8073 (0.0043) 0.7847 (0.0036) 0.7432 (0.0028)

Table 4 Mean Rand index values
(with MCSE) for our predictive
likelihood clustering method for
M = 2, 3, and 7 (for one particular
simulation setting).

M = 2 M = 3 M = 7
Mean 0.9365 0.9368 0.9245
MCSE 0.0043 0.0047 0.0040

4.1 Some Sensitivity Analyses and Discussion of Performance

In this section, we investigate the sensitivity of our results to the choices of sev-
eral tuning parameters in our algorithm and examine subtle questions related to the
algorithm’s performance.

Recall that in our algorithm, new partitions are generated by alternating between
two stochastic updating methods (the“silhouette-width” and “random pick” updates).
These two methods are switched every M iterations. Table 4, which varies M for the
simulation setting with N = 20 curves, K = 4 clusters, and Ornstein-Uhlenbeck noise
with σ = 0.5, shows that the mean Rand index results are not significantly different
for M = 2, 3, and 7, and our recommended M = 3 appears to be a fine choice of M .

While our predictive likelihood approach technically assumes an independent nor-
mal noise structure, in Section 4 our simulated data had time-dependent noise,
which more realistically represents real functional data. To assess the sensitivity of
the proposed method to different error structures (both in terms of independence
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Table 5 Mean Rand index values (with MCSE) for our method and two
competing methods for independent noise structures with normal, heavy-tailed
(t), and light-tailed (Uniform) noise.

Normal t Uniform
Predictive Likelihood 0.8662 (0.0023) 0.8679 (0.0025) 0.8524 (0.0021)
kmeans.fd 0.8125 (0.0066) 0.8129 (0.0052) 0.8047 (0.0061)
funFEM 0.7176 (0.0029) 0.7231 (0.0033) 0.7211 (0.0036)

and distribution), we conducted additional simulation studies by generating three
independent error distributions: Normal, t-distributed (heavy-tailed), and Uniform
(light-tailed). The parameters of each distribution were chosen so that the error vari-
ance is comparable across settings. The simulated noise followed these respective
distributions:

• ϵij ∼ N(0, σ2 = 0.125)
• ϵij = W/

√
10, where W ∼ t(df = 10)

• ϵij ∼ Unif(−0.6, 0.6)

All these settings yield an error variance of 0.125, which matches the variance σ2/2(1)
of the Ornstein-Uhlenbeck noise structure with parameter σ = 0.5. In these extra
simulation studies, we kept the B-spline basis representation and all components of the
simulation design the same as in simulation runs in Section 4 with K = 4 clusters and
5 curves per cluster, except for altering the error structure. For each error distribution,
we generated 100 simulated datasets and evaluated clustering performance using the
Rand index. For all these noise settings, we also clustering the simulated data with
the functional K-means algorithm (kmeans.fd function in the fda.usc package) and
the funFEM algorithm (funFEM function in the funFEM package).

As seen in Table 5, our predictive likelihood method is quite robust to changes in
the error structure, obtaining only slightly lower Rand index values as it did with the
Ornstein-Uhlenbeck errors in Table 3. It is unsurprising that the Rand index values are
slightly higher for all methods with the dependent noise structure, since the positively
autocorrelated noise tends to produce smoother observed curves (whose structure is
more easily captured with basis representations) than independent noise does.

An intriguing and fundamental question is whether a higher predictive likelihood
value necessarily corresponds to a better partition. And can predictive likelihood values
meaningfully compare two clustering partitions having different numbers of clusters?
To investigate this, we simulated 100 functional data sets (that truly came from 4
clusters) and used our algorithm to cluster each simulated data set, allowing the
number of clusters to vary as usual. The Rand index is, in a sense, a measure of
the goodness of the choice of partition. We kept track of both the best Rand index
value and the maximum predictive likelihood value for several choices of k during the
algorithm (k = 3, 4, and 5 in this example). On average, a larger predictive likelihood
value (across values of k) usually corresponds to a better partition (as measured by
the Rand index), but it is not a guarantee: In 84 of the 100 simulated data sets, the
choice of k with the higher predictive likelihood value corresponded to the choice of
k with the highest Rand index. In the 16 cases where these did not coincide, it was
typically the choice of k = 3 that had a slightly higher predictive likelihood value than
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the “correct” choice of k = 4. This is likely due to the penalty terms in the predictive
likelihood rewarding a smaller number of clusters having more objects, so that the
method overall, when it errs, tends to err on the side of a more parsimonious clustering
structure.

