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A general regression framework for
group testing data, which incorporates
pool dilution effects
Dewei Wang,a Christopher S. McMahanb*† and
Colin M. Gallagherb

Group testing, through the use of pooling, has been widely implemented as a more efficient means to screen
individuals for infectious diseases. Typically, in these settings, practitioners are tasked with the complimentary
goals of both case identification and estimation. For these purposes, many group testing strategies have been
proposed, which address issues such as preserving anonymity in estimation studies, quality control, and
classification. In general, these strategies require that a significant number of the individuals be retested, either in
pools or individually. In order to provide practitioners with a general methodology that can be used to accurately
and precisely analyze data of this form, herein, we propose a binary regression framework that can incorporate
data arising from any group testing strategy. Further, we relax previously made assumptions regarding testing
error rates by relating the diagnostic testing results to the latent biological marker levels of the individuals being
tested. We investigate the finite sample performance of our proposed methodology through simulation and by
applying our techniques to hepatitis B data collected as part of a study involving Irish prisoners. Copyright ©
2015 John Wiley & Sons, Ltd.
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1. Introduction

The origin of group testing is typically attributed to Dorfman [1], who proposed the use of pooling as a
means to reduce the time and cost associated with screening military inductees for syphilis during World
War II. In general, group testing begins by collecting specimens (e.g., blood, urine, and plasma) from
individuals, which are then physically combined to form a pooled specimen. The pooled specimen is then
tested for the infection of interest, and the observed response provides classification information; that is,
it provides evidence of whether or not the pool contains at least one positive member. Further, the data
collected as part of a group testing classification process can subsequently be used for the purposes of
estimation, for example, estimating the prevalence rate of an infection. Since its advent, group testing has
been implemented for the purposes of screening for infectious diseases [2–4], identifying lead compounds
in drug discovery [5], detecting rare mutations in genetics [6], and screening for viral agents in the case
of bioterrorism [7]. These techniques have been used to screen millions of blood donations, both in the
USA and abroad, for human immunodeficiency virus, hepatitis B virus (HBV), and hepatitis C virus [8].
Further, group testing is also routinely used to screen for other infectious diseases; for example, Lindan et
al. [9] noted that 12% of the medical screening labs in the USA use pool testing for chlamydia screening.
Consequently, given the ever increasing use of group testing techniques, the goal of this work is to develop
reliable regression techniques that can be used to analyze data arising from any group testing process.

In many infectious disease screening applications, it is of primary interest to diagnose each individual
as either being positive or negative for the infection of interest. To facilitate this goal, the classification
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protocol presented in [1] suggested that if a pool tested negative, then each contributing individual should
be diagnosed as uninfected. On the other hand, if a pool tested positive, then it should be “decoded"
by retesting each contributing specimen separately. This testing protocol is commonly referred to as
Dorfman decoding and is widely implemented in practice because of its simplicity. Since this seminal
work, many variants of Dorfman’s decoding algorithm have been proposed in an effort to reduce testing
cost and/or increase classification accuracy; see [10] for a thorough review. In addition, group testing
strategies have also been developed for the purposes of preserving anonymity in estimation studies [11]
and for quality control purposes [12, 13]. In virtually all of the aforementioned situations, the associated
group testing algorithm may require that a number of the individuals’ specimens be assigned to multiple
pools and/or be tested individually.

The use of group testing techniques, as a cost effective data collection mechanism in estimation stud-
ies, was first proposed by Thompson [14] and has since received a great deal of attention in the statistical
literature. Many of the earlier works in this area use group testing data to estimate population-level charac-
teristics, such as the proportion of infected individuals; for a review, see [15,16] and the references therein.
Extending these earlier works, authors have also proposed binary regression models that relate individual-
level covariate information (e.g., age, race, and gender) to the testing responses observed from assaying
pooled specimens [17–23]. All of the these regression methods proceed under the assumption that each
of the individuals are assigned to exactly one pool, and make use of the testing responses observed from
assaying these pools to perform estimation and inference. Therefore, these regression techniques cannot
be used to analyze data arising from classification studies. Merging the goals of estimation and classifica-
tion, Xie [24] and Zhang et al. [25] allow for the incorporation of additional retesting information gained
from decoding positive pools. Further, Zhang et al. [25] illustrated that regression parameter estimates
obtained from incorporating decoding information are more efficient than those based on individual-level
testing data, when the assay being used is imperfect. That is, these authors were able to show that more
precise estimation and inference can be realized through the analysis of group testing data than can be
obtained through the analysis of individual-level testing data, and at a fraction of the data collection cost.

To account for assay measurement error, all of the aforementioned group testing regression techniques
proceed under simplifying assumptions; that is, they assume that the testing error rates, sensitivity and
specificity, are known and constant and are functionally independent of the pool size. In some appli-
cations, these assumptions may be reasonable [26], while in others, they may not [27, 28]. In general,
a diagnostic test measures the concentration of a biological marker (biomarker) within a specimen,
and its binary response indicates whether or not this measurement exceeds a predetermined threshold.
Consequently, the composition of a pooled specimen, in terms of the number of positive and negative
individuals, plays a key role in determining the testing error rates. For example, a specimen that might
test positive, when tested individually, may be “diluted” past the assay’s threshold of detection when
pooled with multiple negative specimens. Several authors have developed methods that account for the
‘dilution effect’ when group testing is being used to estimate a population proportion (e.g., [29–32]).
More recently, McMahan et al. [33] proposed a binary regression model, which identifies pool specific
testing error rates based on the distributions of the latent biomarker concentration levels of the individu-
als. Further, these authors demonstrated that proceeding under the traditional assumptions, when they are
invalid, may lead to severely biased estimation and inference. It is important to note that the methodol-
ogy outlined in [33] was developed solely for the regression analysis of testing responses obtained from
pools; that is, it does not allow for the incorporation of decoding/retesting information.

In this paper, we propose a general binary regression model that allows for the incorporation of
information that may arise from all variants of group testing schemes, to include decoding algorithms.
Generalizing the approach in [33] to data arising from individuals’ specimens being assigned to multi-
ple (statistically dependent) pools, we account for the ‘dilution effect’ by acknowledging the underlying
mechanistic structure of the assay being employed. More pointedly, our modeling technique appropri-
ately accounts for assay measurement error in order to avoid biased estimation and inference. Through
simulation studies, we identify settings under which estimates obtained by our methodology are as effi-
cient as those that arise from the analysis of individual-level testing data. We also illustrate that competing
group testing regression methods, which proceed under the traditional assumptions regarding assay mea-
surement error, may result in severely biased estimation and inference. Our proposed methodology could
potentially benefit many agencies, such as those previously mentioned, that have adopted group testing
strategies for the purposes of case identification and disease surveillance. That is, these organizations
are privy to group testing data, which includes decoding information, and thus could benefit from the
development of reliable binary regression methodology, which can be used to analyze the same.
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The remainder of this article is organized as follows. In Section 2, we propose a general binary regres-
sion framework that can handle any type of data that arise from group testing strategies. To account for
assay measurement error, we then derive explicit expressions that relate the observed testing outcomes
to the underlying biomarker concentration levels that are being measured. In Section 3, we investi-
gate the finite sample performance of our proposed methodology and compare our approach to existing
modeling techniques. To further illustrate the performance of our proposed procedure, we also apply
our regression methodology to hepatitis B data in Section 4. We conclude with a summary discussion
in Section 5.

