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NONPARAMETRIC GOODNESS-OF-FIT TESTS FOR
UNIFORM STOCHASTIC ORDERING

By CHUAN-FA TANG, DEWEI WANG AND JOSHUA M. TEBBS
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We propose LP distance-based goodness-of-fit (GOF) tests for
uniform stochastic ordering with two continuous distributions F' and
G, both of which are unknown. Our tests are motivated by the fact
that when F' and G are uniformly stochastically ordered, the ordinal
dominance curve R = FG™! is star-shaped. We derive asymptotic
distributions and prove that our testing procedure has a unique least
favorable configuration of I and G for p € [1, co]. We use simulation
to assess finite-sample performance and demonstrate that a modi-
fied, one-sample version of our procedure (e.g., with G known) is
more powerful than the one-sample GOF test suggested by Arcones
and Samaniego (2000, Annals of Statistics). We also discuss sam-
ple size determination. We illustrate our methods using data from a
pharmacology study evaluating the effects of administering caffeine
to prematurely born infants.

1. Introduction. Suppose X and Y are continuous random variables
with distribution functions F' and G, respectively. In many applications, it is
of interest to compare F' and G. The ordinal dominance curve (ODC), which
plots (G(t), F'(t)) for —oo <t < o0, is a useful graphical tool that facilitates
such a comparison (Bamber, 1975; Hsieh and Turnbull, 1996; Carolan and
Tebbs, 2005; Davidov and Herman, 2012). The ODC can also be defined as
R = FG™!, where G71(u) = inf{t : G(t) > u} is the quantile function of G.
When F = G, the ODC follows the main diagonal of the unit square, the
so-called equal distribution line.

We consider order-restricted comparisons of F and G. Define FF =1 — F
and G = 1 — G. These are the survivor functions if X and Y are lifetime
random variables, although herein we do not require X and Y to be non-
negative. Denote the corresponding densities by f and g, respectively. If
F < G, then X and Y are stochastically ordered; this is written as F <g G
and means informally that X “tends to be smaller” than Y. Two stronger
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Fic 1. Ordinal dominance curves. Left: F' <s G. Middle: F' <us G. Right: F <ir G. In
each subfigure, the equal distribution line is shown dotted.

orders are the uniform stochastic order and the likelihood ratio order. When
F/G is nonincreasing, X and Y satisfy a uniform stochastic order, written
F <ys G. When f/g is nonincreasing, X and Y satisfy a likelihood ratio
order, written F' <rr G. It is easy to show these orderings follow the nested
structure: F <;g G = F <ys G = I <g . A comprehensive account
of these and other orderings is given in Shaked and Shanthikumar (2007).

Different stochastic orderings give rise to different functional forms of the
ODC. The weakest ordering F' <g G holds if and only if R is at least as large
as the equal distribution line; i.e., R(u) > u, for 0 < u < 1. The strongest
ordering F' <rr G holds if and only if R is concave. The intermediate
ordering F' <yg G holds if and only if R is star-shaped (Lehmann and Rojo,
1992). One way to characterize a star-shaped ODC is that the slope of the
secant line from the point (1,1) to (u, R(u)); i.e., 7(u) = {1 — R(u)}/(1—u),
is nonincreasing in u. Figure 1 gives examples of ODCs that correspond
to stochastic, uniform stochastic, and likelihood ratio orderings. This figure
demonstrates the utility of the ODC in characterizing how two distributions
are ordered and how the structure ' <;r G — F <ys G — F <g G
manifests itself graphically in the ODC.

This article is motivated by a pharmacology study evaluating the effects
of administering caffeine to prematurely born infants in Columbia, South
Carolina; see Section 5. Among 404 infants in the study, m = 127 were
administered caffeine and n = 277 were not. Each infant was then followed
until he or she was discharged from the hospital. All infants were eventually
discharged and were alive at the time of discharge; i.e., no discharge times
were censored. One of the goals of the study was to understand how the
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FiG 2. Premature infant data. Left: The sample ODC Rpn(u) = Fn{Gr'(w)} for the
time to discharge (F = caffeine; G = no caffeine). Right: The least star-shaped majorant
MR is shown in blue. In each subfigure, the equal distribution line is shown dotted.

distributions of discharge times F' (caffeine) and G (no caffeine) compared for
the two groups. In Figure 2 (left), we display the sample ODC for the data,
which is defined as Ry (u) = Fpn{G,; 1 (u)}, for 0 < u < 1, where F,,, and G,
are the empirical distribution functions and G, '(u) = inf{t : G,,(t) > u}
is the empirical quantile function. The sample ODC and its large-sample
properties were described in Hsieh and Turnbull (1996).

On the basis of Figure 2, which stochastic ordering, if any, characterizes
the true relationship between the discharge time distributions? There is a
substantive literature on nonparametric tests for stochastic orderings with
two or more distributions; see Davidov and Herman (2012), El Barmi and
McKeague (2016), and the references therein. In the two-sample case, most
of this literature describes tests where the equal distribution assumption
F = @G is treated as the null hypothesis and the ordering (i.e., F' <g G,
F <ys G, or F <1 G) is placed in the alternative. A potential drawback
with this type of test is that it is constructed assuming a specific order-
restricted class of alternatives; if the assumed class is incorrect, the test
may lead to misleading or vacuous conclusions. For example, applying tests
of this type to the premature infant data, we obtain the following results:

o testing F' = G versus F' <g G: p-value < 0.00002 (Davidov and Her-
man, 2012)
e testing F' = G versus F' <yg G: p-value < 0.00001 (Arcones and
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Samaniego, 2000)
e testing F' = G versus F <yp G: p-value < 0.00001 (Carolan and
Tebbs, 2005).

Each test clearly dictates that the infant data are not consistent with F' = G.
However, we are no closer to identifying which specific ordering (if any) holds
in this setting.

In this light, we consider goodness-of-fit (GOF) testing procedures in-
stead. By “goodness-of-fit,” we mean the procedure places the ordering in
the null hypothesis and attempts to detect departures from the ordering. By
comparison, the literature on nonparametric GOF tests with two distribu-
tions is more sparse, perhaps because this type of testing problem is more
difficult. The primary reason for the added difficulty is that the ordering
can hold under different configurations of F' and G. Therefore, one must
determine the least favorable configuration of the two distributions before
the test can be performed; i.e., so that the probability of type I error can be
controlled. Carolan and Tebbs (2005) proposed nonparametric GOF tests
for likelihood ratio ordering with two continuous distributions by using the
least concave majorant of the sample ODC. This work was generalized and
improved upon by Beare and Moon (2015) in the econometrics literature,
who considered likelihood ratio ordering and its applications in finance.

GOF tests for uniform stochastic ordering have been proposed but only in
limited settings. Dardanoni and Forcina (1998) considered likelihood-based
tests against uniform stochastic ordering in a two-way contingency table.
Park et al. (1998) used a nonparametric maximum likelihood approach to
formulate GOF tests with two or more continuous distributions, but only
after data from these distributions have been assigned to disjoint intervals
in the form of counts. This essentially discretizes the problem and results
in testing against uniform stochastic ordering among several multinomial
distributions. Furthermore, this formulation gives rise to non-unique least
favorable configurations that depend on how the intervals are selected, the
number of distributions, and even the significance level used. Finally, in the
two-population setting, Arcones and Samaniego (2000) suggested a GOF
test for uniform stochastic ordering based on the family of order-restricted
estimators in Mukerjee (1996). However, these authors assume that one of
the population distributions is known (e.g., G is known) and do not de-
termine the least favorable configuration for their procedure. Instead, the
authors use critical values from an upper bound asymptotic distribution
which leads to a conservative test.