5 Real Data Analysis

In this section, we apply our algorithm to two real data sets, one containing density
values for a sample of manufactured boards and the other containing expression ratios
for a sample of yeast genes.

5.1 Vertical Density Profile Data
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Fig. 2 Observed Vertical Density Profiles for 24 boards, separated by color.

Properties of engineered wood boards are studied by Walker and Wright (2002). In
particular, the measurements of interest are a series of density values taken across
the thickness of the board, which can in combination form a functional datum. This
function, known as the vertical density profile (VDP) of the board, is a measure of
the density of thickness of a sample board, measured by a profilometer (Walker and
Wright, 2002). The entire set of functional data that we study in this example contains
24 such profiles, each with 314 measurement points. We will use our algorithm to group
similar profiles based on these measurements, which can be treated as approximately
continuous functions. Based on a visual inspection of the profile curves, their basic
trend shapes are U-shaped, concave-up curves. We initially considered a quadratic
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Table 6 Average AIC values across the fitted curves for the VDP profiles, for three
choices of basis.

Basis Fourier basis Quadratic basis Mixed quadratic and Fourier basis
Average AIC 590.929 974.801 228.114

Table 7 The list of cluster memberships
for the 24 profiles in the VDP data, based on
the predictive likelihood clustering solution.

Cluster Profile Numbers in VDP Data
1 1,2,3,4,5,8,14,15,20
2 6,16
3 9,11,17,18,24
4 7,12,19
5 10
6 13
7 21

basis for the design matrix because there are no periodic changes in the functions, and
the plots of the profile curves display parabolic shapes.

While the initial appearance of the curves suggested a quadratic basis, we chose
the appropriate basis in a more objective way. We considered several candidates for
basis, used each set of basis functions to approximate a fit to each curve in the data
set, calculated the AIC of each regression fit, and then, for each possible choice of
basis considered, we averaged the AIC values across the curves. We computed the
average AIC values for the following choices of basis: a Fourier basis including two
sine terms and two cosine terms, a quadratic basis, and a mixed basis that included
two sine terms, two cosine terms, and a set of polynomial terms up to the quadratic.
A lower average AIC value indicates a more favorable balance between model fit and
complexity. From the average AIC values in Table 6, it is evident that the mixed basis
that combines the Fourier terms and the quadratic basis is more appropriate for the
VDP data.

We then carried out our clustering algorithm using the predictive likelihood as
our objective function. The clustering result shown in Table 7 reveals the formation
of seven clusters among the 24 curves. This suggests a meaningful segmentation of
the data, with each cluster likely representing a unique pattern or behavior within
the dataset. The identification of such clusters can provide valuable insights into the
underlying structure of the data, facilitating a more nuanced understanding of the
relationships between the curves.
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Fig. 3 Pointwise mean curves, separate for each of the seven clusters in the clustering solution for
the analysis of the vertical profile density data.

Figure 3 displays the mean curves for each of the seven clusters in the clustering of
the VDP data. The distinct patterns observed in the mean curves indicates that our
clustering algorithm’s solution has identified different thickness characteristics of the
boards and separated them by these characteristics. From these seven clusters, some
clusters exhibit greater density at all levels of depth and others clusters show less
density. For example, Cluster 2 (shown in blue color) has the lowest density over the
entire depth domain. Cluster 6 (shown in brown) has a relatively large density over the
entire domain. Also, we can see some mean curves exhibit varying relative magnitudes
of density across the domain. For example, the mean curve of Cluster 5 (gold) has one
of the lowest density level in the middle values of depth, but its mean curve is quite high
at the low and high regions on the depth domain. The mean curve of Cluster 1 (orange)
shows a similar pattern to Cluster 5 at the extremes of the domain, but is higher
in the middle of the domain than that of Cluster 5. These different density patterns
could, for example, help manufacturers to separate the boards into meaningful groups,
possibly allowing the different groups to have different price points when selling the
boards. Finally, it is of critical interest that three of the seven clusters are formed of
singleton objects which be thought of as outliers that have their own distinct density
patterns: The aforementioned Cluster 5 and the high-magnitude Cluster 6 are each
singleton curves. Also, the low-magnitude Cluster 2 consists merely of a pair of curves.
On the other hand, Clusters 1 and 3, whose magnitudes tend to be in the medium
range, have a larger number of curves in them.
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5.2 Yeast Genes

