575 MQ!‘jfna' a.nJ Conalf‘f‘fona,l Distributiens

- A mar‘jfna.l distribution associated with a
random vector qives  -the distribution for
one of +he set of rv.s Cons+i+u+inj Y.
- For disc rete random vector (Y-)Ya-)) 'H\e_
Ma.r‘ﬁinq_l ol.‘s‘t‘rilouﬂ'l‘on 'FOF‘ che . V. 'S
'(ou.vul |o'7 Summfnj Jafn‘l' Froloa’o;lf'l‘ies
ACYosSsS ‘H«a Possilole values o-p -l-\ae _Qi'_lg_e._r r.v.
-.D&Cn. T€ \{.‘)\{,, are jon‘n‘Hy diccrete ruv.'s
with  Joint  pmf F(‘dt,a,), then the
_marjinat.l_ Pro\oq‘oilfty -Fuy\c'h‘og: of YI IS :

— Simllmrly) ‘H/\e. ma.rj;nji_ pre ‘oqloul]jl:;g ‘E'-an.'h‘om
o(: Y-z_ 54




Exoum?le, 3 aujcu'vx ¢ Find e w\ac,rjn'nq., distribution
O'F Yl) 'H«e- V\um\:ef O‘p Cov\“"rqc.'l‘s awardd ‘}'o uSC.

-So 'H'\C Matrj;nt\ chS'h"l-lDLCh'On o-@ Yl 1S »

-We Cou_\an sum QacCross ‘a. Vo.(ue-S o Se."('

He ma.rjir\q.\ dictribuhon of Ya:

_.No+e -\-\Aad‘ +he rma.rgim._ olis‘t‘ribu‘l‘fons are

re?rese,w\-d as +the marqins of +he '1W°""‘)°“/
}able . -

- Por \ioiv\‘H\r QDY\"';V\‘-W‘AS r.v.'s, wé -F.“J a
Mu‘ﬁinml a[isi‘rikw\'ion loy _ig‘l'e.}rm'ﬁnj oveyY

-Hr\e. Fossiua values o-(: ~H,\e_ oH\e,r r.V.




De;pn. I‘F Yu)\fz_ ave Join""ty C'_on'l‘fr\uous r.\/,'s
with  joint pdf -C(a.)'a,) then te  marqinal
_Eﬁlﬁ 0'@ Y[ 1S

and Hae Marjim_‘ ?o\-(: of Yo is:

Ex”"‘Plﬁ Q Su.F ose Wwe mgale,\ +wo propertiens
SRomy P Prep
fi and Yo with the joint pdSf
0."((3'+ ‘1323 Lor o<a(,<l) O<u&,_<|
‘F('ﬂ‘)‘ﬂ‘):g 0] elcewhere |
"Fl'vul H«e w\aurjim.\ PA’F G'P \/1 and ‘C""\i
P(Y, > 0.3).




P(,>0.3) =

- m / w roporHons 1
Z WE knou) Y‘ < ?2_ . L\)e assSume l Lle- lo ‘LI

FOLF énall Lor O<\é'<-az_<\
g, D=1 o e lsew gcrle i
- Find and fciex“i‘Py +He marqina
'Fbr‘ \1\ “—V\Cl 'For Yz .

C \{ S a Pal-p
-So Hhee ma.rj‘m-\ FA'F ) :

' df.
S .\_\\e_ Mau-ﬂ';m_\ Pol‘c op Yz_ 1S °‘_ F




Conditional Distributions

-Tn the diserete case, we wma define
COY\A;"';OY\G.‘ FroloaLLill‘+7 d-;S'h“i'ou:HonS IOQSQJ (W%
_-l—\«e. ole:Cini'I‘ioV\ 0‘p epnditiona | Proloa'oilf'l‘y,

I__?_Q_ip_l’_\_} ‘LF \{l ond Yo are jm‘n'l'ly discrete
rv's with Joint pmf  pl4,4s) and
maurcj'mq.l vap 's P.(jb and P,,(-a,)) Hen
Hee Cono\i‘ll'l‘ont' FrobaLilH‘g Lunetion O'F
\/l qiven Yo s

