CL\QP'\'EI |O Browm&n Mo‘hor\ anaf
Re |ated Processes

— Re_ox.“ ‘Hae S\/mme.'h’“'C rauqalom wak
w\/\efe, ot (;qc,l« +ime wnutl we (Wl‘H'\
equal probability) +uke either a
one-unit step fo He [eft or a
one-unit step to the right.

- SULNPOSQ we le,‘\' loo‘H« —H,\Q +me in‘l‘ervql
widthse At and +he step size Ax
36\' Spaller and SmaL“er

-—T\«GAA 1'(\ X(‘t) 1S our FoSl"‘lon o:l‘
Hme 't and

Xy =

+hen X ({) —

wLe,re [t/At] s Hae lmrje_S'l' l'n"'éjef
\e_QS -\'L\«.n or €,¢[w’¢l 75 T

———

At



- Here we assume Het the XKi's are
;“Azfuolevd' and

“Note E(X{)= and E(X]) = '
25 gar (X'Ar
— Thus E[—X (—t)]: and Var[X(‘t)]:

~We let Ax and At 36\' small 1 the
«(:o“ow;nj WQ,Y 3
- Take Ax=c\Bat and let At — 0

Then E[x®]=  and var[x(6)]-

_B\/ -H,\e, C)evd'f‘ﬂ.‘ Lfm;‘}' Tlawrem} a s
A'té’o) X(‘t) 1S with

wé.awn amA vcur] anlCeé.

-We call e r&Sul‘HAS process

—




Defn. A stochastic process
%X(t),t?'oz s called Brownian mohon

(Q.ISO kV\DW“ as ‘H«éf Wiener grocess> ,‘P
(i)
(it)

(ii0)

- This was oriﬁiﬁo&lly conceved lo7 RobesT

Brown as a moole,l —Fe'r ‘|'Le_ mohon O"F
o Pour"HC—I& 'imme,rseol ;n a ,lzula' or jaLS.

- T\A;S MO"h‘DV\ was ‘0&.+€f exP’q;ntJ L7
Albert Einstein and He process was
formally  defined by Norbert Wiener.

“1‘(: CS‘='-\) ‘H«C FroceSS T
Brownian mehon.

— We can q,lu)a-ys Shhﬂlwo(fu wa Bl’owm'ac_n
Mohon Frocess %_X(‘t)g l’)’ -l'a’c.'nj B(.t):
So uJi-Haou:\' loSS oF je,ne,rq\i‘fy} we w:'“
usually assume Hiat 5=




NO"'Q' (‘t) 1S (er« Fr‘oLaJa f+7 _f_) a
Con-hnuous —punc'hon wt t but s ot
differenh «ble for any T |

Twtuihive Proo-p




‘Dig-k-rf \o\d'l'on o‘F X(‘t)

-Tf =1, X@#)~ so Hat its
FM 'S

= Often of interest i1s the conditonal

distributon of X(s)) jive,n Hhat
XE)=B, where s<t.

~Tt can be shown (see pq. 609-610)
Haat Hhis Conaliﬁona.' JI‘S"T;IDL&"'I‘DY\ 'S

with
E[X($) 1)((—(:):: B} =
var [)( (S) \ X ('t) :B] =

Exownﬁle .1____ Su?rose the p,L\,mjg S B
stock Fru‘u’_ over time 1s modeled as
standard Brownian motion . What is the
conditonal distribution of X(lo)
Tven +hat X(IS')T-— 3.57




"\I\)‘/\OC" 1S 'Hﬂ& C,onoll“l‘l‘on«l JI'S',-T;LLL-,_,.OV\
of X(10) given +hat X(15)=3.5 7

10.2 _H{"H'inﬁ Time Results
~let Ta be the ‘p‘er'l' +ime +the Brownian

mo T lon pProcess hits the value a .
- S\A,H:»OS?. a>0. Tl\en ‘FDV‘ Some 'Hme t>0)



SineEe 1+
Now



= Consiol&r the distribution of +he
MOX 1 MmuUm leue +L(e frocess L\H‘S

In [O)tj_ For a >0,

Gambler's Ruin Revisited

~ T4 = Steek FY‘I‘CC —G;Hows Brownian
mohon, what is +he Fro\ocxl;il.‘i-y ‘H\ad'/
Starding at O, i+ hits A before
it hits —B 7 (qoes “wp by A’

ins tead of 3oin3 “down \97 B")

~ Recall +he quLlex's rutn  results Gor
'HAe- S‘/V“'“ej""“‘- (F: Ji) Y‘a.nolom wa.”(.




- The "S"’&F sizes" (like dollars) are

i Brownianw mothon:

Example: A stock is initall, offered
&t TI[0 per share Qnol s ,:r‘ice then
-‘FD“OWS Brownian wohon . What i1s the
rrolamlof""*y that +Hhe price hite ¥I5
before i+ hits $77




10.3 Variahons on Brownian Motion

Defn: SXE)E is Brownian moton with
drift coedfLicient M W P L o F
(U)
(L)

(UiL)

No+%: T 1B(E)E is atmrdard Browsjan
mo‘hOV\ O\.Y\A X('t)::.

then ix(‘t)z 1S Brownian mohon with drift,

Geometric Brownian Mohon

-I.-? S\Y(-{:)E 1s Brownian mohen witHh
c'.r|-(:+ M a.y\ol variance G’j’ ‘H«&V\

_ Gebmf’-‘\T"C Brownian moHon assumes
the percentnge changes of X (+)

over Hme are (id.