The data we analyze in this section is a well-known set of yeast gene data, originally
studied by (Eisen et al, 1998) and (Alter et al, 2000). The expression ratio is the
response variable and is calculated as the ratio of gene expression levels in one con-
dition relative to another. We used a log transformation on the yeast gene data, as is
commonly done with expression ratios. In the data set studied here, which is a subset
of the original data of (Eisen et al, 1998), we have measurements of expression ratios
for 78 yeast genes at 18 different time points, with each time point being 7 minutes
apart. Thus we treat the data as 78 functions, whose clustering creates groups for the
78 genes.

For these 78 yeast gene curves, biologists believe that there is a classification of
genes based on their functions during different phases of the cell cycle (G1, S, G2 and
M). Genes (1-13) in this group are believed to be active during both the gap phase 1
(G1) and mitosis (M) of the cell cycle. Genes (14-52) are thought to be specific to the
G1 phase which is the gap phase that occurs before DNA synthesis. Gene (53-60) are
related to the synthesis (S) phase during which DNA replication takes place. Genes
(61-67) in this group are associated with both the synthesis (S) phase and the gap
phase 2 (G2) of the cell cycle. Genes (68-78) are believed to belong the gap phase 2
(G2) and mitosis (M) of the cell cycle.

We selected the basis that provides the best fit to the yeast data in a similar way
as described in the previous section. We calculated average AIC values across fits to
the 78 genes, considering several candidate choices of basis: a Fourier basis with two
sine terms and two cosine terms, a cubic basis, and a mixed basis that combined the
Fourier terms and the polynomial terms up to the cubic. A lower average AIC value
suggests a better trade-off between model fit and complexity. From Table 8, we see
that the best model is the mixed basis model which includes polynomial terms and
periodic terms.

Table 8 Average AIC values across the fitted curves for the
yeast gene data, for three choices of basis.

Basis Fourier basis Cubic basis Mixed basis

Average AIC 12.539 22.417 2.453

Our clustering algorithm stopped at 5 clusters after 30000 iterations. The highest
predictive likelihood value achieved was 680.55, corresponding to the optimal group
identified by our algorithm. The details of the best group at this peak predictive
likelihood are presented in the following Table 9, which gives the confusion matrix
that compares the achieved clustering partition (represented by the rows of the table)
to the groups of the genes based on the biologists’ beliefs (represented by the columns
of the table).

From the table, we see that the clustering partition is for the most part accurate.
Among the 78 genes, 40 are classified in the cell cycle phase hypothesized by the
biologists. In addition, for the yeast gene data, genes in adjacent phases should behave
similarly due to the circular nature of the phases. So a misclassification into an adjacent
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Table 9 Confusion matrix giving “correct”
classifications and misclassifications of the 78
observations in the yeast gene data set.

Cluster M/G1 G1 S S/G2 G2/M
I (11) 9 1 0 0 1
II (24) 2 22 0 0 0
III (24) 1 14 1 6 2
IV (8) 0 2 6 0 0
V (11) 1 0 1 1 8
Total 13 39 8 7 11

phase is less problematic than a misclassification into a non-adjacent phase. The results
indicate that out of the 78 curves, only 6 are not assigned to their own or adjacent
phases. This showcases the effectiveness of our clustering algorithm in accurately and
precisely clustering these functional data.

0.5 1.0 1.5 2.0

−2

−1

0

1

Mean Curves of 5 Gene Clusters

Time

C
en

te
re

d 
lo

g(
ex

pr
es

si
on

) Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5

Fig. 4 Mean curves for the five-cluster predictive likelihood clustering solution for the yeast gene
data.