In this article, we propose a family of GOF tests for uniform stochastic or-
dering with two continuous distributions F' and G; that is, we are interested
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in testing Hy : F' <ug G versus H; : F' £ys G, where both distributions are
unknown. Motivated by the ODC approaches taken in Carolan and Tebbs
(2005) and Beare and Moon (2015), we construct test statistics for Hy ver-
sus Hy based on the LP difference between the sample ODC and its least
star-shaped majorant (defined in Section 2). We then derive asymptotic dis-
tributions and prove that our testing procedure has a unique least favorable
configuration for p € [1, 00]. Interestingly, this theoretical result is different
from the finding in Beare and Moon (2015), who showed that when using L?
distance-based GOF tests for likelihood ratio ordering, the least favorable
configuration exists only when p € [1,2]. Furthermore, unlike Park et al.
(1998), our approach does not require one to discretize the support of the
distributions which can only lead to a loss in power. Finally, we show that
the one-sample version of our test (e.g., with G known) is not as conserva-
tive as the test proposed by Arcones and Samaniego (2000) and is generally
better equipped to detect departures from Hj.

Formulating LP distance-based GOF tests for uniform stochastic ordering
in the two-sample problem is technically challenging. It is not possible to
simply modify the proofs in Carolan and Tebbs (2005) and Beare and Moon
(2015) under likelihood ratio ordering; see Section 3. At the same time, es-
tablishing that such an ordering exists has great practical implications. For
example, if X and Y are lifetime random variables (and are absolutely con-
tinuous), then F' <yg G is equivalent to the corresponding hazard rates be-
ing ordered. This is an important characterization in reliability and survival
analysis applications. Our interest in uniform stochastic ordering is moti-
vated by our collaboration with researchers in the premature infant study
discussed earlier. Letting X and Y denote the times to discharge for the caf-
feine and no-caffeine groups, respectively, uniform stochastic ordering holds
if and only if pr(X > t|X > t9) < pr(Y > t|Y > ty), for all ¢, to satisfying
t > tg > 0. In other words, no matter how much time ¢y > 0 has subse-
quently passed, administering caffeine is consistent with shorter discharge
times. Note that, in this context, stochastic ordering requires that the re-
lationship above hold only initially (i.e., when ty = 0). Uniform stochastic
ordering guarantees this type of dominance will hold for all £y > 0.

2. Testing procedure. Suppose that Xi, Xo, ..., X;,, are independent
and identically distributed (iid) from F' and that Y7, Y5, ..., Y, are iid from
G. We assume the two samples are independent and that both F' and G are
unknown. Let R = FG~! denote the corresponding ODC. For our asymp-
totic results in Section 3 to hold, as in Hsieh and Turnbull (1996), we assume
F and G have continuous densities f and g and that the first derivative of
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R is bounded over [0, 1]. Throughout this article, we denote the parame-
ter space of R by O, the collection of nondecreasing, continuously differen-
tiable functions from [0, 1] to [0, 1]. Under our assumptions, the hypotheses
Hy: F <ys G and H; : F Z£ys G can be expressed equivalently as

Hy: Re©g={0€0O:0isstar-shaped} and H;: R€ 0, =0\ 0Oy.

Recall that 6 € © is star-shaped if and only if {1 — 6(u)}/(1 — u) is nonin-
creasing in u.

Let Ryn = Ryn(u) = F{G,;'(u)} denote the sample ODC, defined
in Section 1. Informally, our testing procedure is based on measuring the
distance between R,,, and an estimate of R subject to the constraint that
F <ys G. Towards defining this restricted estimator, let [([0,1]) denote
the collection of bounded functions on [0, 1]. For any h € I(]0, 1]), its least
star-shaped majorant is defined as

Mh = inf{h* € [([0,1]) : h < h* and h* is star-shaped};

i.e., Mh is the smallest star-shaped function in [([0, 1]) that is at least as
large as h. Throughout our work, we call M : [([0,1]) — [([0,1]) the least
star-shaped majorant operator. Just as R,,, is an estimator of R under
no restriction (Hsieh and Turnbull, 1996), the least star-shaped majorant
MR, is an estimator of R under Hy : F <yg G. Using Lemma 1 in
the supplementary article (Tang et al., 2016), we show that this restricted
estimator can be calculated as

MRool) =1 i, {20,
v<u
for 0 < wu < 1, where V is the set of discontinuous (jump) points of R, and
MR, (1) = 1. Figure 2 (right) shows the least star-shaped majorant of the
sample ODC for the premature infant data described in Section 1.
Our testing procedure utilizes the sample ODC R,,, and its least star-
shaped majorant M R,,,,,. Specifically, we propose the family of test statistics

MP,,, = cmn||MBRypn — Rmanv

where ¢, = {mn/(m+n)}/? is a normalizing constant and || - ||,, is the LP
norm with respect to Lebesgue measure. We allow for p € [1, o0]; i.e., ||h]|, =
(f[o,l] |h(u)[Pdu)'/P when p < oo and ||h|e = SUPyco,1] |P(u)|. For example,
when p = 1, [ MRy, — Rin |1 equals the area between the two estimators;
when p = 00, || MRymn — Rmnllco equals the largest vertical distance between
the estimators. For any p € [1,00], clearly large values of M}, are evidence
against Hy.
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3. Theoretical results. In this section, we first describe the asymp-
totic distribution of M}, for any star-shaped ODC; i.e., for any R € ©g. We
then demonstrate that, for any p € [1, 0], all null distributions are domi-
nated stochastically by the asymptotic distribution of M}, under R(u) = u,
that is, when F' = G. From this least favorable distribution, we can find the
critical value ¢, that satisfies limy, n—oo pr(Mhn > Cap) = @ when F = G
and limyy, oo pr(Mbn > cap) < a when Hy : F <yg G is true. In other
words, rejecting Hy when MP. > Ca,p 1s an asymptotic size « decision rule.
Finally, we examine relevant asymptotic distributions when R € ©; and
then characterize large-sample power properties. We also discuss sample
size calculations to detect departures from Hy. All theorems are proved in
Section 7. Additional technical details are provided in the supplementary
article (Tang et al., 2016).

