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— Consider two states ([ and J', Let -ﬁL..
denote e Froloabilf'"y that Hie Mq_r-ko’:/!

Ql/\qin) S'I'Rf“i'fhj I r:) will ever enter J
T hat is:

T heorewm - T
then 15 = |,
Proot:

L 1S r'ec.u.r‘re,n',' aLnJ iHJ,




More Notathon: TF s-l-ud‘eJ' 1S r‘ecurr‘ead‘) let

mj denote. the e.xFec;i‘eJ number of
ransitions unti|l the chain refurns o
state | (aftfer starting in )
- Thus if

Ny =

+Hhen
Defn. Recurrent state | s positive

vecurreanT 1-F mJ < o© au’\a( nuH r‘ecurren‘l'
](‘» My = co.
—Suppose  the Markov chain s trreducihp
and recurreat. Let Tr denote he

lohj-—run FY‘DFor‘hon o-P S']'efs 'H«cd‘ ‘Hte
ckgm 1S In +=L+€ J
Theorem : Tf a Markov chain i<

mrenlucl)o[e au\c[ r‘e,c.urren"‘ "H\e.n no MQ‘He.r

H\e mt"ha.\ S"'“-"'?—




Froo_'f_ﬁ SULFFOSC ‘H\e C,L\qfn S"‘ar”'S I.V\
- state 1.




Note : S'}‘R‘I'QJ 'S Fosf‘Hve recurrent
T and only £

Tlr\&orem: (Fosf‘h‘\/& recurrente «s a c_qus
PI"OPU'\V). T_-F R Fosf‘h'v& recur rent
ond i<—>j) +L\€,y1 J 'S Fosf‘h‘ve recurvenl.
Proof:

_————*ﬂ

Note: T+ follows ‘I’T‘iviauy (by c.on'h‘qalic'ﬁ‘ov\)
Haet null réecurrence.
FroPer+y,

C,oro”mr‘“j! An ir‘r‘eoluc{lo{e -P,‘nf-l—e, Mquou

chain s Fosi‘h‘vc re current.

s also a clasg
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T heorem: For an irreducible Markov

chain Hhat 1s pesitive re_c:urre,n'l") +Hie

lonj—-rur\ PT‘OFor\‘HDHS are -qu qnizw&
soluhen Hv the &‘ZLAQ'HOHS

and

- I‘F these eiluq:h‘ons 'f\OLV?. neo So'u‘Hon)
then Hie chain s either “‘ransient
or wnull recurveat and all "TJ =

Example 1 again: yhat are #he long-run

Froror'ﬁons .O‘F r‘ou'ny c{q.ys (s-f-cd‘e O>
ona non-rqm)r cla.yg (g-i"q;f-g I) ?




E)(cuv\f\e, "H”'f-zz'- Consialef a_ m::del wlqere
SUuccessive. Sene,rad‘l'or\s o-p a -pfxmf|7
C’CH"L;Y\ bLFFG,r (O)) mlalolle (l)) or Iower (Z)

ClOLSS status bqseol Only on "H'le_l‘V‘ PQ.r‘erl"'S‘
S'\'&‘l‘us) with dransiton Frolodoih‘l‘y Mattix




So 'Hme |onj-rum ProPor'h‘on 01C FeoFIe__.
N en.c,,/\ SOCiCLI CJqSS Can be ‘Foumal 57:

Nete: These long-run prepertions T are
called +he stationary probabilities of the

Markov chain. T




Tlf\ﬂor‘e,w\: I-F H,,e i Fra state Is Csten
Ckccorolfnj +o these S'I-cd'l‘onqry
probabilities, i.e. p[X,=;]= W for
;\—>-O) ‘Hf\e.r\ at any Time n

Fide=il=T; £+ jzo
Proo{

_EXGLMF\E’ (#7.25)' Suxmmse the  wismbes of

‘FM«]“QS wlno of/\eck vt o "‘0{'3' each "l“)’

15 Pois ()\) AISO) the  number o-p nijld‘s
?_AOL\ ‘Family S‘l-m,s I ‘H«e lf\o'l‘&l 'S

3€ome:|'r‘;f— (P)) wke,re P € (0) l) re,freseds
QOULL\ —&mi[\/'s check-out Fr‘ola@‘sf“'fy eacl,

Oldk\/, AlSo) aAsSsume -F-aynilies act mie.,bende,d'ly
of eacl other.




Let Xn = the number of Lam |ies
c_.l/\ukeal wm ot the bﬁjl‘nnfnj o‘F da n.

— What are +he FHransition probabilites
of +he Markov chain $ X €7

N°+£ 1.'(: —me:lues are c_ur‘re,yd‘l c,Lef,keJ
‘Hr\?, Y\um\se,r D'(‘ ‘HA?_SQ —F;umhes wlao

wlll remain ano"H\e_r ClA.7 1S R_

r.v.) wIﬂU‘&