Figure 4 shows the mean curves of the five clusters yielded by the predictive like-
lihood clustering solution. Such a plot can aid in making substantive distinctions
between the various clusters. We see that the mean of Cluster 2 (associated with the
G1 phase) has a relatively constant log expression ratio over time. Clusters 5 and 1
(which are associated with the adjacent G2/M and M/G1 phases) have similar mean
curves, which display quite volatile log expression ratios which rise high and fall steeply
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over time. It makes sense that the mean curves of these two clusters appear similar,
since we expect phases which are adjacent in the cell cycle to behave similarly. Fur-
thermore, Clusters 3 and 4 (associated with the adjacent S and S/G2 phases) have
mean curves which are similar over the middle portion of the time domain, although
clear differences in behavior of these mean curves which distinguish and separate
these two clusters become apparent at early and late regions of the time domain. In
short, the clustering solution appears sensible and reflects what we know about the
cell-cycle-influenced behavior of these genes.

6 Conclusion

There are many clustering algorithms to classify data into groups. In our method,
the predictive likelihood is a measure of how well a statistical model predicts the
clustering, given the model’s parameters and the data that was used to fit the model.
We use a predictive likelihood as an objective function to cluster curves, allowing the
number of clusters to vary during the algorithm. Our method has the advantage that
we can allow the data to determine the correct number of clusters. As an example of
the data-driven nature of our algorithm, in the vertical density profile data, the initial
number of clusters we used was 3 and the final number of clusters as determined by
the data was 7.

There are some limitations to our predictive likelihood method. For example, the
algorithm is sensitive to the initial partition, although this was alleviated by using
our approach, described in Section 3.6, of running the algorithm for an initial 50
iterations to get an intelligent starting partition and subsequently employing stages
of 50 iterations at a time. Another issue is that the computational time required
for the predictive likelihood method is considerable when the number of functional
observations is large.

Overall, our method using a predictive likelihood for functional data to cluster
curves is a useful method for clustering functions that can be represented with a
common basis.

A Derivation of the Predictive Likelihood Objective
Function

Taking the classification likelihood approach, assuming K < N clusters, we have the
joint density

f(y, z) =

N∏
i=1

K∏
j=1

[pjf(yi|zij)]zij (9)

If Z1, ...,ZN are i.i.d. unit multinomial vectors with unknown probability vector p =
(p1, . . . , pK), and

Yi|zij = 1 ∼ N(Tβj , σ
2
j I) (10)

for i = 1, ..., N . Then marginally, the vector m = (m1, . . . ,mK) is multinomial(K,p);

conditional on m, β̂j is multivariate normal and independent of (
mjn−p∗

σ2
j

)σ̂2
j ∼
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χ2
mjn−p∗ . Then the predictive likelihood objective function, up to a proportionality

constant, can be written as:
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Proof:
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j=1

zij

{
log pj + log

(
1√
2πσj

)n

− 1

2σ2
j

(
yi −Tβj

)′(
yi −Tβj

)}

=

K∑
j=1

{
log p

mj

j +mj log

(
1√
2πσj

)n

− 1

2σ2
j

zij

(
yi −Tβj

)′

(yi −Tβj)

}

=

K∑
j=1

{
log p

mj

j +mj log

(
1√
2πσj

)n

− 1

2σ2
j

[ N∑
i=1

zij(yi −Tβ̂j)
′(yi −Tβ̂j) +mj(Tβ̂j −Tβj)

′(Tβ̂j −Tβj)

]}
(11)

Then the f(y, z) is

f(y, z) =
∏
jϵJ

p
mj

j (
1√
2πσj

)nmj exp

{
−

N∑
i=1

zij
(yi −Tβ̂j)

′(yi −Tβ̂j)

2σ2
j

−

mj

(Tβ̂j −Tβj)
′(Tβ̂j −Tβj)

2σ2
j

}
=
∏
jϵJ

p
mj

j (2π)−
mjn

2 σ
−mjn
j exp

{
−mj

(Tβ̂j −Tβj)
′(Tβ̂j −Tβj)

2σ2
j

−
(mjn− p∗)σ̂2

j

2σ2
j

}
(12)
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The denominator

∏
j∈J

f(mj , β̂j , σ̂
2
j ) =

∏
j∈J

N !
p
mj

j

mj !