3.1. Asymptotic results under Hy. Let Z denote the identity operator on
[([0,1]) and define D = M — Z. When Hj is true; i.e., when R € O, note
that MR = R and

ME,, = cmnl| MRy — Rmn”p = Cmn||DRmn — DRHP'

At first glance, establishing the limiting distribution of M}, under Hy might
seem to be straightforward, that is, one could simply start with the asymp-
totic distribution of ¢y (Rymn — R) described in Hsieh and Turnbull (1996)
and apply the functional delta method (see, e.g., Section 3.9 in van der
Vaart and Wellner, 1996) and continuous mapping theorem. This was the ap-
proach taken by Beare and Moon (2015) with their LP distance-based GOF
test statistics under likelihood ratio ordering. In our setting, this direct ap-
proach is not possible because whereas the least concave majorant operator
in Beare and Moon (2015) is Hadamard directionally differentiable (Shapiro,
1990, 1991), the least star-shaped majorant operator M (and hence D) is
not always so; see Lemma 5 in the supplementary article (Tang et al., 2016).
Fortunately, this does not create insurmountable problems because weak
convergence of ¢y (DR, — DR) is not a necessary prerequisite to derive
the asymptotic distribution of ¢, || DRpmn — DR||p.

Before we state the asymptotic distribution of MP,, for any R € ©q, we
need to describe R precisely because these distributions depend completely
on the shape of R. Recall that when R € Oy, the slope function r(u) =
{1 — R(u)}/(1 — u) is nonincreasing in u. When r(u) is strictly decreasing
over [0, 1], we say that R is strictly star-shaped. When R € Oy is not strictly
star-shaped, then, analogously to Beare and Moon (2015), there exists a
unique collection (finite or countable) of closed, pairwise disjoint intervals
of the form [ag,by], 0 < ag < by < 1, where
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e the slope r(u) is constant over each interval (i.e., R is affine over each
interval)
e 1o two intervals possess the same value of r(u).

In this case, we say that R € Og is non-strictly star-shaped. The reason
we bifurcate Qg using “strictly” and “non-strictly” descriptors is that the
nondegenerate part of the asymptotic distribution of M}, depends only on
those regions where R is non-strictly star-shaped. If R is strictly star-shaped
over [0, 1], the distribution of M}, collapses to zero in the limit.

To make our description of the asymptotic distributions precise, we there-
fore introduce the following notation. For 0 < a < b < 1, define

M[(i}(,)})h = inf{h* € 1([0,1]) : h < h* and A" is star-shaped
over [a,b] with kernel (1,0)}.

A general definition of what it means for a function hA* to be star-shaped
with kernel (¢, d) is given directly before Lemma 1 in the supplementary ar-

ticle (Tang et al., 2016). For any h € [([0, 1]), the function MY has two

[a.b]
defining characteristics. First, M[(i’g})h(u) = h(u) whenever u ¢ [a,b]. Sec-

ond, over [a, b], M[(i’l%)h is the smallest function (at least as large as h) that

is star-shaped with kernel (1,0); i.e., the slope function —./\/l[(;’l?])h(u)/(l —u)
over [a,b] is nonincreasing in u. The importance of the functional operator
ME:I?]) :1([0,1]) — (][0, 1]) becomes clear as we state our first main result.
Theorem 1 Suppose R € ©g and let B denote a standard Brownian bridge.
The asymptotic results below hold when min{m,n} — oo and n/(m + n) —
Ae(0,1).

(a) If R is strictly star-shaped over [0, 1], then ME,, LN for allp € [1,00].
(b) If R is non-strictly star-shaped, then for p € [1,00),

by » 1/p
Mmro 2 {Z AR (ax) + (1 — N{R (ax)}2]"* / {D[(;;?gk]rﬁ(u)} du}

k

when p = 00,

MP 4, s:p { [)\R'(ak) +(1- )\){R’(ak)}2] 1/2 s[upb ] {D[(ikogk}l?(u)}} .
ue|ag,0r

(1,0
lak.bk] —

In both asymptotic distributions, R' is the derivative of R and D
MO T,

[a‘k 7bk]
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From Theorem 1, one can see that when F' <yg G, the only randomness in
the asymptotic distribution of MP,, arises from the non-strictly star-shaped

regions [ag, bx] and is described probabilistically by the D[(a l)) }B processes.

Furthermore, when F' = G, the asymptotic distribution of M}, simplifies
to HD[%”f)BHp for all p € [1,00]. When p = 1, for example, this quantity de-
scribes the distribution of the area between the least star-shaped majorant
of a standard Brownian bridge B and B itself. When p = oo, HD[O 1 B||OO
describes the distribution of the sup-norm distance between these two pro-
cesses. Readers familiar with the GOF tests for likelihood ratio ordering in
Carolan and Tebbs (2005) and Beare and Moon (2015) will no doubt recog-
nize the homology between our Theorem 1 and the corresponding results in
these articles. However, as noted earlier, GOF tests for uniform stochastic
ordering present their own set of mathematical challenges and different con-
clusions are reached about the existence of a least favorable configuration.

Theorem 2 Suppose R € ©g. For any p € [1, 0], the asymptotic distribu-

tion of My, is ordinary stochastically smaller than HD[O 1 BHp, i.e.,
m}}LE}OO Prreo, (Mp, 2 1) < pr(HD[O 1] BHp > t),
n/(m+n)—A

for allt € R, where X is defined in Theorem 1.

Theorem 2 establishes that when using ME,, to test Hy : F <ys G versus
H; : F £ys G, the equal distribution line R(u) = u represents the least

favorable configuration of F' and G for all p € [1,00]. Proving this result
(

involves showing that each of the D[ ko) }B processes in Theorem 1 are mu-

tually independent, a somewhat startling discovery because each process

(1,0)
[ak,b)

same kernel point (1,0). The practical utility of Theorem 2 is that, for any
p € [1, 00|, we can determine the critical value that maximizes the probabil-
ity of type I error over all configurations of F' and G in ©q. This result is
different than the conclusion reached in Beare and Moon (2015), who showed
that when testing against likelihood ratio ordering using LP distance-based
statistics involving the least concave majorant of Ry, R(u) = u is the least
favorable configuration when p € [1,2] and for p > 2 the least favorable
configuration does not exist. Careful inspection of Theorem 1 and some in-
tuition sheds insight on why this is true. When R is star-shaped, but not
strictly star-shaped, each of the derivatives R'(ay) in Theorem 1 satisfies
R'(a;) < 1. However, when F <;r G, there is no guarantee these deriva-
tives are uniformly bounded for all concave R and hence anomalous limiting

shares the same Brownian bridge B and each operator D shares the
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behavior can result when p is too large.
For given values of the significance level o and p € [1, 0o}, denote the 1 —«

1,0 1,0
ol 011 Bllp > cap). To

approximate the distribution of HD[(S ’%)B ||p, we generated 100,000 Brownian

quantile of || D"/ Bl|p by cap; i-€., cqa,p solves a = pr(||D

bridge paths on a grid of 100,000 equally spaced points in [0, 1], and, for each

p € {1,2,3,5,00}, we calculated ||D[%”%

100,000 values were used to approximate the density function of ||D[% ’f 'B lp
and quantiles ¢, p, for a = 0.01, 0.05, and 0.10. These functions and the
selected quantiles ¢, are provided in the supplementary article (Tang et
al., 2016).