2. General notation and methodology

We consider the situation in which group testing is to be implemented for the purposes of screening N
individuals for a binary characteristic of interest, such as infection status. In general, this process begins
by collecting specimens (e.g., blood and urine) from individuals and assigning each of these specimens
to exactly one of J groups of size nj, for j = 1, ..., J. Within each group, these specimens are then
tested according to a group testing strategy; for example, Dorfman decoding [1], halving [34], or array
testing (AT) [35]. Depending on the goal of the study, this process may necessitate that a given indi-
vidual be involved in several testing outcomes. For example, in the classification problem, the testing
of pooled and/or individual specimens continues until each subject can be diagnosed as either positive
or negative.

To formalize our notation in this context, we begin by defining j = {1, ..., nj} to be the collec-
tion of indices corresponding to the specimens assigned to the j-th group, such that for each of the
Kj observed testing responses associated with this group, we may identify the individuals involved in
the l-th test by jl ⊆ j, for l = 1, ...,Kj, where we use l as a testing index. More explicitly, jl
corresponds to the individuals in the j-th group whose specimens were pooled and assayed by the l-
th test. We assume that under the selected group testing scheme, each individual in the j-th group
should be tested at least once (i.e., ∪Kj

l=1jl = j) and that pooling specimens across groups does not
occur. On the other hand, we allow for the situation in which a specimen may belong to multiple
pools within a given group (i.e., we do not require jl ∩ jl′ = ∅ for all l and l′), and we do not
restrict attention to schemes that begin with master pool testing (MT) (i.e., we do not mandate that
j ∈ {j1, ...,jKj

}).

Let Zjl
denote the binary response observed from assaying the pool formed from amalgamating the

jl individual specimens, such that Zjl
= 1 indicates that the pool tested positive, Zjl

= 0 otherwise.
We collect all of the observed testing outcomes associated with the j-th group into the binary vector
Zj = (Zj1

,… ,ZjKj
)T. Consequently, Zj is a correlated binary vector that cannot be divided into two

independent sub-vectors (otherwise, one could treat this group as two separate groups). Additionally, we
assume that Zj and Zj′ are independent, for all j ≠ j′, which we believe to be reasonable because we
do not allow for pooling specimens across groups. For the purpose of clarity, Table 1(a) provides three
simple examples to illustrate the use and flexibility of our set notation.

Let Tij = 1 denote that the i-th individual in the j-th group is truly positive, Tij = 0 otherwise, for
i = 1, ..., nj and j = 1, ..., J. For notational convenience, we collect all of the statuses associated with
the j-th group into the binary vector Tj = (T1j,… ,Tnjj

)T. It is important to note that when the assay
being used is imperfect, Tij is unobservable, even under individual testing. For modeling purposes, we
assume that the infection probability for the i-th individual in the j-th group is related to the linear pre-
dictor xT

ij𝜷 through a monotone and differentiable link function 𝜂(⋅), where xij = (1, xij1,… , xijp)T is a
(p + 1)-dimensional vector of covariates and 𝜷 = (𝛽0, 𝛽1,… , 𝛽p)T is the corresponding vector of regres-
sion parameters; that is, pr(Tij = 1|xij) = 𝜂−1(xT

ij𝜷). We assume throughout that the statuses Tij are
conditionally independent, given the covariates xij. We also assume that conditional on the true sta-
tuses of the individuals, the observed testing responses are independent of all measured covariates. For
a brief discussion of these and all subsequent modeling assumptions, please see Appendix A of the
Supplementary Information.

It is well known that ignoring diagnostic testing errors when performing inference may lead to severely
biased estimation (e.g., [33]). To account for imperfect testing, we first let j denote the collection of
all possible outcomes of Tj. Then for any tj ∈ j and for any possible realization zj of Zj, we define
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Table I. Illustration of notation under three common group testing algorithms; Dorfman testing, three-stage
halving, and array testing.

Mj(zj, tj) = pr(Zj = zj ∣ Tj = tj). By an application of the law of total probability, one can relate
the observed testing outcomes, given the observed pooling structure, to the individual-level covariates
as follows:

pr
(

Zj = zj|x1j, ..., xnjj

)
=
∑
tj∈j

pr
(

Zj = zj ∣ Tj = tj, x1j, ..., xnjj

)
pr
(

Tj = tj|x1j, ..., xnjj

)
=
∑
tj∈j

pr
(
Zj = zj ∣ Tj = tj

) nj∏
i=1

pr
(
Tij = tij|xij

)
=
∑
tj∈j

{
Mj

(
zj, tj

) nj∏
i=1

{
tij𝜂

−1
(

x⊤ij𝜷
)
+
(
1 − tij

) [
1 − 𝜂−1

(
x⊤ij𝜷

)]}}
.
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Recall that, under classification algorithms, such as Dorfman decoding, three-stage halving (TH), and
AT, Zj is a correlated binary vector. By calculating the joint probability of observing zj, one implicitly
accounts for the dependence that exists between these observed testing responses. Consequently, the
observed data log-likelihood can be expressed as

l(𝜷) =
J∑

j=1

log(
zj, x1j, ..., xnjj

, 𝜷
)
, (1)

where (zj, x1j, ..., xnjj
, 𝜷) = pr(Zj = zj|x1j, ..., xnjj

). If each Mj(zj, tj) were known, then one could easily
estimate 𝜷 by directly maximizing (1) with respect to 𝜷, although, in practice, this is not the case. Con-
sequently, in the next section, we provide details on how to evaluate Mj(zj, tj) based on the underlying
characteristics of the assay being employed.

2.1. Evaluation of misclassification

To account for imperfect testing and pool dilution effects, we generalize the methodology described
in [29, 30, 33]. Following the work of these authors, we proceed under the standard convention that a
diagnostic test classifies a specimen as positive (negative) if its measured biomarker concentration is
above (below) a predetermined threshold. For generality, we allow the assay threshold, which we denote
by t(c), for a pool to vary with the number of specimens, say c, of which it is composed. Typically,
the specification of t(c) has proceeded in one of two fashions. In particular, Tu et al. [36] specified that
t(c) = t0 for any pool size c, where t0 is the assay threshold under individual testing. This approach has
also been implemented in the infectious disease screening literature (e.g., [37]). Alternatively, to account
for the effect of pooling, Vansteelandt et al. [38] specified that t(c) = t0∕c. Note that if the diagnostic
test is subject to limits of detection, the latter thresholding strategy may not be reasonable for larger pool
sizes. Both of these thresholding strategies are investigated in Sections 3 and 4. In either case, we first
derive a closed-form expression for Mj(zj, tj) in terms of the relevant biomarker distributions under an
arbitrary thresholding strategy.

