‘_,‘l;_s; M aximum o-c Brownian Moton
with Drift

- Tn Secton 10.2.  we derived the
Fro\omloill"'"‘j JiS'I'Y‘l‘,ou"h‘on o-p +Le. MAXimuM

\}Os.‘uef IA)H'L\;V\ [O)'t] o-p X S‘hp\ala.r-al

Brow nan mohon process.

- Now we consider Brownian meton

with deif+ C_De-p-picien‘f‘ M and

Voariance quamej—ef T2
et M@ = ke Xly)

be Hthe maximum vq,lue up + time t.
- We will derive the distribution of

M (t) \oy c,omla-homnj on X(t).
Lemma: T€ Yo, Yn 4 N(e, v*), thes
H\e C.omil‘l'lonal distri lou.‘hon 0‘('\

\f|)...} Y cjivem %YL‘ = does not

AQ—F%A on O.




Note : This 5&75 i ™ & squlc

———————————

Lrom o normal alig'l'rl'lm.‘l'l'on) +Hhe
scwurle sum S o
’FDV ‘H'\?— foru‘a:\‘fon mean .

- This is proved in STAT 512, but
we will not prove it here.
Theorem : et iX(t)% be Brownian
motion  wita drilt coefficient M

a,vdk VoLr 1ance r«rqm&'l“e-l‘ 6'2'. Given
‘\"‘/\a."f X(‘E)'-"— %, 'HAQ conditional
distributhon of X(‘&\l for Of.'g..‘.t}
does not cl.er,e,ml on M -

Proot: For a fixed n, let t:=

]




€ Lﬁwwna/
By th

| )
(t
O'(
' w ‘On

l D\S Ilo )VI
- ‘an' > }
COV\AI ! ) -h; 'l'l
‘L&D{?M Uiz‘ 3 X

)/ ta?
Zg(j—%

=0
) 4

Proot



- Let some Svmq.“ h>0 be such Hiat
9 > X+h. Then



Thus

Corollary: T @() s the standard
| nOrwua,\l cal-p, H«\e,n

PME) 2y) = o Al [\ - @(”“:&i J

[1- )]




FFOO‘F.‘ Conoﬁi‘l’t‘on oh X(t) a.nzi a-ﬂ:(y

Hee prev 1ous Heeorem.

P(M®)2y)= S‘”F(M({) 2y [x&)zx)gx(tgx)ax |

=D

SOW\C C.a.lc,u,\us (gee |>3 é27-é2,8 _er
Qle;hils) yie,lo\s He result.

Note: The last result in Sechen [0.2
1S & Srec,fql cCaSée o‘p +L\§S V‘QSLLH'/
w1tk M=0 and T

E—xa.mP\e j__ ajq;n: A c/‘/xﬁ—'&je n 5'|‘Dck
Fru‘c& follows sﬁunalouro\ Brownian mechon.
What 1s He FrOLaLLEll.-,.'r Hiat -H«e

Sbck Frica Will 1ncrease L cd’ 'Q&S'f‘

$10 in the first t=25s Jays?.




EXQMEIQ 2: S
uppose He el
a..nje 'n

P! ice O
‘ -p l& Cfowfmodl‘w —G;“ r an
l owSsS B own'
MD'hOV\ w "'L\ clf -p"l' - C)S a.vwl g = Lf'
-

w ‘

rice d
0€éS
. .
ot increase b
7 mer
e

Pran *
w i )
1N -H«e. ‘G
_ rst
G4 c[a.ys_?




|O-é_ g"'ObLLaS'Hc In‘l‘eﬂr«.ls ano\ White Neise

- Let %_X('E)E be S-I'txno(q_v-ol B rownian
MD‘HOV\ 0~V\.Dl l€r+ ‘c(> be o -amc.'h’on

lAJl“H‘\ o Continueus cle,rivo:Hue over

[“)B].
-DG:CV\. The stochashc ]n-l-e,Jrq_l

where Og:.:to<-l:|<...<-th=|°‘ |

No“‘t ; By u.s'm3 e -Fo“owinj iolm'h°'f-7
(u)\mcz\a is the m"reﬁrochon lay Far'l.'s
—Formu.la.. wl‘H« sums Terlxcihj l‘v\‘l’ljrq_ls

ond Adifferences rﬁflkc'mj clixC-Ce,reu‘l‘iqls) :

we ma.7 rewrite -H\e. ol?;G'V\\"'Hon o-F -I—L.e
stochastc inteqral.



(£ d X(b) =

Note : The stochastic n'vd'ejr*«,( dea
was ntroduced L,y K,'yosl»\.' 1+8 in

‘Hr\& lﬁ"fOS I+ 1S SomeTimes Ca.”enl :
+l\e I"'B in"‘e,qr‘q_l.

- Ass uwxiv\3 ot qe,Xfec:\'a.‘h'or\ auflc:l imet can
be interchanqed, sinee E[X(#)]=
‘For any ‘t) |

e[§56) d x @] =
Ad var §3 6t )X - X )] €

—
—




ToLk‘lvkj \\‘MH’S as Y\—-*w) we. have

%t) to the stochashc  integral
LHOdXE®.
-This is CA“C.J o LuIAH‘e. nolSe

Aransformation and §dXE) 202
XS C.OLHQA white neise .




Examlplg (HaLi'll"' Sizehi g“f”:osc ‘Hae rate
of (,ko..uje, of a habitat Size jej's

Y‘au\caww\lt] smaller as Hie ha b=t jej-g
lourjef, oLchralfr\3 + He frmula:

'Y= -28(¢) + o X'(¥)
where X/(4)=d X)) 1s white noise. T
"H«Q inf‘H‘\.‘ Ir\q_\:n‘,‘n.'} Si?.e 1S |00 QC’res)

—GEV\A e ‘FDY‘M'J‘& ‘For ‘Hr\e ka.Lf‘f‘vd‘ Size at
+ime t f‘p g=|.