)B||p for each path. For each p, these

3.2. Asymptotic results under Hi. The difference between the asymp-
totic distribution of MP%,, under Hy : R € Oy and that under H; : R € 6,
arises from the non-star-shaped regions of R. To characterize a non-star-
shaped ODC R € ©1, start with M R, which is star-shaped, and note that (as
in Section 3.1) one can partition the unit interval [0, 1] as [0, 1] = SU(USk),
where MR is strictly star-shaped over S and non-strictly star-shaped over
pairwise disjoint intervals of the form Sy = [ag,bk], 0 < ap < by < 1, for
k = 1,2,.... One can further partition each Sj as Sp = Si1 U Ska, where
Skt = {u € S : MR(u) = R(u)} and Sgo = {u € S : MR(u) > R(u)}.
Each Si; must contain ai so it is never empty, and the non-star-shaped
regions of R can be written as UpSko. In other words, R € ©¢ when UgSko
is empty and R € ©; otherwise.

In general, these types of regions contribute differently to the limiting dis-
tribution of M%,,. Over the strictly star-shaped region S, MR(u) = R(u) for
all v and the LP norm of ¢ {DRymn(u) — DR(u)} converges in distribution
to 0, as in Section 3.1. To clearly describe the contribution over the S re-
gions, we introduce new notation. For any h € {([0, 1]), define the functional
operator Lg, : ([0, 1]) — [([0, 1]) according to

VESK 1 — v
v<u

L h(u) = — inf {—h(v)} (1 —u)ls, (v) + h(u)lse (u), for u € [0,1),

where 14(-) is the indicator function over the set A and A¢ denotes the com-
plement of A. When u = 1, L£g, h(u) = max{h(1),0} or k(1) depending on
whether the singleton {1} € Sk or not; see Appendix C in the supplemen-
tary article (Tang et al., 2016). Using this new operator, we now characterize
asymptotic distributions for any ODC R € © with those in ©; = © \ Og of
particular interest. A discussion on the large-sample power properties of our
testing procedure follows.
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Theorem 3 Suppose R € O. Using the notation described in this subsec-
tion,

) 1/p
L, Th(w) ~ Th(u)| du}

Conl| DRy — DRl — Z/
k u€Sk

forp € [1,00); when p = oo,

Cmn||DRmn — DR||p —, sup sup Ls, Th(u) — Tﬁ(u)’ .

k u€ESk

Both results hold as min{m,n} — oo and n/(m +n) — X € (0,1). In both
cases, T(u) = \Y/2B1(R(u)) + (1 — \)Y2R (u)Ba(u), 0 < u < 1, where By

and Bs denote two independent standard Brownian bridges.

Four remarks are in order. First, the process Th = {T3(u),0 < u < 1}
in Theorem 3 is well known; as noted earlier, it represents the asymptotic
distribution of ¢y (Rmn — R) for any R € ©; see, e.g., Theorem 2.2 in
Hsieh and Turnbull (1996). Second, the asymptotic distributions identified
in Theorem 3 apply for any R € O, but we show in the supplementary
article (Tang et al., 2016) that they quickly reduce to those in Theorem 1
when R € ©¢. Third, our LP tests are consistent for p € [1,00]. To see why,
consider the sup-norm (p = oo) case in Theorem 3 and note that, by the
triangle inequality,

ere@l(M%on > Ca,OO) = PTRreo, (Cmn HDRmnHoo > Ca,OO)
2 Prgree, (Cmn |IDRmn — DRl < cmn [|DR|o — Ca,OO)

which can be approximated by

rice, (sup sup | L5, T(w) — T(w)| < coun DR, — coco).

u€ESk
It is easy to show that supy, sup,cg, [Ls,Ta(u)—Ta(u)| is bounded and that,
for any R € ©1, ¢mn||DR|lcc — 00, as min{m,n} — oo, which establishes
our claim. The finite p argument is analogous. Fourth, approximate lower
bounds on the power, like the one above in the sup-norm case, can be used
for sample size calculations. For an ODC R € ©; deemed to be clinically
relevant, one can determine numerically the smallest m and n that solve
PI'Reo, (SUP), SUD,cs), |£SkT£(U) - T}%(U” < emn|PRloo — Cao) = 1 = B,
where § € (0, 1). The resulting solution will be inexorably conservative but
still potentially useful for planning purposes. We illustrate this approach
with examples in Section 4.
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We conclude this section with a brief discussion on local power. This dis-
cussion is ultimately not dissimilar from the local power discussion in Beare
and Moon (2015) under likelihood ratio ordering. However, our interest in
local power arises because we want to compare the one-sample version of
our testing procedure to the GOF test suggested by Arcones and Samaniego
(2000). This one-sample comparison is given in Section 4.3. The two-sample
discussion is given now. Let {R(’"), r=1,2,...,} denote a sequence of ODCs
in ©;. For each r > 1, denote the corresponding distributions by F() and

G from which we have independent random samples XY),XZ(T), ...,ng:)

and Yl(r),Y;T), v YTET), respectively. We examine local power properties by
letting R(") approach Oy in the sense that | DR™||, = MR —RM|, — 0
as 7 — oo at different rates. Using the notation in this paragraph, our last
theorem summarizes the salient results.

Theorem 4 Suppose the first derivative of R") € ©1 is uniformly bounded
over [0,1] for all r. Suppose p € [1,00]. All limits stated below assume that
max{m,n} = O(r) and n/(m+n) = X € (0,1), as r — oo.

(a) If im comn|| DR |, = 00, then im pr g e, (Mhn > cap) = 1.

(b) For any B € (0,1), there exists n,(8) > 0 such that

lim inf erg-)e@l(Mﬁm > cCap) 2 1-p

whenever lim inf ¢, || DRM |, > n,(83).

Part (a) of Theorem 4 indicates that when |DR(||, converges to 0 at
a rate slower than c;h, ¢mn|/DR"||, diverges and the power of our test
converges to 1. Part (b) guarantees that when ¢, | DR™||, remains bounded
away from zero, the power of our test is still nontrivial; i.e., it does not
converge to 0. This occurs when the “amount of information” ¢,,, increases

and the “departure” |[DR(")||,, decreases, and both do so at the same rate.

4. Simulation evidence. We use simulation to assess the finite-sample
performance of our tests. In Section 4.1, we consider fixed ODCs under both
Hy: F <ys G and H; : F £ys G to estimate type I error probability and
power, respectively, and we illustrate the sample size calculations described
in Section 3.2. In Section 4.2, we modify our testing procedure to allow for
one of the population distributions to be known and compare this modified
test to the one-sample GOF test in Arcones and Samaniego (2000). Local
power results are provided in Section 4.3.

4.1. Fized ODC comparisons. We consider four ODCs satisfying R € O
(R1, Ro, R3, and Ry) and four ODCs satisfying R € ©1 (Rs, Rg, R7, and Rg).
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<

Fic 3. Left: Star-shaped ODCs; i.e., R; € ©¢. Right: Non-star-shaped ODCs; i.e., R; € O;.
A description of each curve is given in the supplementary article (Tang et al., 2016).

The Hy ODCs (Figure 3, left) are each members of a family of star-shaped
ODCs that we describe in the supplementary article (Tang et al., 2016).
The H; ODCs (Figure 3, right) are not star-shaped and are also described
in Tang et al. (2016). We also consider Ry = Ro(u) = u, for v € [0,1], to
examine finite-sample performance under the least favorable configuration
F = G. All of our results are based on 10,000 Monte Carlo data sets using
independent samples from F’ and G with sample sizes m and n, respectively.
To generate the samples, we let F(u) = R;(u) and G(u) = wu, for u €
[0,1]. We then sample X, Xy, ..., X;;, from F' using the inverse cumulative
distribution function technique and independently sample Y7, Y5, ..., Y,, from
a uniform(0,1) distribution. This provides independent samples for each
ODC R under consideration.