To this end, we define ̃ij to be the true biomarker concentration level for the i-th individual in the j-th
group, and we assume that conditional on the individual’s true status, ̃ij|Tij ∼ f̃|Tij

= Tijf̃+ +(1−Tij)f̃− ,
where f̃+ and f̃− are the probability density functions for the biomarker concentration levels of the
infected and uninfected individuals, respectively. We initially assume that these biomarker distributions
are known; this assumption is later relaxed in Section 4. Define ̃j = (̃1j,… , ̃njj

)T, for each j, to be the
collection of the true biomarker levels for the nj individuals assigned to the j-th group. To account for the

underlying structure of the assay being employed, we are left to relate ̃j to the testing outcomes Zj.
When pooled assessments are being made, we assume that the true biomarker concentration of the

pool is the arithmetic average of the biomarker concentrations of the individual specimens contributing
to the pool; that is, letting ̃jl

denote the biomarker concentration for the pool consisting of the jl indi-

viduals, we assume that ̃jl
= c−1

jl

∑
i∈jl

̃ij, where cjl denotes the cardinality of the set jl. We view
this assumption to be reasonable, as long as the individual specimens being pooled are of equal volume.
Additionally, this assumption is common among the biomarker pooling literature [39–43] and has previ-
ously been assumed in the group testing estimation literature [29, 30, 33]. To simplify this relationship,
we define the design vector associated with the test of the pool consisting of the jl individuals to be
Djl

= c−1
jl 1jl

, where 1jl
is a nj-dimensional binary vector whose jl-th components are 1 and all others

are 0. Using this notation, we can express the pool biomarker concentration levels as ̃jl
= DTjl

̃j. It is

important to point out that in the presence of measurement error, each ̃jl
is unobservable.

We now derive our expression for Mj(zj, tj) in terms of the aforementioned biomarker distributions.
To account for assay measurement error, we let jl

denote the error laden measurement of ̃jl
, and we

assume that conditional on the true biomarker concentration levels, jl

ind∼ f|̃jl
, for l = 1, ...,Kj and

j = 1, ..., J. Thus, the observed testing responses, under our classification rule, are given by Zjl
= I{jl

>

t(cjl)}. For purposes of clarity, we provide a simple illustration of how testing responses are derived
in this context in Table 1(b). Noting this relationship, we are able to write the probabilities associated
with the observed testing outcomes in terms of the measured biomarker concentrations; for example,
pr(Zjl

= zjl
) = pr{jl

∈ A(zjl
, cjl)}, where A(0, c) = {u ∶ u ≤ t(c)} and A(1, c) = {u ∶ u > t(c)}.
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Using this relationship, we can express Mj(zj, tj) as follows:

Mj

(
zj, tj

)
= pr

(
Zj1

= zj1
, ...,ZjKj

= zjKj
∣ Tj = tj

)
= pr

{j1
∈ A

(
zj1

, cj1

)
, ...,jKj

∈ A
(

zjKj
, cjKj

)
∣ Tj = tj

}
= pr

{
j ∈ A

(
zj, 𝐜j

)
∣ Tj = tj

}
,

where j =
(j1

, ...,jKj

)T

, A
(
zj, 𝐜j

)
= A

(
zj1

, cj1

)
× · · · × A

(
zjKj

, cjKj

)
, and 𝐜j =

(
cj1, ..., cjKj

)T

.
Based on the probability density functions f̃|Tij

and f|̃jl
, the conditional probability density function of

j given Tj = tj is

fj∣Tj=tj
(u) = ∫

Kj∏
l=1

f|̃jl
=DTjl

y(ul)
nj∏

i=1

f̃|Tij=tij

(
yij

)
dy, (2)

where u =
(

u1,… , uKj

)T

and y =
(

y1j,… , ynjj

)T

. Finally,

Mj

(
zj, tj

)
= ∫A(zj,𝐜j)

fj∣Tj=tj
(u)du. (3)

By relating the observed testing outcomes to the latent biomarker concentration levels of the individuals
in this fashion, we have accomplished two primary goals: First, we are able to appropriately account for
the effect of imperfect testing, and second, we are able to account for the dependence that exists between
the observed testing responses. It is worthwhile to point out that under MT, expression (3) is equivalent
to the results presented in [33].

One should note that the integrals in (2) and (3) are multidimensional if nj > 1 and if the individuals in
the j-th group are involved in more than one test, respectively. In general, these integrals may be difficult
to evaluate analytically, but this challenge is easily overcome using Monte Carlo techniques, as will be
illustrated in Sections 3 and 4. It is possible to obtain a closed-form expression of f

j∣Tj=tj
, if one assumes

that ̃ij|Tij = 1 ∼ N(𝜇+, 𝜎
2
+), ̃ij|Tij = 0 ∼ N(𝜇−, 𝜎

2
−) and |̃ ∼ N(̃, 𝜌2). Although a special case, these

distributional assumptions are common among the pooled biomarker literature (e.g., [39–41, 44]). For
further details on how to evaluate (3), see Appendix B of the Supplementary Information.

2.2. Maximum likelihood estimation

Using the observed data {(zj, x1j, ..., xnjj
), j = 1, ..., J}, one can estimate 𝜷 by maximizing (1) directly

after using (3) to evaluate Mj(zj, tj), for all tj ∈ j. We denote the resulting maximum likelihood estimator
(MLE) as 𝜷. The standard theoretical properties for MLEs hold for 𝜷 under the assumption that the group
sizes remain finite so that J → ∞ as N → ∞. The variance–covariance matrix of 𝜷 can be estimated by
the negative inverse Hessian of (1) evaluated at 𝜷 and can be used to conduct typical Wald-type inference.

One may note that the evaluation of Mj(zj, tj) over all tj ∈ j could pose a significant computational
burden, especially if nj is large. To obviate this difficulty, we point out that Mj(zj, tj) is free of 𝜷 and
can therefore be calculated before numerical optimization routines are implemented. To further alleviate
this computational burden, we have developed efficient algorithms for computing these terms under two
of the most popular group testing schemes: Dorfman decoding and TH; these algorithms are provided
in Appendix C of the Supplementary Information. In conjunction with the aforementioned algorithms,
we have had little difficulty implementing a quasi-Newton optimization routine in R for the purposes of
identifying the MLE. Depending on the complexity of the group testing strategy (e.g., AT), it may not
be feasible to directly maximize the observed data log-likelihood using numerical techniques. In these
situations, our methodology can still be implemented through the use of an expectation maximization
algorithm, which is provide in Appendix D of the Supplementary Information.