Provialul Hiat

-Sfmllarl‘f; 'Hﬂe CDV\A;'['EO“‘L‘ _!';""\"“L’;l'.-l-fi
function of VY, qiven 7, s

EXQM?IQ 3 Q.jq;n: F\‘V\J -H,\e Coy\di"‘l‘OV\a.l
distribution of Y, qiven Y,= 0 and
Lind P(\Il 21 l Y, = O) _




- T ke jOI'n“' Fm-(‘ -I-ALIe) we -Foc.us on ‘H-\a

rew where

- Now C.or\sfoler Jofn‘Hy Continuous r.v.'s

\/l amc! Yz-
- Recall +he Jon'n+ PJ‘F 'F(gu) é‘) 1S a 3-D
SUU"‘FO.CE. on 'Hr\e, (H") '3’) Fla,ne, :

_I'P we c_onsioler He _Qonolf‘l‘i'onq,l FOl'F
'F(‘H:) at a Fa.r'l'icu,q.r value téf of Yz_)

we are taking a “slice” (cress-secton)

of Hhie  surface .




-Tl«'is slice n'n+erse_c+s -Hae. Sur'ﬁl.ce I 'Hv.&
Curveé

and +the aréa.  under Hiat curve s

and +thus is & proper pdf
whick integrates 4» 1

Defn: Tn gqenerel, if Yo and ¥, are

jot‘n‘\"y continuous WI“H« Join+ F&'F 'F(‘au)aa,)
and w\arjfna.l Fdl‘p’s "F‘ (3.) and ‘Fz('a,)) Hen
He conditonal Jl::odl‘p of VY, qiven Y, is:

—Simi\‘tf‘ly, He conditonal PA'F of 1o
3ive.n M, is:

Example T again: Find (4 ly), Find
P(Y, <0.3]|Y,=04) and find P(Y,<0.2[¥,=0.4)




W hat 1 £ -Hr\& C.OHA'I'HOV\Q_‘ FroLQLE’fﬁ w e
wanted was Some:l'lninj like

P(V,<0.5|Y >0.5) 7

~“Use +he pasic idea of conditional
probability 4o write [+ as:

— Can -Cincl numerator Frokqlni’l""y |°7
ih‘f’eﬁfﬂt—ﬁ"‘j +he Join+ FJ'F -F(gi)-az)‘.

—Can ‘Fir\cl denominater rroLquIf"'y on
,‘nHTMCh‘“ﬂ -H\e marjfnq,[ Pal-c of Y.) -F‘ (HD

Exerca’se: Skow 'Hu‘.’; C.onal:"h'onq_l rroLq.LilH‘y aLLave,
1S




—Here, we treat 4, as a constant We

are m.o:le,lfnj the behavior of Y,_ ) givcn ‘/F'}.,
-Note that 7, |Yi=4 Hllows «

J.\'S'i‘r ilsu.“‘l‘on.

-So P(Y.<0.3]Y,=0.4)=

And note B(4,<0.2[%= 00 = __ ginee

H\e Sufafor'\' of Y,_l‘f‘:: 0.4 s He ivrl'er"“l

EXaM?\e A a,jain! Find ‘F("jzul) sl Lind
P(v, < 0.5|Y¥,=0.5).




E_'j. Ino‘e?u&ezd' Random Variables
- Recall in EXq.mTle. 7 we showed
P(Y, < 0.3 |Y,=04)=
—Marjindly) Y, ~ betn(3,1) and so it can
be &;LS;\V shown +that P(Yz. < 0.8) ~

-Thus knowleolgre of +he exact value of Y,
altered e loro\sa_Lilf'l‘y that Y, < 0.8.

- This indicates Hhat Y, and Y, are

rV.’S.
- In 3f;nera.|, for any real numbers a< b
Q.V\Gl cC < Cl, our éar l:’e,r Je:pl'nf'HOn o-p

fno\-efemlen'l‘ events |'mF|feS

i Yl) ¥, are inal&‘:enolu'f‘_

~This con be formalized:

Defn. Lot ¥, ond Yo be rv.'s with odf's
F‘('a.) cuul \:2'(%2.) au\o‘ joivx"\' Q.oL'F F(‘a',‘az).
Then i and YL are \r\ole,FQJ\A-eJd_ _!_____ and
only (%