Table S.2 in the supplementary article (Tang et al., 2016) gives Monte
Carlo estimates of the probability of rejecting Hy : F' <ys G for different
sample sizes, values of p € {1,2,00}, and o = 0.05. We experimented with
other values of p (i.e., p = 3 and p = 5) but obtained results similar to
those when p = 2. Of initial interest is the finite-sample performance when
F = G. With 10,000 simulated data sets, the margin of error associated with
the size estimates under F' = G, assuming a 99 percent confidence level, is
approximately 0.006. Therefore, one notes that our tests with p = 1 and
p = 2 are slightly anticonservative with small samples and otherwise operate
closely to the nominal level. Furthermore, examining the rejection rates for
the other star-shaped ODCs (R;, Ra, R3, and Ry4) supports Theorem 2
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which, for p € [1, 0], guarantees the probability of type I error will be at
its maximum under F' = G. Likewise, powers for the non-star-shaped ODCs
(Rs, R¢, R7, and Rg) all approach unity as m and n become large. This
reinforces our consistency claim.

We also use the non-star-shaped ODCs in Figure 3 to illustrate sample
size determination. For p € [1, 00| and for a given R € ©1, denote by dr g,
the 1 — 8 quantile of the asymptotic distributions in Theorem 3. Using our
lower bound on the asymptotic power from Section 3.2 and taking m = n
(for simplicity), we obtain a closed-form expression for the minimum sample
size necessary to detect the departure | DR||, = [ MR— R||, with probability
1 — 8 when using an asymptotic size « test; i.e.,

dRﬂJJ + Cap 2
m =2 < DR, ) , for pell,o0].
With o = 0.05 and 1— 3 = 0.8, the supplementary article (Tang et al., 2016)
tables these solutions for each non-star-shaped ODC in Figure 3 and for each
p € {1,2,00}. For example, for the R ODC, which corresponds to F' and G
being stochastically ordered (but not uniformly stochastically ordered), the
minimum sample size solutions for p € {1, 2, 0o}, respectively, are m = 634,
m = 461, and m = 582. Such sample sizes might seem dispiritingly large;
however, it is not surprising these solutions are conservative. We describe in
Section 6 alternative approaches that should reduce this conservatism.

4.2. Comparison with Arcones and Samaniego (2000). We now turn our
attention to the special case of testing Hy : F <yg G versus Hy : F ﬁUs G
where G is known. Arcones and Samaniego (2000), who focused largely on
optimal estimation of F' (with F' <yg G and G known), also suggested a
conservative large-sample procedure to test against Hy. Their proposed test
statistic, which we denote by D,,, can be expressed as a function of the
one-sample ODC R,, = F,,G~!; specifically,

V2 s [(1=0){1 = Ru(w)} = (1= u){1 = Ru(0)}]

D, =m

However, instead of deriving a least favorable (asymptotic) distribution for
inference, the authors proved that the asymptotic distribution of D,, is
bounded above by 2 sup,,cjo 1] |[B(u)|, where B is a standard Brownian bridge,
and selected their critical value 02/52 to satisfy o = pr(sup,epo,1) [B(uw)| >

02/32). On the other hand, one-sample versions of our GOF procedure are
available and use the test statistics
1/p
MP = ml/g[ {DR,(u)}Pdu and M =m'? sup {DR,(u)},
[0,1] u€0,1]
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where D is the operator defined in Section 3.1 and R,,(u) = F,,{G~(u)}.
The limiting distributions in Theorem 1 also apply here as m — oo; in
addition, it is straightforward to modify the proof of Theorem 2 to conclude
that F' = G admits the least favorable configuration for p € [1,00] in the
known G case.

For different sample sizes m (now corresponding to F' only), Table S.3 in
the supplementary article (Tang et al., 2016) gives small-sample rejection
rates of our one-sample tests and the test from Arcones and Samaniego
(2000), both performed using o« = 0.05. We used techniques similar to those
described in Section 3.1 to approximate the critical value 0252 = 50 =
1.359 and performed all simulations in the same way as before except G is
now known. Clearly, there is a price to be paid for using the test based on
the D,, statistic when F = G; type I error probability estimates remain
significantly below the nominal level for all m < 200. On the other hand,
our p = 1 and p = 2 tests are only minimally conservative when m < 75,
and our sup-norm (p = oo) test performs nominally even when m = 20.
In addition, the sup-norm test can be markedly more powerful at detecting
non-star-shaped alternatives with small to moderately sized samples.

4.3. Local power analysis. A consequence of Theorem 3 is that, for any
fixed R € O, our LP GOF tests are consistent for all p € [1,o0]. To glean
additional insight on which values of p might be preferred in practice, we
investigate the power associated with local alternatives. Starting in the lower
left corner, Figure 4 depicts a sequence of ODCs in ©; that approach Qg
(moving from lower left to upper right). Each ODC shown in Figure 4 belongs
to a family of ODCs described in the supplementary article (Tang et al.,
2016); the defining feature of this family is that it is indexed by a single
parameter § € [0,0.5]. The § = 0 member, say R, is the initial ODC in
the lower left corner of Figure 4; the 6 = 0.5 member R(g5), shown in the
upper right, is the limiting ODC in ©g. ODCs R sy with intermediate values
of § € (0,0.5) are also identified in Figure 4.

In our testing problem, a local power analysis involves examining a se-
quence of ODCs {R("),r =1,2,...,} in ©; that converges to O at different
rates. We do so here by using the family of ODCs just described. Specifically,
we consider the rates ¢, € {logr, 72/, r'/2}. For each (,, we first choose a
sequence of constants 6" such that lim, o ¢[00 — 0.5] = ¢, > 0 and
then select members from our ODC family identified by R(") = R0y, for
r = 1,2,.... The resulting sequence R(") satisfies |DR™|, = |MR") —
R, = 0 and ¢.|DR™M||, — ¢, p > 0, both as 7 — co. This investigation
allows us to learn more about the7practical aspects of Theorem 4 (i.e., with
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0.0 0.2 0.4 0.6 0.8 1.0

u

F1c 4. Local power family of ODC's indexed by § € [0,0.5]. The § =0 member R is the
wnitial ODC in O1; the § = 0.5 member Ry.5) is the limiting ODC in ©g. This family is
described in the supplementary article (Tang et al., 2016).

both F' and G unknown). We also use these ODC sequences, one for each
rate (., to compare the one-sample versions of our tests with the test in
Arcones and Samaniego (2000).