3. Simulation study

In this section, we illustrate the performance of our proposed methodology through simulation and
compare our results to those obtained from more traditional group testing regression techniques. These
traditional methods generally proceed under the assumption that the testing error rates, sensitivity (Se) and

Copyright © 2015 John Wiley & Sons, Ltd. Statist. Med. 2015, 34 3606–3621
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specificity (Sp), are known and constant and do not depend on the pool size. More explicitly, the testing
error rates are the same for all pool sizes, to include individual-level testing. The sensitivity (specificity)
of an assay is typically defined to be the probability that the assay will classify a specimen as positive
(negative) given it is truly positive (negative). To incorporate retesting information, previously proposed
methods have been developed under the assumption that the testing outcomes for pools (individuals) are
independent given their true statuses. Under these assumptions, the conditional probability of observing
zj, given the individuals’ true latent statuses tj, can be expressed as

Mj

(
zj, tj

)
=

Kj∏
l=1

{
S

zjl
z̃jl

e (1 − Se)
(

1−zjl

)
z̃jl (1 − Sp)

zjl

(
1−z̃jl

)
S

(
1−zjl

)(
1−z̃jl

)
p

}
, (4)

where z̃jl
= I{

∑
i∈jl

tij > 0} is the true status of the pool being tested. Substituting the aforemen-
tioned expression into (1) and maximizing directly result in obtaining an estimate of 𝜷, under these more
traditional assumptions.

3.1. Data generation and model fitting

In this study, we consider the following models:

(1) logit{pr(Tij = 1 ∣ xij1)} = 𝛽0 + 𝛽1xij1; 𝜷 = (𝛽0, 𝛽1)T = (−3, 2)T,
(2) logit{pr(Tij = 1 ∣ xij1)} = 𝛽0 + 𝛽1xij1 + 𝛽2x2

ij1; 𝜷 = (𝛽0, 𝛽1, 𝛽2)T = (−3, 1, 0.5)T,
(3) logit{pr(Tij = 1 ∣ xij1, xij2)} = 𝛽0 + 𝛽1xij1 + 𝛽2xij2; 𝜷 = (𝛽0, 𝛽1, 𝛽2)T = (−3, 2, 1)T,

where xij1 ∼ N(0, 0.752) and xij2 ∼ Bernoulli(0.1). These model choices emulate situations in which
group testing could be employed and provide for mean prevalences ranging from 8–10%. These mod-
els were also studied in [33]. Motivated by the data application in Section 4, gamma distributions
were chosen for the individual biomarker concentrations; specifically, ̃|T = 1 ∼ gamma(2, 𝜏), and
̃|T = 0 ∼ gamma(0.2, 1.4), where the rate parameter 𝜏 ∈ {0.3, 0.4, 0.5}. To account for assay
measurement error, we specified the conditional distribution of the measured concentration levels to be
|̃ ∼ N{̃, (0.1̃)2}. The assay threshold was chosen to be t0 = 1, so that the specificity under individual
testing would be Sp = 0.971, while the sensitivities would be Se = 0.962, 0.937, 0.908 corresponding to
𝜏 = 0.3, 0.4, 0.5, respectively.

Individual-level covariates, xi, and infection probabilities, pi, were randomly generated according to
the aforementioned models, for i = 1, ...,N, where N = 3600. Each individual’s true status, Ti, was
then determined according to a Bernoulli distribution having success probability pi. The corresponding
biomarker concentration level, ̃i, was then generated according to either ̃i|Ti = 1 ∼ gamma(2, 𝜏)
or ̃i|Ti = 0 ∼ gamma(0.2, 1.4), depending on the value of Ti. For each model and value of 𝜏, this
process was used to generate 500 independent data sets of the form {(̃i, xi), i = 1, ...,N}. Note that the
slight change to the subscript notation in the individual-level data is meant to highlight the fact that the
individuals have not been assigned to an initial group; once assignment occurs, the notation developed
in Section 2 is readopted.

In what follows, we describe how group testing data were generated based on the individual-level
biomarker data. As one might expect, the data structure is highly dependent on the particular group testing
strategy being employed. For the purposes of our simulation, we have opted to investigate four of the
most common strategies: MT, Dorfman testing (DT), TH, and AT. In order to levy pool diagnoses, we
considered two methods of specifying the assay threshold for pooled specimens; that is, we considered
letting t(c) = t0 and t(c) = t0∕c as was suggested in [37, 38], respectively.

Under MT, all individuals within a given group are pooled together, and the pool is tested, with no
further testing being implemented. Thus, to create MT data, we first randomly assigned each of the indi-
viduals to one of J groups of size n; that is, nj = n, for j = 1, ..., J, where n ∈ {2, 4, 6} and J = N∕n. The
testing response vector under MT for the j-th group is given by ZMT

j = Zj1
, where j1 = j = {1, ..., n},

and is determined by Zj1
= I{j1

> t(n)}, where j1
∼ N{̃j1

, (0.1̃j1
)2} and ̃j1

= n−1 ∑n
i=1 ̃ij.

MT, unlike DT, TH, and AT, is not a decoding algorithm; that is, it does not levy a diagnosis for
each individual.

The first decoding algorithm that we consider is DT, which specifies that a group whose master pool
test is negative requires no further screening, but in those cases where the master pool test is positive,
the group is resolved by retesting each subject individually. To create DT data, we again consider the

3612

Copyright © 2015 John Wiley & Sons, Ltd. Statist. Med. 2015, 34 3606–3621



D. WANG, C. S. MCMAHAN AND C. M. GALLAGHER

grouping strategy described for MT and note that the testing response vector under DT for the j-th group
is identical to that under MT, if the master pool test is negative. Alternatively, if the master pool test is
positive, the testing response vector is given by ZDT

j = (Zj1
,Zj2

, ..., ZjKj
)T, where Zj1

is determined as
discussed previously, Kj = n + 1, and jl = {l − 1}, for l = 2, ...,Kj. The response Zjl

, for l = 2, ...,Kj,
corresponds to individually testing the (l−1)-th subject and is determined according to Zjl

= I{jl
> t0},

where jl
∼ N{̃ij, (0.1̃ij)2} and i = l − 1.

The other two decoding algorithms considered in this study are TH and AT. Under TH, when a pos-
itive master pool response is observed, the positive group is randomly divided into two equally sized
subgroups, and these subgroups are then tested. If a subgroup tests negative, then testing is complete;
alternatively, if a subgroup tests positive, then all contributing subjects are retested individually [e.g.,
Table 1(a)]. For the purpose of this study, we again randomly assign individuals to pools of size n, where
n ∈ {4, 6}, and use the threshold t(n∕2) to diagnose the subgroups in the second stage. Note that the use
of TH and DT is equivalent with groups of size n = 2 and consequently, this group size was not consid-
ered for TH. Similarly, in implementing AT, we adopted the testing protocol outlined in [10] for square
AT (without MT) for n × n arrays, where n ∈ {4, 6}. It is easy to show that AT is more costly (in terms
of the number of tests required to complete classification) than individual-level testing when n = 2, and
we therefore do not consider n = 2 in this study. For brevity, we have chosen not to explicitly describe
the construction of the response vectors for TH and AT, but the process was similar to the approach
described previously.