1

(2π)
p∗
2 |cov(β̂j)|

1
2

exp

{
−1

2
(β̂j − βj)

′[cov(β̂j)]
−1(β̂j − βj)

}

×
( 12 )

mjn−p∗

2

Γ(
mjn−p∗

2 )
(
mjn− p∗

σ2
j

σ̂2
j )

mjn−p∗

2 −1 exp

{
−1

2
(
mjn− p∗

σ2
j

σ̂2
j )

}
(
mjn− p∗

σ2
j

)

= N !
∏
j∈J

p
mj

j

mj !

1

(2π)
p∗
2 (

σ2
j

mj
|(T′T)−1|) 1

2

exp

{
−mj

2σ2
j

(β̂j − βj)
′(T′T)(β̂j − βj)

}

× (σ̂2
j )

mjn−p∗

2 −1
(
mjn−p∗

2σ2
j

)
mjn−p∗

2

Γ(
mjn−p∗

2 )
exp

{
−1

2
(
mjn− p∗

σ2
j

σ̂2
j )

}
(13)

Hence, since

exp

{
−mj

2σ2
j

(β̂j − βj)
′(T′T)(β̂j − βj)

}
= exp

{
−mj

2σ2
j

(Tβ̂j −Tβj)
′(Tβ̂j −Tβj)

}
,

the predictive likelihood is

g(z) =
f(y, z)∏

j∈J f(mj , β̂j , σ̂2
j )

∝
∏
j∈J

mj !(mj)
− 1

2 (σ̂2
j )

−
mjn−p∗

2 +1Γ

(
mjn− p∗

2

)(
mjn− p∗

2

)−
mjn−p∗

2

A.1 Definition and Derivation of β̂j and σ̂2
j

Recall that yi is the response vector for object i, and we denote the design matrix
by T. Then β̂j , the estimator of the coefficients of the regression of all the objects in
cluster j, is:

β̂j =

(T′, . . . ,T′)

T
...
T



−1

(T′, . . . ,T′)

 y1

...
ymj


= [mjT

′T]
−1 (

T′y1 + · · ·+T′ymj

)
=

1

mj

mj∑
i=1

(T′T)
−1

T′yi

=
1

mj

mj∑
i=1

β̂ij .
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SSEj , the sum of squared errors of the regression of all the objects in cluster j, is:

SSEj =
(
y1

′, . . . ,ymj

′)
 y1

...
ymj



−
(
y1

′, . . . ,ymj

′)
T

...
T


(T′, . . . ,T′)

T
...
T



−1

(T′, . . . ,T′)

 y1

...
ymj


= y1

′y1 + · · ·+ y′
mj

ymj

−
(
y1

′T+ · · ·+ ymj

′T
)
[mjT

′T]
−1 (

T′y1 + · · ·+T′ymj

)
= y1

′y1 + · · ·+ ymj

′ymj

− 1

mj

(
y1

′T+ · · ·+ ymj

′T
) [

(T′T)
−1

T′y1 + · · ·+ (T′T)
−1

T′ymj

]
=

1

mj

[(
y1y1 − y1T (T′T)

−1
T′y1

)
+ · · ·+

(
y′
mj

ymj
− ymj

T (T′T)
−1

Tjymj

)]

+
mj − 1

mj

(y1
′, . . . ,ymj

′)S
 y1

...
ymj




(where S is the mjn × mjn block matrix with In in each diagonal block and

− 1
mj−1T (T′T)

−1
T′ in each off-diagonal block)

=

(
1

mj

mj∑
i=1

SSEi

)
+

mj − 1

mj

[(
y1

′, . . . ,ymj

′)S (y1
′, . . . ,ymj

)′]
Hence, the mean squared error of the regression of all the objects in cluster j, is:

σ̂2
j =

1

mj

mj∑
i=1

σ̂2
ij +

1

mjn− p∗

(
mj − 1

mj

[(
y1

′, . . . ,ymj

′)S (y1
′, . . . ,ymj

′)′]) .
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