For each r € {50,100, 500, 1000, 5000, 10000}, we simulated 10,000 inde-
pendent random samples, XY), Xér), e X7(,7{) from F(") and Yl(r)7 YQ(T), vy
Y, from G, where F()(u) = R (u) and GM)(u) = u, 0 < u < 1, and
m =n = r. Figure 5 (top row) shows the estimated powers of our a = 0.05
tests associated with each rate: ¢, = logr (left), ¢, = 7%/° (middle), and
¢, = r'/? (right). Note that with m = n = r, considering the slower rates
¢ = logr and ¢ = r2/> allows us to assess part (a) of Theorem 4, while
the fastest rate ¢, = r1/2 allows us to assess part (b). Both parts are sup-
ported by our empirical results in Figure 5. For the slower rates, the powers
approach unity as expected; however, we find that there is no decisively pre-
ferred value of p among p € {1,2,00}. On the other hand, when ¢, = /2,
the p = 1 powers hover only slightly above 0.3 for all r, while the p = 2 and
p = oo powers still approach unity.

Switching to the one-sample problem, we find quite different results. For
each rate ¢, Figure 5 (bottom row) displays the estimated powers of our one-
sample o = 0.05 tests which use M}, M2 and M2°. Powers were estimated
in the same way as for the two-sample case except now we treat G (u) = u
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Fi1G 5. Local power results with o = 0.05. Left: ¢, = logr. Middle: {, = r2/5. Right:
G = r/2. Top: Two-sample case. Bottom: One-sample case. Our LP results are shown
dotted for p = 1, dashed for p = 2, and dot-dashed for p = co. Arcones and Samaniego
(2000) results (one-sample case only) are shown using a solid line.

as known and take m = r. In this setting, the sup-norm test consistently
provides the largest power, followed by the p = 2 test and the p = 1 test. In
addition, all three distance-based tests outperform the corresponding o =
0.05 Arcones and Samaniego (2000) test in terms of local power, especially at
the fastest rate ¢, = r'/2 where Prpmco, (Dm > 03825) appears to decrease
towards zero.

5. Premature infant data. Caffeine is commonly used to treat new-
born infants for apnea of prematurity (Schmidt et al., 2006) and to prevent
the onset of respiratory distress syndrome, bronchopulmonary dysplasia, and
extubation failure (Cox et al., 2015). Known as “the silver bullet” in the
treatment of prematurely born infants at risk for these and other acute con-
ditions (Aranda et al., 2010), caffeine is widely regarded within the neonatal
care community to be safe and cost effective. It has also been approved by
the United States Food and Drug Administration for use with preterm in-
fants due to its history of providing beneficial outcomes with no long-term
adverse side effects (Dobson and Hunt, 2013).

We now analyze the data from the study described in Section 1; for com-
plete details, see Cox et al. (2015). Because assessing the use of caffeine with
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premature infants was a central focus of this study, we consider only those
infants who were classified as “premature;” i.e., newborns whose gestational
age was at or below 37 weeks. With F' and G denoting the discharge time
distributions for the caffeine and no-caffeine groups, respectively, recall that
Figure 2 displays the sample ODC R,,, and its least star-shaped majorant
MR, calculated from samples of size m = 127 from F and n = 277 from
G. As noted in Section 1, we performed the test in Davidov and Herman
(2012) with these data and concluded that F' <g G was strongly supported
over I = . We also performed the GOF tests in Beare and Moon (2015)
and concluded that F <;r G would be rejected at o = 0.05; the L' and 2
statistics based on the least concave majorant of R,,, are 0.717 and 0.999,
respectively, which are larger than the corresponding 0.95 quantiles 0.664
and 0.753 identified by their least favorable distributions.

We therefore assess whether or not the data in Figure 2 are consistent with
uniform stochastic ordering. Testing Hy : F' <ys G versus Hy : F £ys G
based on the least star-shaped majorant of R,,,, our GOF test statistics
are M} = 0.170, M2, = 0.263, and M2, = 0.949, each of which is well
below the o = 0.10 critical values identified in the supplementary article
(0.496, 0.586, and 1.219, respectively), that is, Hy cannot be discounted at
any reasonable level of significance. Therefore, not only does caffeine therapy
provide point-of-care health benefits and improved long-term outcomes for
prematurely born infants, our analysis suggests that treating these infants
with caffeine may also lead to hospital discharge times that are uniformly
stochastically smaller than those for infants not treated with caffeine.

6. Concluding remarks. When two distributions F' and G satisfy uni-
form stochastic ordering, F' and G when conditioned on the interval [tg, 00),
for any to € R, also satisfy uniform stochastic ordering. This desirable prop-
erty could be exploited to increase the power of our tests under H; and
simultaneously reduce the sample sizes necessary to detect departures from
Hy. To see how, suppose that uniform stochastic ordering is suspected to be
violated when ¢ > tg, either from historical information or from observing
data in related applications. In this situation, one could apply our tests af-
ter conditioning to determine if R is non-star-shaped over the smaller region
[G~1(tp), 1] and calculate sample sizes to detect departures over it instead of
over [0,1]. A similar approach was suggested by Carolan and Tebbs (2005)
for detecting departures from likelihood ratio ordering. In the same spirit,
Beare and Moon (2015) suggest that bootstrapping samples over departure
regions could help to increase the power of GOF tests for likelihood ratio
ordering. This strategy may also be fruitful in our setting, allowing one to
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reduce the conservatism arising from relying on the least favorable distribu-
tion over the entire unit interval.

We believe that our GOF tests could be generalized to allow for different
types of censored data, but the theory underpinning these extensions would
not be trivial. For example, with random right-censored data, there would be
nothing to prevent one from simply replacing the empirical survival functions
F,, and G,, with Kaplan-Meier estimators of F' and G and then calculating
Ry and MR, using these estimates. However, asymptotic distributions of
the corresponding test statistics may depend heavily on the latent censoring
distributions, and there is no guarantee that the least favorable configuration
of F' and G will exist. Future work could investigate censored-data extensions
of majorant-based inference—not only with uniform stochastic ordering, but
with other orderings as well.

Finally, estimating distributions under a uniform stochastic ordering as-
sumption has received considerable attention for two populations; see, e.g.,
Rojo and Samaniego (1993), Mukerjee (1996), and Arcones and Samaniego
(2000). We view the one- and two-sample tests proposed herein as helpful
inference procedures to determine if the uniform stochastic ordering assump-
tion is plausible and hence restricted estimation methods for F' and G are
warranted. An anonymous referee has suggested that developing pointwise
confidence intervals for R(u) under a uniform stochastic ordering constraint
may be a worthwhile next step. We agree and comment on this further after
Lemma 4 in the supplementary article (Tang et al., 2016). Another inter-
esting avenue for future research would be to generalize our majorant-based
tests to more than two populations. Estimation techniques in this setting
are available in Dykstra et al. (1991) and El Barmi and Mukerjee (2016).

7. Proofs. In this section, we provide the proofs of Theorems 1-4. Lem-
mas cited in this section are stated and proved in the supplementary article
(Tang et al., 2016), henceforth referred to as “the supplementary article.”