The regression methodology discussed in Section 2 was applied to each of the group testing data sets.
In particular, 𝜷 was estimated by directly maximizing (1) using a quasi-Newton optimization routine in
R, for MT, DT, and TH. To ease computational burdens, the efficient algorithms for DT and TH, provided
in Appendix C of the Supplementary Information, were utilized when maximizing (1). In contrast, ana-
lyzing data arising from AT is more complex, and consequently, the EM algorithm provided in Appendix
D of the Supplementary Information was implemented for the purpose of obtaining the MLE of 𝜷. The
evaluation of Mj(zj, tj) under all group testing strategies was accomplished using the Monte Carlo tech-
niques described in Appendix B of the Supplementary Information. It is worthwhile to point out that
under MT, our proposed methodology reduces to the technique proposed in [33]. Thus, comparisons
between the model fits based on MT, DT, TH, and AT data allow one to assess the performance of our
proposed methodology when compared with that of this existing technique. Further, these comparisons
also allow one to assess the benefits, in terms of parameter estimation and inference, of including decod-
ing information when it is available, for example, in studies in which practitioners are tasked to perform
both classification and estimation. For the purposes of comparison, we also fit the regression models that
proceed under the more traditional assumptions using the reformulation presented in (4) and the appro-
priate individual Se and Sp levels. Additionally, for each of the biomarker data sets, we also generated
subject-level testing responses (i.e., n = 1) and fit the individual data model.

3.2. Simulation results

Table II provides summary statistics of the 500 estimates of 𝜷 obtained from model (2) for all considered
group testing algorithms under the two thresholding strategies, when n ∈ {2, 4, 6} and 𝜏 = 0.5. From
these results, we see that the maximum likelihood estimates of 𝜷 obtained by our proposed approach
exhibit little, if any, evidence of bias, across all considered configurations. The parameter estimates based
on MT data do exhibit bias, and this bias tends to increase with the group size n. For MT, this effect is
likely explained by the fact that the number of observed testing responses, used to estimate 𝜷, decreases as
n increases. One will also notice that the standard deviations of the estimated regression coefficients, from
our proposed method, are predominantly in agreement with the corresponding average standard errors,
suggesting that the variance–covariance matrix of 𝜷 is being estimated correctly, across all considered
configurations and group testing strategies. Further, as n increases, so does the variability in 𝜷; this is
an expected phenomenon because the number of testing responses, used to estimate 𝜷, decreases as n
increases. However, this effect is attenuated for the data collected by the decoding algorithms (DT, TH,
and AT), which is explained by the addition of the retesting information associated with decoding positive
pools. Consequently, these results exhibit the strengths of our proposed methodology when compared
with those of the technique presented in [33]; that is, by allowing for the inclusion of retesting information,
when available, more reliable estimation and inference can be obtained.

Table II also provides summary statistics of the 500 estimates of 𝜷, which were obtained from the
traditional group testing regression methodology, that is, the regression model that proceeds under the
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Table II. Simulation results for model (2) having regression parameters 𝜷 = (−3, 1, 0.5)T.
When t(c) = t0: Proposed Traditional

model model

n Measure MT DT TH AT MT DT TH AT

𝛽0

2
Bias(Cov) −0.02(0.95) −0.02(0.96) – –(– –) – –(– –) −0.45(𝟎.𝟏𝟐) −0.04(0.95) – –(– –) – –(– –)
SD(SE) 0.12(0.12) 0.11(0.11) – –(– –) – –(– –) 0.17(0.16) 0.10(0.10) – –(– –) – –(– –)

4
Bias(Cov) −0.04(0.95) −0.03(0.95) −0.00(0.95) −0.03(0.95) −1.07(𝟎.𝟎𝟎) −0.55(𝟎.𝟎𝟎) −0.46(𝟎.𝟎𝟐) −0.60(𝟎.𝟎𝟎)
SD(SE) 0.17(0.17) 0.13(0.13) 0.13(0.13) 0.13(0.13) 0.32(0.29) 0.13(0.13) 0.12(0.12) 0.12(0.12)

6
Bias(Cov) −0.08(0.96) −0.03(0.95) −0.00(0.95) −0.05(0.93) −1.88(𝟎.𝟎𝟎) −1.02(𝟎.𝟎𝟎) −0.87(𝟎.𝟎𝟎) −1.07(𝟎.𝟎𝟎)
SD(SE) 0.26(0.24) 0.15(0.15) 0.15(0.15) 0.15(0.15) 0.70(0.57) 0.20(0.18) 0.15(0.14) 0.15(0.15)

𝛽1

2
Bias(Cov) 0.05(0.96) 0.03(0.95) – –(– –) – –(– –) 0.31(0.92) −0.08(0.85) – –(– –) – –(– –)
SD(SE) 0.19(0.18) 0.13(0.13) – –(– –) – –(– –) 0.38(0.31) 0.11(0.10) – –(– –) – –(– –)

4
Bias(Cov) 0.11(0.95) 0.03(0.95) 0.03(0.96) 0.03(0.94) 0.77(𝟎.𝟖𝟔) 0.05(0.93) −0.04(𝟎.𝟖𝟗) −0.02(𝟎.𝟖𝟕)
SD(SE) 0.38(0.32) 0.15(0.15) 0.15(0.14) 0.15(0.14) 0.81(0.65) 0.20(0.17) 0.16(0.14) 0.17(0.15)

6
Bias(Cov) 0.21(0.94) 0.04(0.96) 0.04(0.96) 0.08(0.96) 1.45(𝟎.𝟖𝟗) 0.29(𝟎.𝟗𝟎) 0.05(0.93) 0.04(𝟎.𝟗𝟏)
SD(SE) 0.64(0.50) 0.18(0.18) 0.18(0.17) 0.20(0.18) 1.41(1.14) 0.40(0.30) 0.23(0.20) 0.24(0.21)

𝛽2

2
Bias(Cov) −0.02(0.96) −0.01(0.94) – –(– –) – –(– –) −0.16(𝟎.𝟖𝟗) −0.06(0.94) – –(– –) – –(– –)
SD(SE) 0.14(0.14) 0.11(0.10) – –(– –) – –(– –) 0.23(0.19) 0.09(0.09) – –(– –) – –(– –)

4 Bias(Cov) −0.06(0.94) −0.01(0.95) −0.02(0.94) −0.01(0.94) −0.47(𝟎.𝟕𝟒) −0.15(𝟎.𝟖𝟎) −0.14(𝟎.𝟕𝟑) −0.15(𝟎.𝟕𝟐)
SD(SE) 0.27(0.23) 0.12(0.12) 0.13(0.12) 0.13(0.12) 0.40(0.32) 0.14(0.12) 0.12(0.10) 0.12(0.10)

6
Bias(Cov) −0.11(0.93) −0.02(0.95) −0.03(0.96) −0.01(0.94) −0.77(𝟎.𝟕𝟒) −0.28(𝟎.𝟔𝟗) −0.22(𝟎.𝟔𝟔) −0.22(𝟎.𝟔𝟔)
SD(SE) 0.40(0.34) 0.15(0.15) 0.15(0.15) 0.17(0.15) 0.60(0.50) 0.22(0.18) 0.15(0.13) 0.16(0.13)

When t(c) = t0∕c: Proposed Traditional
model model

n Measure MT DT TH AT MT DT TH AT

𝛽0

2
Bias(Cov) −0.02(0.96) −0.01(0.96) – –(– –) – –(– –) 0.39(𝟎.𝟎𝟒) 0.49(𝟎.𝟎𝟎) – –(– –) – –(– –)
SD(SE) 0.13(0.13) 0.12(0.12) – –(– –) – –(– –) 0.10(0.10) 0.08(0.08) – –(– –) – –(– –)

