3.? Moments Mo\ Momen‘l’-—Genera:h‘M
Funethons =

Defn: The k-th wmoment about +he
oriﬂin of a rv. ¥ (qlSo Su‘mibly

c,aL\\eA the k-+h wmoment of 7)
\S ,d?:p;y\d as .

E)(a.mFles of wmoments:
- The -p\'rS‘\' W\ow\e,n‘l') /-4‘/) s the
of V.

—We know /42_' —[/-ll/]m 1S the
of Y.

— The third moment /q?: | S re,\ad‘@l +o
‘e SkQVJY\Q‘SS (lq_ck O-P symme_’}‘ry) of

o distribution . ’
- The Lour th momenT My 1S re.\ad‘e_al o

the kurtosis (peakedness) of o
distribution.




Note: The e.xl:ression E[(y___ﬂ)k‘] e
Sometimes called +Hhe k-th moment

aboul the mean  (or k-th central
momerd‘) o-c \/ a..nal 1S ole.no'l‘&dl l07

Defn (Moment-qenerating function)

The momer\,f-—fjenera"‘fnj function (or mj.{?>
of o rv. VY is denoted Ly My (+)

and defined o be :

“T\r\e‘myp or M exists i there
exiats some b > 0 such +hat

-T5 Elef?] does not exist in any
open heij\r\\aorl\ooi around t=0) +hen

My (+) does f°+ ‘e_,xisf.
_TE +the mj.(: exists ) it characterizes
a\\ -\'\ne, MO men't'S O'F \/ )

E(YS) ), k=1,2,3, ..




Theorem: TF My (‘t) exists, then Hor

Examples:  To qet the  fLirst moment E(Y)
t+ake the derivative (wf'H« T‘QSPQCI' +o 't)
m\,'(ﬁ and Fl“Lj in t=0.

- To 39_'\' the cecond moment E(‘/")}
+ake +he 2nd  derivative m),"(t) and
F\uﬁ w t=0.

- To Prove. "H«e ‘H\Q—OY‘E,M, Y‘QC#L“.'

Tke Maa\murih series e_x‘:a.v\sioy\ O‘F an

in-FinHe_\?/ difCerentiable function #(33
'S 3iuu\ \07:



—\We can ea,sily ve.ri'py that  +Hie Maclaurin
Series exp«nsior\ O'F -F(a): e_t‘d is °

Se My (t) =

\ : =D
So plugging i T2



-Tkis Freo‘ﬁ reiuires in‘|‘e.r‘c_ka.r\jl'r\j deru‘va.'l'fves
0«\0\ in'C:'m' '|'€. sums) wl\l'c,‘»\ ,‘5 \ius'l'.lpl‘ﬁd l'p
My (t) exists.

EXQ.'MPlQ j_: (RCCGL"S FQ+USL>ur3 quq_glox):

Let o rv. TV have rroLa.Li'li'I‘y function

P(‘J) = (_'5:)‘3 Lo -a’-:-l 2.3 ...

) ) 7)) °

Find my(t) and +Hhen E(Y).




Eka\?le 2 let Y have Fro\oaloi ,|+7 -Rmc_'h'on
=% R y=1,2,3,1
Find My (t) and E(\/) _

- For Exo.ml;\e 7, i+ 15 easier 4o find E(y)
dirQC'\'lY qSir\j the deLinition .
EXG-W\?\Q _3_ (Vaur{omce o-P a Peoissen r.v.): -
Let Y~ Peois ()\) wi‘Hn froLLLil;+7 'pund‘fon
¢ -
ply) = -—%—!—e_ * fr =012, ...
Find +he W\j‘r and variance st v




Levama : ]:or amy numl:er ')C—)

Thus

Then

We have proved that E(1)= X for
YN POI‘S(XB) SO



Ex&mr\e u i The mean and variance o‘c

a Bin (“)P) rv. can alse be -Poumi
uSiV\f& e L:inomid rnj'F:

L\J‘I\IGL\ W\Ok-y be c:le,mvea‘\ Ly C-DV\S.lOlUfy\j
e  binomial &xFamsior\ of (Pet-l-?_)h,

E)k&mple 3 ; (Menm and variance of o
! = neﬁed‘ive binomial r_V) .

Llet M~ NB (V‘, F) _ Find My (‘t)) E(V)) and V(V).
Lewmma: For i i"+e'3er r= |)

Proof




Hence

Le.'H'i\f\j K= oumtl J"-‘: Yiﬁ_us 'qu lemmq.
Now my (£)= E[gt] =



To 3e:\' +he variance, after much tediouws

calewlus :

Coro“ary_ (Geome:\-ric var fcu\ce) .

TE Y~ qeom(p), then V(Y) =

_ An important fact is Hhat a mTC
Com‘b\e+€(7 clharacterizes a Fro‘om‘oili'l‘y
digtribution.

- TFf my (£) exists for distribution F(P;

Yhen it is the unique W\j‘F for V.




-I-Q twe rwv's have the Same an-p)
+hen -\—\«e‘/ must have +he same
CL{S"\T‘HD»L"'I‘OV\.

- So we  can o-p-l'eh use he Mj'p “+o
dentify the distribution of a r.v.
Ex«m?\e. 6: Tf Y s a rw. with Mj-F

=

My (t) _ 87.Ie‘t.._7.l) -H&n wlud' ‘s e
distribution of e

Exa-m?\f— T T Y  has m3-p

t -
my({:): Ze:-e,t ) then what 13 the

dfs*'ri\od’ion of 7 ¢