Proof of Theorem 1. We start with the asymptotic distribution of Ry,
suitably centered and scaled. Applying Theorem 2.2 in Hsieh and Turnbull
(1996), it follows that ¢y, (Rimn — R) converges weakly to Th as min{m,n} —
oo and n/(m +n) — X\ € (0,1), where T satisfies Tp(u) = A28y (R(u)) +
(1—=\)Y2R(u)By(u), for 0 < u < 1, and By and By are independent standard
Brownian bridges. When R € ©g, DR = 0 and M}, = ¢y ||DRmn — DR,
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Define the functional operator dDp, : [([0,1]) — ([0, 1]) by

max{h(1),0} —h(1), fu=1
dDph(u) = ¢ M) \h(u) = h(u), if I such that ay < u < by
0, otherwise,

for h € 1(]0,1]). Denote by C([0,1]) the collection of all real continuous
functions with domain [0, 1]. If D is Hadamard directionally differentiable
tangentially to C([0,1]) at R, then dDp is the Hadamard directional deriva-
tive of D. Applying the functional delta method and continuous mapping

theorem yields Mp,, SN |dDRTR||, for p € [1, oc]. Those situations in which
D is Hadamard directionally differentiable are described in Lemma 5 in the
supplementary article.

When D is not Hadamard directionally differentiable, the functional delta
method and continuous mapping theorem cannot be applied. However, by
using Lemma 6 in the supplementary article, we are able to prove that
MPE, 4, HdDRTng anyway. For convenience, let Z,, = ¢mn(Rmn — R)
and Z = Tﬁ. From Theorem 12.2 in Billingsley (1999) and Skorohod’s rep-
resentation theorem (see, e.g., Theorem 6.7 in Billingsley, 1999), there exist

random elements Z/ . and Z' defined on a common probability space with

Z L Zpm and Z' £ Z such that | Zt . — Z'||lc — 0 almost surely. The

notation “2” denotes that two processes are equivalent in distribution. De-
fine R, = ¢,LZ! + R. From Lemma 6 in the supplementary article,
because ¢}, decreases to 0 and ||Z,,, — Z'||cc — 0 almost surely, then for
all p € [1,00] we have

lim  cpn| DRy — DR|p = [|[dDRZ] ||

m,n—00
n/(m+n)—A

d
almost surely. Because ¢y ||DR,,, — DRIy = ¢mn||PRmn — PR||, and also

dDrZ' 2 dDRrT?|,, where the notation «dy means equal in distribu-
P Rllp
tion, we have

. d
lim CmnHDRmn - DRHP = HdDRT}%Hp'

m,n—00
n/(m+n)—A

This shows that MZ, —% |dDRT 3| for all p € [1, oc].
When R is strictly star-shaped over [0, 1], it is easy to see that [|[dDrTh|, =
0 which quickly establishes part (a). The remainder of the proof focuses on
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establishing part (b). When R is non-strictly star-shaped,

1/p

Z/ P [ikogk] )\ (u)}Pdu

|dDRT 3|, =

for p € [1,00) and [[dDRTAlly = Supx{suDyea, 5 DL TA(u)} for p =

[ak byl R

00. Using Lemma 1 in the supplementary article, we write D[(ikoz),k]TR(“) =

SUPy¢(ay,u] @k (U, v) for u € [ag, by], where

1—u

1—v

Qr(u,v) = ( ) Ta(v) — Ta(u), for v € [ay,u).

In Lemma 8 in the supplementary article, we show that the processes
{Qk(u,’l)), ap <v<u< bk}

are mutually independent across k. Therefore, {D[(i;?gk]TQ(u),u € [ag, bx]}
are also mutually independent. To prove further results, we note that over
each non-strictly star-shaped region [ay, by, we can write R(u) as a linear
function; i.e., R(u) = 1— R'(ax)(1 —u). Thus, from Lemma 2 in the supple-
mentary article, we have

D Ta(w) = D0 {Waw) — 1, (1)},
for all k, where Wi (u) = A/2Wi (R(w)) + (1 — N)Y2 R/ (u)Wa(u),
Ui (w) = A1 = R (ag) (1 — w)Wi (1) + (1 = )2 R (ar)uWa (1)},

and Wi and W» are independent standard Wiener processes; i.e., W;, for
i = 1,2, satisfies B;(u) = W;(u) —uW;(1), 0 < u <1, for i = 1,2. Based on
the properties of a standard Wiener process, it follows that for u € [ag, by],

Wi(R(u)) — Wi(1) Wi(1 = R'(ar)(1 —u)) = Wi(1)

R (a) > {Wi(u) = Wi (1)},

el

for i = 1,2. Furthermore, for u € [ag, b, we have R'(u) = R/(ay) and
Wiu) = (1) £ AR (ar) P Wi(w) - Wi(1)}
+(1 = N2 R (ar){Wa(u) = Wa(1)}
{AR/(ar) + (1 = MR (ar)* Y2 W (u) = W(1)},

Il
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where W is a standard Wiener process. The last equivalence (in distribution)
follows because both right-hand side processes above are Gaussian, they have
the same mean E{Wn(u) — lf\%,k(l)} =0, for u € [a, bg], and they have the
same covariance cov{W(u1) — lj\%’k(l), W(usg) — lj\%,k(l)} = {A\R'(ag)+(1—
MR/ (a;)?} min{1 — uy, 1 — ug}, for uy,ug € [ax, bg]. Using Lemma 2 in the
supplementary article again, we have

DO (AR () + (1= MR (ar)?} W () - W(1)}
= {AR(ar) + (1 — MR (a)?}?D°) B(u),

larbr]

where B is a standard Brownian bridge formed by W; i.e., B(u) = W(u) —
uW(1), for u € [0, 1]. We can therefore write

/ { (;kobk] )}pdu
LR () + (1= DR ()} / (D) Bu))rdu,

for p € [1,00), and

sup DO Th(u) £ (AR (a) + (1 - MR/ (ax)*}? sup D) B,

b
uclag by 250

for p = co. For p € [1,00), we have shown that fbk{D(;kOg ]T/\( u)}Pdu are

mutually independent. One can show that f B {D B(u)}Pdu are also mu-

lak, b
tually independent by replacing Th(-) with B( ) in the definition of Qg (u,v)
and repeating the same argument. Therefore, we have

Z/ { [ak bk )}pdu
_Z{)\R’ ag) + (1 — )R (a) }p/Q/ {D[ikogk B(u)}rdu,

which completes the proof for p € [1,00). Completing the proof for the
p = oo case is analogous. [

Proof of Theorem 2. When F = G, the ODC is Ry = Ry(u) = u, 0 <
u <1, and T ]’}30 2 B. Because Ry is non- strictly star-shaped over [0, 1],
Theorem 1 yields ME, —% HdDRoT})\%O”p = HDOI] B, when F' = G for
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p € [1,00]. It therefore suffices to show HDE&’%)BHP >g |[dDRTR|p for p €
[1,00] and for any other R € ©q. If R € Oy is strictly star—shaped then
from Theorem 1, |[dDgT3||, = 0 for p € [1,00] and hence HD[O 1 B||p >g
|dDRTH||,- If R € Op is non-strictly star-shaped, then for p € [1, 00),

1/p
(1,0
Z/ {’D[O 1])8 }pdu]
1/p
0
Z/a (Dl Bl }pd“] :

The first and second inequalities above hold because D[(o 1])B(u) > 0 and

also D[(o f])B( ) > [( ng]B(u) > 0, for all u € [0, 1]. Because A € (0,1) and
R'(ay) <1 for all k, AR'(ax) + (1 — \)R'(ay)? < 1 and the rightmost side of

(7.1) is greater than or equal to

v

1/p
D8l = | [ (0B

(7.1)

v

1/p
SR () + (1 - AR (a) )72 / (Db B <u>}pdu] 2 || dDRT3,.
k

Therefore, for R € ©g non-strictly star-shaped, we have ||D

|dDRTR|, for p € [1,00). Showing HD
non-strictly star-shaped is analogous.