4
Bias(Cov) −0.03(0.96) −0.02(0.95) −0.01(0.95) −0.03(0.95) 0.68(𝟎.𝟎𝟎) 0.54(𝟎.𝟎𝟎) 0.64(𝟎.𝟎𝟎) 0.62(𝟎.𝟎𝟎)
SD(SE) 0.17(0.18) 0.12(0.12) 0.12(0.12) 0.12(0.12) 0.10(0.10) 0.08(0.08) 0.08(0.08) 0.08(0.08)

6 Bias(Cov) −0.09(0.97) −0.01(0.97) −0.01(0.94) −0.02(0.97) 0.86(𝟎.𝟎𝟎) 0.56(𝟎.𝟎𝟎) 0.70(𝟎.𝟎𝟎) 0.75(𝟎.𝟎𝟎)
SD(SE) 0.25(0.25) 0.12(0.12) 0.12(0.12) 0.12(0.12) 0.12(0.13) 0.08(0.08) 0.08(0.08) 0.07(0.08)

𝛽1

2
Bias(Cov) 0.04(0.93) 0.02(0.95) – –(– –) – –(– –) −0.18(𝟎.𝟔𝟓) −0.22(𝟎.𝟐𝟒) – –(– –) – –(– –)
SD(SE) 0.22(0.21) 0.14(0.14) – –(– –) – –(– –) 0.12(0.12) 0.08(0.08) – –(– –) – –(– –)

4
Bias(Cov) 0.11(0.94) 0.02(0.96) 0.02(0.97) 0.02(0.95) −0.24(𝟎.𝟔𝟎) −0.20(𝟎.𝟑𝟓) −0.23(𝟎.𝟐𝟎) −0.25(𝟎.𝟏𝟓)
SD(SE) 0.35(0.34) 0.14(0.14) 0.14(0.13) 0.14(0.13) 0.15(0.16) 0.08(0.08) 0.08(0.08) 0.08(0.08)

6 Bias(Cov) 0.21(0.94) 0.02(0.96) 0.02(0.96) 0.02(0.98) −0.26(𝟎.𝟔𝟔) −0.18(𝟎.𝟒𝟒) −0.21(𝟎.𝟐𝟔) −0.22(𝟎.𝟐𝟓)
SD(SE) 0.62(0.50) 0.14(0.14) 0.14(0.14) 0.13(0.13) 0.20(0.20) 0.09(0.09) 0.08(0.08) 0.08(0.08)

𝛽2

2
Bias(Cov) −0.02(0.97) −0.01(0.96) – –(– –) – –(– –) −0.02(0.98) −0.04(0.95) – –(– –) – –(– –)
SD(SE) 0.15(0.14) 0.10(0.10) – –(– –) – –(– –) 0.09(0.10) 0.07(0.07) – –(– –) – –(– –)

4
Bias(Cov) −0.06(0.94) −0.01(0.96) −0.01(0.96) −0.00(0.95) −0.04(0.97) −0.02(0.96) −0.04(0.94) −0.05(𝟎.𝟗𝟏)
SD(SE) 0.23(0.22) 0.10(0.10) 0.10(0.10) 0.11(0.10) 0.12(0.13) 0.07(0.07) 0.07(0.07) 0.07(0.07)

6
Bias(Cov) −0.09(0.92) −0.01(0.96) −0.01(0.96) −0.00(0.95) −0.02(0.97) −0.01(0.96) −0.03(0.95) −0.03(0.94)
SD(SE) 0.35(0.29) 0.10(0.10) 0.10(0.10) 0.10(0.10) 0.16(0.17) 0.07(0.08) 0.07(0.07) 0.07(0.07)

MT, master pool testing; DT, Dorfman testing; TH, three-stage halving; AT, array testing; Bias, empirical bias; Cov,
coverage probabilities; SD, standard deviation; SE, standard error.
Presented results include the Bias and SD of the 500 estimates of 𝜷, when n ∈ {2, 4, 6} and 𝜏 = 0.5. The average SE
and estimated 95% Wald Cov are also provided. Assuming a 99% confidence level for the coverage probabilities, the
margin of error is 0.03. Estimates outside this margin of error are shown in bold.

assumption that Mj(zj, tj) can be expressed as (4). From these results, one will note that the regression
parameter estimates obtained by the traditional modeling approach exhibit a larger bias when compared
with the estimates resulting from our proposed method, across all considered configurations and group
testing strategies. This finding likely explains why the estimated coverage probabilities for the tradi-
tional modeling approach tends to be incongruously small given the specified confidence level, while
those associated with our technique remain at their nominal level, regardless of the group size or group
testing procedure.

In Figure 1, we provide a comparison between our proposed method and the analogous approach
that would be utilized to analyze individual-level testing data. This comparison is meant to examine the
two key aspects of our proposed approach: first, the variability of the regression parameter estimates,
and second, the reduction in testing expenditure. In this situation, observing a testing response on each
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Figure 1. Simulation results concerning the efficiency of the parameter estimates obtained from modeling group
testing data, resulting from different algorithms. Presented are results for model (1) (left), model (2) (middle), and
model (3) (right) across all considered group sizes (n), when 𝜏=0.5. We define the testing efficiency to be the ratio
between the average number of tests performed by a group testing algorithm and the number of tests required
to conduct individual-level testing; i.e., N. The relative efficiency is defined to be the ratio between MSE(𝜷)
obtained from modeling group testing data and the MSE(𝜷) from modeling individual-level testing data, where

MSE(𝜷) = tr{E[(𝜷 − 𝜷)(𝜷 − 𝜷)T]}.

individual can be thought of as having the maximal amount of information. Consequently, a comparison
between the variability of the estimates of 𝜷 obtained by our approach to the variability of the estimates
resulting from analyzing individual-level testing data allows one to see what impact pooling has on the
efficiency of parameter estimation. In particular, in Figure 1, we provide a plot of the relative efficiency,
which is defined to be the ratio between the mean squared error of the estimates obtained from analyzing
group testing data and the mean squared error of the estimates resulting from the individual data model,
as well as the percentage reduction in testing cost obtained through the use of DT, TH, and AT, across
all considered configurations when 𝜏 = 0.5. These results suggest that the estimates obtained from data
collected by a group testing decoding algorithm can be roughly as efficient as those obtained from the
analysis of individual-level data, but at a significantly reduced cost of testing.

In Appendix E of the Supplementary Information, we provide a complete summary of our simula-
tion results across all considered group testing strategies and values of n, when 𝜏 = 0.5. The results
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under other considered settings of 𝜏 were practically identical and are therefore omitted. In addition
to the simulation study discussed earlier, we have also performed simulations that allow for different
biomarker distributional assumptions (e.g., normal, Weibull, and log-normal) and the use of different
group testing algorithms. We have also investigated the characteristics of our regression methodology
under the situation in which the biomarker distributions are unknown and have to be estimated. The
findings from these alternate studies are congruous with the results presented herein, and we have there-
fore opted not to include them. Further, we have also performed a model selection study; the results of
which indicate that the proposed approach preforms as well, if not better, than the traditional model-
ing technique, with respect to identifying the correct model; for further details, see Appendix E of the
Supplementary Information.

