g.5 The Rao-Blackwell Theorem and MVUE s

_-‘__.-——-l—"

-TI'\‘IS 'H\eorem G.“OWS us +D 'GY\J. u.nLI‘QSQJ

eshmators with swmall variances.

_@qo—vB\mckwen Theorem :  Let é be an wnlitanid
eshmabr of 6 with vqr(é) < 0. Let U
be a sufficient shhshc for 0. Then define

%= (5] u). Then:
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—TL\Q Ko,o—Bchc,kwe,“ TL&orem says Hiat i-F
we L\cwe, an unlaiaseJ e,S'Hma:l'Dr-) we dan je.“”
an unbiased estimator whose va.r{qncg 1S
ot least as swall loy Coml.i'Honinj on a
sulficient stathshc.

—Whick choice of sufficient statistic should
we wse ’

- A minimal sufficient statishc s He
SuPJqu,vd' s+m'hs+|c -H\q,‘l' “comlenses
the data” more than any other
sufficient statistic.

Deflm-hon. A su-c-pnc_ue_:cl' S-l-n.'HS'Hc 1S
minimal sufFcient \'F it is a funchon O'F
every other su{ficient sttistic.

Definition (Com leteness): A statistic U
'S C.omp\ej‘e \'c and only L

...No‘\‘ﬂ. AV\Y CDIMPIQ"‘& S\.L‘C'Clc.le.n"' S'hd'ls'hc 3
M\mm&\ Su-c-p.cte_rd’



- The Lehmann-Scheffé Theorem says
-HMC\' f-( wé d<an COns-h-uc:l' an un\:iasd
estimator +hat 15 a Lunchon of a

, +then +his
w\\\ be ‘H\L Mihimum V&r‘;qnce_ unLl‘QSQJﬁ
Estimator (MVUE) of 6.

-US&-C'A.\ R&Su.H': I-f \/')“.)\/n 1S a ram.lom

SRW\‘:\Q -Frow\ a distribuhon in the
one - Purame_'\'u exPoy\m‘HaJ -Fum]ly) i.Q.)

kavin3 F‘Lp of '-l—\\e form :

Hen

"T‘I\{S \‘&Su_\'\" 'S \LSQ'R( "G;r manz
ex«m‘:\es!



Proof : (bde preve He S\L‘Lplc.lenc.y ok ZJ(Y)
-\-\«, Froo'r o'c ComTle:l'uess (s iul‘l'e_ q&\;mncd)

-_E_Xmm?\e, %: \{')"')Y" -~ Pois (>\3 Find +the
MVUE Hr X




-Examp\t = \/‘) R L Weibull (9) with
m=2 (ge; exercise 6 26) Find the Mqu for 6




—The Lelhwnarin= ScLe-Fpef Hheorem can alse ke
used +» Lind MVUEs {or 'punt-'h‘t’f_s_ .‘?.E
!;mrqme+U§_ O'p Some  d stri lnu:h'on.

- Exawmple %_3 \fu,...J\f“ iiégx?on (f—'*) Find
the MVUE ‘For ?z (':: var (Y;))_




—Exawmple 4 p T id N(/-t) ]_) Find He
MVUE Hr /{2'.




Example 5 le¥ %

— A? o e Yl)...)\!n 3—‘\‘-[- uv{l‘p (O) 6).
Find o c,om?le:}e sufficient stahstec for ©
and then Lod the MVUE of 6.

Note: The Unif (0,8) distribuhion is net
n the Q.X?bne,n'HaJ -Ca\m;\‘f (H‘s suppert
), Bul we can s hew
U= \f(“):maxi\ll)...)\f.\hf 1S swp-Cici&rd' via e
definition of Su-p—G'c.iMcy. We. must show:




- We prov = ‘ lete wsi t+he
preve U= Yy 15 Come nq
cleﬁfn{‘h'on o-F QomP le‘,‘&ness :



V.G The Me'Hwal o Mowmerts

—T‘r\& N(’.‘Hr\oal oc moments 1S a Si'mrle way
+v obtain Foiw"\' esthmators .

"‘I‘\' ivw'olues etuq_"'l‘nj Ponla.‘Hm\ m:amen'f's
+D SOUM‘le moments QKA Solvfnﬂ -]-Lg eq_uo:h'ons.

- T+ we have 4o eshmate t Fa.r«meﬁ.rs}
we set wp t e,tued'ions:

Then sihve Hese equations simultmnesusly
'FD\' -\'\&2- ACS;\"QA Pgrame_;\"efs.

_EXamE\e 14 \11).,_)\& EL i (O)e), Find
Ye MME of B.




_EXQMP\& 2.5 \II)...)\/“ 'r-‘é 6Qmm¢ (c() F) F,'m;l
MMES o'r =4 a.v\o[ F




"Ex"'“‘?le 3! Let \11)---,\,“ be wd rv.'s with FJ-F
-(-\Y('aszg(‘;__i_‘)(e-'a\ ) O<‘3<9

O e lsewhere

Find He MME of 6.

._Ty?'\ca\lr MMES l\awe ‘ow \gia.s ‘Por larje
SMN\P\Q S\zes. |
-But... O‘F"'l‘el\ MMES are 'Y_\_ﬂ' ‘F:JJ\GH"“S O'F

S\L(:-Fn'c.ien:\' s-hd'ish‘cs ) So -H,&y have Eoor
e-prc_iency_ reldhve o other Fossiue eshmaters,