[0,1] BH;D >3

0,1] BHoo >g Hd,DRT}%Hoo for R € O

Proof of Theorem 3. When R € O1, we redefine the functional operator
dDp : 1([0,1]) + ([0, 1]) in Theorem 1 by

—h(1), ifu=1, R(u) <1
max{h(1),0} —h(1), ifu=1, R(u)=
Ls, h(u) — h(u), if 3k such that u € S \ {1}
0, otherwise.

dDrh(u) =

The proof proceeds in the same manner as in Theorem 1. If D is not
Hadamard directionally differentiable, one can use Skorohod’s representa-
tion theorem and part (b) of Lemma 7 in the supplementary article to obtain
the result. O

Proof of Theorem 4. For convenience, all limits stated in this proof as-
sume that max{m,n} = O(r) and n/(m +n) - X € (0,1), as 7 — oco. We
have independent random samples Xl(r),Xz(r), ey XT(;;) and Yl(r)7 YQ(T), - Yn(r)
from F(") and G("), respectively. The sample ODC is R%% = F,SI )(Gg) )t



24 TANG, WANG, AND TEBBS

where F,SI ) and (Gg))*1 are the empirical distribution and empirical quan-

tile functions, respectively. Our test statistic is Mb,, = cmn||DR7(£2LHp. By
the triangle inequality,

Prrmeo, (Mbn = cap)
> erWe@l(Cmn”DR%ZL - DR(T)HP < CmnHDR(r)Hp — Cap)

for all p € [1,00]. Therefore, to prove part (a), it suffices to show that
con||DRSY — DR, = Op(1).

From Lemma 3 in the supplementary article, it follows that HMR,(QL —
MER™ o < |RE) = R™|| o, which implies | DR, — DRO||oe < 2||RSN —
R |loo- Because LP norms are dominated by the sup-norm, it therefore suf-

fices to show cmnHR(mrzl — R is Op(1). To accomplish this, we decompose

Emn( ) — R™M) into two parts:

(72) (RS = RY) = cnn{FL(GE) ™ = FOG) )

n

+ e {FT(G)™1 = PO (GO,

Define the two independent empirical processes
1 m
Un(u) = — Y H{FO (X)) <
(u) m 2 {F(X;7) <u}

and Vy,(u) = n~ 130 I{G") (Yi(m) < u}, for 0 < wu < 1. This allows us to
rewrite Fg) as U, F(") and F(’”)(Gg))*1 as R(T)V}Sr). Consequently, the two
terms on the right-hand side of Equation (7.2) can be written as

(7.3) emn{ES(GY) ™ = FOGI) )
= e [Un {FO (G} = U{FU(G)) 71

and
(74) e {FOGT) T = FO(GE) ™Y = e (RDV, — RVV),

where U(-) and V(-) both represent the cumulative distribution function of a
uniform distribution on [0, 1]. These expressions allow us to unify all random
samples (from different distributions) to be uniformly distributed.

We are now ready to show that the sup-norms of the right-hand sides of
Equations (7.3) and (7.4) are uniformly bounded in probability. We begin
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with the uniform processes. From Theorem 3 in Komlés et al. (1975), there

exist versions of independent standard Brownian bridges Bgm) and Bén) such
that, almost surely,

(7.5) IVm(Up —U) =B o = o(m™?(logm)?)
(7.6) IVA(Va = V) = B{se = o(n"Y?(logn)?).

Because lim ey /(A2 /) = 1, we have [lomn(U — U) = V2B
o(m~12(logm)?) from Equation (7.5). Consequently, the sup-norm of the
right-hand side of Equation (7.3) is less than or equal to

emn[Un{FO(GD) 1} — U{FO(GD) 1] = A2BIFO (G oo
+ [INV2BI O (GD) Y|

which is less than or equal to
emn(Unm — U) = M2B™ || + [IA2BI™ | 00 = o(m ™2 (log m)?) + Op(1).

The Op(1) term arises because Bgm) is bounded with probability 1. Likewise,
the o(m~12(logm)?) term comes from Equation (7.5). Therefore, we have
shown that the sup-norm of the right-hand side of Equation (7.3), that is,
lemn{E(G)) 1 = FOGL) oo = Op(1).

For the right-hand side of Equation (7.4), we use the mean value theorem
to write

ROV, (u) — ROV (u) = R (1,){Vi(u) — V (1)},

where R(") denotes the derivative of R") and where 7, is between V;,(u) and
V(u). Therefore,

sup VI{ROV,(u) = ROV (u)} — RO (1) BS (u)

= sup |RO(r)[ValVi(u) = V(u)} — B (u)]

u€(0,1]

which is less than or equal to

||R(T)||oo||\/ﬁ(vn V) - Bén)Hoo _ O(l)o(nfl/z(log TL)2) = o(n*1/2(logn)2).

The O(1) term above comes from the assumption that the derivative of R(")
is uniformly bounded for all 7 over [0, 1]. Likewise, the o(n~'/2(logn)?) term
comes from Equation (7.6). Therefore, because lim ¢, /{(1 — A)/2y/n} =1
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and because Bén) is bounded with probability 1, we have shown the sup-norm

of the right-hand side of Equation (7.4), that is, ¢, || R Vi — ROV o =
Op(1). Finally, from Equation (7.2), we have cmn||R$£21 — R = 0p(1) +
Op(1) = Op(1), which establishes part (a).

To prove part (b), let qgjz)) denote the 1 — 8 quantile of the finite-sample

distribution of c,n,mHDR%B1 ~DRD)| s ie., qg; solves pr ) co, (Cmn HDR(mTZL -

DR, < qg;) = 1 — 3. We have already shown cmnHDR%% —~ DR, =

Op(1), so sup, qg; = qg,p < 0o. Therefore,

lim inf pr e e, (Cmn||PRE), — DRM|, < q5,) > 1 - B.

Set p(8) = qg,p + Cap- Whenever liminf ¢, || DR, > 1,(5), it follows from
the triangle inequality that lim inf pr R(r)E@I(Mﬁm > Cq,p) is greater than or
equal to

lim inf pr e e, (Cmn | PRGN — DRT |y < e DRl — ca,p)
> liminf pr e e, (Cmn | DRE), — DRM|, < q5,) > 1 - 8.

This completes the proof of part (b). O
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SUPPLEMENTARY MATERIAL

Supplement to “Nonparametric goodness-of-fit tests for uni-
form stochastic ordering” (DOI: COMPLETED BY THE TYPESET-
TER,; .pdf). In the supplementary article (Tang et al., 2016), we state and
prove lemmas that are cited in this manuscript. These lemmas describe
theoretical properties of the least star-shaped majorant operator, including
Hadamard directional differentiability. We also provide the estimated den-
sities of HDE&’? 'B ||lp and critical values ¢, for our tests. Finally, we describe
the families of ODCs used in Section 4 and give finite-sample simulation
results and sample size calculations.
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