4. Irish hepatitis B virus data

To further illustrate our methodology, we apply our techniques to the hepatitis B data previously ana-
lyzed by [33]. This data set was originally compiled in an effort to assess the prevalence of antibodies
to the HBV in Irish prisoners; for further details, see [45]. In the original study, oral fluid specimens
were collected from each individual and were subsequently tested through the use of the Murex ICE
enzyme immunoassay; the observed optical density (OD) readings from this process were then recorded.
All positive results were then confirmed using an in-house radioimmunoassay. The data set also provides
a diagnosed status for each of the individuals, which we will treat as their true infection status. At the
time of specimen collection, covariate information (e.g., age, gender, and drug use) was collected via
voluntary questionnaire from participating subjects. After the individuals with missing predictor vari-
ables and/or testing information were removed, we are left with a sample of size N = 1098, that is, 60
HBV-positive and 1038 HBV-negative individuals. Note that in this and similar settings, practitioners
are typically tasked with the complimentary goals of both classification and estimation, thus providing
a scenario in which our proposed methodology could be adopted. The main purpose of this study is to
compare the performance of our group testing regression methods to those that proceed under the more
traditional assumptions.

One will note that the aforementioned information was collected on the individual level; that is, for all N
individuals, we have access to their OD reading and covariate information. Using this information, we are
able to artificially construct group testing data. Proceeding in this fashion allows us to assess the perfor-
mance of our methodology across a wide variety of settings (e.g., various group sizes, grouping schemes,
and thresholding strategies), which would not be possible otherwise. Additionally, this approach, which
allows for comparisons between estimates obtained from group testing and individual-level data, has
become a common practice in the group testing regression literature (e.g., [22]). To create group testing
data, we first note that the OD readings, which were available to us, are simply a measurement of the
underlying antibody concentration levels. We assume that the observed OD readings are linearly related
to the true antibody concentration levels and were measured without error. This assumption was also
made in [33] and from other related studies appears to be reasonable (e.g., [46]). Subsequently, we may
determine the OD reading for a pool formed from combining the jl individuals by ̃jl

= c−1
jl

∑
i∈jl

̃ij.

Notice that we use the ̃ notation defined in Section 2.1 to represent the OD readings. In practice, this
assumption may be questionable for various reasons (e.g., pools are constructed of specimens of unequal
volume), and as such, we have conducted a sensitivity analysis designed to assess the impact of violations
of this assumption on our proposed approach; see Appendix F of the Supplementary Information. Testing
outcomes for pools were then determined by Zjl

= I{̃jl
> t(cjl)}, where we considered the threshold-

ing strategies t(c) = t0 and t(c) = t0∕c. In practice, the assay threshold for individual-level testing (t0) is
known, but regretfully, this value was not provided in the data. Thus, to choose a reasonable value of t0,
we first partition all 1098 OD readings into two sets OD+ = {̃i ∶ Ti = 1} and OD− = {̃i ∶ Ti = 0}. We
then select t0 to minimize the discrepancies between the individuals’ true statuses and their diagnosed
statuses based on the OD readings; that is,

t0 = arg max
t

⎧⎪⎨⎪⎩
∑

̃i∈OD+

I
(̃i > t

)
+

∑
̃i∈OD−

I
(̃i < t

)⎫⎪⎬⎪⎭ .3616
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In this study, we did not have access to the underlying distribution of the OD readings for the posi-
tive and negative individuals, which we denote by f̃+ and f̃− , respectively. Consequently, we estimated
these distributions through the use of training data. Specifically, density estimation proceeded under the
assumption that the OD readings followed a parametric model, and we considered three such models:
gamma, Weibull, and log-normal. Two training data sets were created by randomly sampling 10 obser-
vations from OD+ and 44 observations from OD−. Using the training data, we obtained the estimates f̂̃+

and f̂̃− of f̃+ and f̃− , respectively, through the use of maximum likelihood techniques. In order to fit the
traditional regression models, we calculated the sensitivity and specificity of individual-level testing to
be Se = ∫ ∞

t0
f̂̃+(x)dx and Sp = ∫ t0

∞ f̂̃−(x)dx, respectively. To implement our regression methodology, we
calculated Mj(zj, tj) as follows:

Table III. Irish hepatitis B virus data.

Proposed model Traditional model

n IT DT TH AT DT TH AT

Under the assumption that the OD readings follow a gamma distribution

𝛽0

2
−2.90(0.06)

−2.87(0.06) – –(– –) – –(– –) −2.86(0.06) – –(– –) – –(– –)
4 −2.78(0.10) −2.78(0.09) −2.77(0.09) −2.68(0.07) −2.66(0.07) −2.65(0.07)
6 −2.85(0.11) −2.82(0.09) −2.84(0.10) −2.27(0.07) −2.22(0.08) −2.29(0.09)

𝛽1

2
1.09(0.10)

1.14(0.10) – –(– –) – –(– –) 1.15(0.11) – –(– –) – –(– –)
4 1.09(0.10) 1.10(0.10) 1.10(0.10) 1.08(0.10) 1.09(0.10) 1.10(0.10)
6 1.10(0.11) 1.12(0.10) 1.10(0.11) 0.80(0.07) 0.83(0.07) 0.82(0.08)

𝛽2

2
−0.31(0.06)

−0.33(0.06) – –(– –) – –(– –) −0.33(0.06) – –(– –) – –(– –)
4 −0.32(0.06) −0.32(0.05) −0.32(0.06) −0.33(0.06) −0.33(0.05) −0.31(0.06)
6 −0.32(0.06) −0.33(0.06) −0.32(0.06) −0.29(0.05) −0.30(0.05) −0.31(0.05)

Under the assumption that the OD readings follow a log-normal distribution

𝛽0

2
−2.92(0.06)

−2.90(0.05) – –(– –) – –(– –) −2.88(0.06) – –(– –) – –(– –)
4 −2.84(0.09) −2.84(0.09) −2.82(0.09) −2.70(0.07) −2.69(0.07) −2.69(0.06)
6 −2.89(0.08) −2.87(0.07) −2.85(0.07) −2.30(0.07) −2.26(0.09) −2.25(0.08)

𝛽1

2
1.09(0.11)

1.14(0.10) – –(– –) – –(– –) 1.14(0.10) – –(– –) – –(– –)
4 1.10(0.10) 1.12(0.10) 1.10(0.10) 1.07(0.09) 1.09(0.10) 1.07(0.11)
6 1.10(0.11) 1.12(0.11) 1.10(0.11) 0.80(0.07) 0.83(0.08) 0.85(0.06)

𝛽2

2
−0.31(0.06)

−0.32(0.06) – –(– –) – –(– –) −0.32(0.06) – –(– –) – –(– –)
4 −0.32(0.05) −0.33(0.06) −0.32(0.06) −0.32(0.05) −0.33(0.06) −0.32(0.06)
6 −0.31(0.06) −0.33(0.06) −0.32(0.06) −0.28(0.05) −0.30(0.05) −0.31(0.05)