- Otherwise, \/l and Y, are _

T heorem (Ik\olo[:e,mlemce of disecrete rv.'s)
L VY, and Y, are discrete rv.'s with
Fm'P'S F.(‘j-) anel Fz(gt\ and  Joint pmt
p(41,4.), then Y, and Yo are independent
L and anly f

—For i-_u_ Fairs (H')a'z-)‘

Tl\eore,m (Inole,ru\.alence_ o-p continuweus r'VZ‘S)
jL_.'F Y; oww[ \'f?, are Continuous r.V.'s with
Ptl'(:'s -P‘ (j') and 'F"(‘d‘) and \‘)ofn'l' Pal-F
‘F(g';"ag)-ﬂ\u\ \f‘ and 1, are inAﬂ:&nJﬂn’l‘
i and on\7 £

Lor all pairs (‘3‘)'3’-)- |
Coro”ou‘y_: \I‘ a,r\al Y‘L are. iy\A-LFQMJe—H."_J l'P G\.V\.A
on\7 \:FI a.ny o.(‘ -|—‘,\Q -anow;y\j lﬂol 3

("

(2

(%)

()

(5)




- Conditions (\)*(5‘3 are e?'u.iva.levd_) and
C—\"ecki’\j °~“‘7 of -Haese Su.-f—chs +o Frov&
or ciis‘:rove, inate-Pe—r\olence.

EXQ.M?‘Q. é Q.%Ql‘rl_'. Are_ \/l a.no‘ \/2_ mdle-f’e"\ﬂle*d—?

E')(aw\p\_e S kj‘u"’\i Are, Y, Qno( \/;, l'ncle.Fe.nJenT?.

Reai\ --(‘3(" ‘jzb
€ "G’r 7 O) 2.>O
-F(\a,)ujz) = { % U

O alsew here
So



Helpfil Theorem: T dhe Joint  pdf for Y,
- Y, cCan be factored iato two nonnesative
-Func:\-ions) 1€y

where ( .) 1S Qq 'Func‘Hon O'F \ d
3 d ﬂ\_‘){_ 'a‘ an

‘f\(‘az) 1S e -Gamc_'h'on o-F _o_nl\‘ 31) Hien

Y, and T, are ind ePe,na(e,u'l‘,

Note : 3(35 and l'\(a:) need not be valid

PA-C'S) o..l-Hn.oujL -H‘e_\/ will  be Frorar‘l‘;or\m, +o

velid FA'F'S.

Example ¥: Let Y, and o have joint pdf

-F(‘J')%A‘:izal ;o 0242l 0=y =l

O elsewhere

T\r\e.h ’C('&.) 'éz) = 3(3,‘) \r\(k&z_) wLere

Note



“Note +hat £ +he Su’:ForT of +he \.i!i"_"_'
pdf is such that 4, is constrained
l:y \3,_ (or 42 's  constrained Ly y,))
‘H«\evx ‘f, and \f,_ are alapenolen‘l‘.
Exmw\?le I ajqin:

Hqi,m:géoﬁl for OC << |

e\sew l«ere_

— From +the Surfwr‘l‘) we see that 32' 1S
constrained lo7 3‘ (o,nal J' Ly ETQ) .
\/| and Y, are ale.Pe.ho{erd'.
Tlr\eorem (Iane,re,nie.nce crp n r'.V.'S)'.
CThe ruts Yo%y Y are independed
I‘P aw\cl onl\/ |-F

)

where 'ﬁ(j‘) is +he Folf of the (-th rv,
1 . .

_Tf we take a random S‘L\MFIG—‘O n
measurements from a \:o‘mla:l'lon) e N
rv.'s are caid to be ‘mo\e,per\de{\'_l' and

identically distributed (iid).




Exm’"‘?\@_: L\‘P& lenjﬂs (fn laou.rs) of a
POF\L\N’““”\ of batteries -Fo\\ow an
e)(rcm('iov dishributon. We Fake o
ranalom Sc\mFle_ o-P 5 LJ«:L'H’?J‘I‘ES ama\
wil oLS&rve +heir l('Pele.nj'H«S- Find +he
:)DiV\"' Fo\'p o-p -H«e 5 me.a.Sure_meyd"S.