Under the assumption that the OD readings follow a Weibull distribution

𝛽0

2
−2.88(0.06)

−2.86(0.06) – –(– –) – –(– –) −2.84(0.07) – –(– –) – –(– –)
4 −2.78(0.11) −2.78(0.10) −2.78(0.11) −2.66(0.07) −2.65(0.08) −2.63(0.09)
6 −2.81(0.15) −2.80(0.12) −2.82(0.14) −2.25(0.08) −2.20(0.09) −2.22(0.10)

𝛽1

2
1.09(0.10)

1.13(0.10) – –(– –) – –(– –) 1.14(0.10) – –(– –) – –(– –)
4 1.08(0.10) 1.11(0.10) 1.08(0.10) 1.07(0.10) 1.10(0.10) 1.09(0.10)
6 1.08(0.11) 1.12(0.11) 1.08(0.10) 0.80(0.07) 0.84(0.08) 0.85(0.09)

𝛽2

2
−0.30(0.05)

−0.32(0.06) – –(– –) – –(– –) −0.32(0.06) – –(– –) – –(– – )
4 −0.32(0.06) −0.33(0.06) −0.33(0.06) −0.33(0.06) −0.33(0.06) −0.32(0.06)
6 −0.32(0.06) −0.33(0.06) −0.31(0.06) −0.29(0.05) −0.30(0.05) −0.31(0.05)

OD, optical density; IT, individual-level testing data; DT, Dorfman testing; TH, three-stage halving; AT, array testing;
Presented results include the sample mean (standard deviation) of the 1000 maximum likelihood estimates of 𝜷 =
(𝛽0, 𝛽1, 𝛽2)T, across all considered configurations under the thresholding strategy t(c)= t0∕c and homogeneous grouping.
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3617



D. WANG, C. S. MCMAHAN AND C. M. GALLAGHER

Mj

(
zj, tj

)
= ∫

Kj∏
l=1

I
{

DTjl
y ∈ A

(
zjl

, cjl

)} nj∏
i=1

f̂̃
(
yij ∣ Tij = tij

)
dy,

where f̂̃(⋅ ∣ T) = Tf̂̃+(⋅) + (1 − T )̂f̃−(⋅). Note that the aforementioned integral is difficult to analyti-
cally compute; consequentlys the Monte Carlo technique described in Appendix B of the Supplementary
Information was used to approximate Mj(zj, tj).

To make our comparisons, we consider the following simple second-order logistic model:

logit
{

pr
(
Tij = 1 ∣ xij

)}
= 𝛽0 + 𝛽1xij + 𝛽2x2

ij,

where xij denotes the age of the i-th individual in the j-th group. After the removal of the training data, there
were N = 1044 observations remaining. We again specify a common group size n, where n ∈ {1, 2, 4, 6},
and we assigned each of the N individuals to one of the J groups. In this study, we considered both homo-
geneous and random grouping schemes; that is, individuals of a common age were grouped together
(homogeneous grouping), or individuals were randomly assigned to groups (random grouping). The for-
mer grouping strategy has been shown to result in more efficient parameter estimation when compared
with the latter (e.g., [18, 22]). However, homogeneous grouping is not always feasible in practical appli-
cations. The group testing strategies chosen for this study were DT, TH, and AT, and group testing data

Figure 2. Irish hepatitis B virus data. Plots of the estimated regression functions averaged over the 1000 data sets
for all considered group testing algorithms under the thresholding strategy t(c) = t0∕c, homogeneous grouping,
n ∈ {4, 6}, and under the assumption that the optical density readings follow a gamma distribution. Within each
figure, the average estimated regression function based on individual-level testing data (IT) is also provided as
a standard by which comparisons can be made. From left to right, the figures present the regression estimates
corresponding to optical density (DT), three-stage halving (TH), and array testing (AT). We use DT(T), TH(T), and
AT(T) to denote the results obtained under the traditional modeling assumptions for the group testing algorithms

DT, TH, and AT, respectively.

3618

Copyright © 2015 John Wiley & Sons, Ltd. Statist. Med. 2015, 34 3606–3621



D. WANG, C. S. MCMAHAN AND C. M. GALLAGHER

were subsequently generated in a similar fashion to the methods described in Section 3.1. For each of
the group testing data sets, our proposed methodology was used to estimate the regression parameters. In
order to compare our approach with existing techniques, we also estimated the regression parameters for
each data set using the group testing regression models, which proceed under the traditional modeling
assumptions. Further, to provide a standard by which comparisons can be made, we also fit the individ-
ual data model (i.e., n = 1). This process was repeated 1000 times for each pool size, with a new training
data set being selected each time.

In order to assess misclassification error rates of the different thresholding strategies, we compared
the individuals’ true statuses with the diagnosed statuses obtained from the three group testing decoding
algorithms. A summary of these results across all of the considered testing configurations is provided in
Appendix F of the Supplementary Information. From these comparisons, we found that the thresholding
strategy t(c) = t0 resulted in an extremely high false negative rate; that is, under this strategy, many
of the truly positive individuals were classified as negative. Consequently, we have chosen to focus our
attention on the data arising from the thresholding strategy t(c) = t0∕c, which resulted in misclassification
rates similar to that of individual-level testing. In practice, the thresholding strategy used in conjunction
with a specified group testing process should be chosen with these characteristics in mind, especially
if the practitioner is faced with the complimentary goals of classification and estimation; for further
discussion, see Section 5. Table III provides a summary of the 1000 estimates of 𝜷 across all considered
configurations under our selected thresholding strategy and homogeneous pooling. Figure 2 provides
plots of the estimated regression functions averaged over the 1000 replications for all considered group
testing algorithms under the same thresholding and pooling strategies, when the OD readings are modeled
using a gamma distribution. A complete summary of the results of this study is provided in Appendix F
of the Supplementary Information. From these results, one will first note that the estimates obtained by
our regression methodology appear to be more reliable when compared with the estimates resulting from
the more traditional regression techniques, across all considered configurations. These results reinforce
the main findings discussed in Section 3.2. Specifically, Figure 2 illustrates that the traditional regression
methodology tends to drastically overestimate the age-specific probabilities of HBV infection for larger
group sizes (e.g., n = 6), while the estimates from our method remain in agreement with the results from
the individual-level data. These trends can also be observed in the summary of the estimates of 𝜷 provided
in Table III. The discrepancies between the estimates obtained by our method and those resulting from
the individual data model are likely explained by the error introduced by having to estimate f̃+ and f̃− .

5. Discussion

In this paper, we have generalized the group testing regression methodology proposed in [33], to allow for
the incorporation of testing information obtained from all group testing strategies. Our techniques could
therefore be adopted by practitioners who have been tasked to perform studies in which classification and
estimation are complimentary goals. We have illustrated that by incorporating retesting information, when
available, a more precise analysis can be obtained, when compared with analyses that ignore this addi-
tional information. Further, we have shown that the regression methods, which operate under the tradi-
tional modeling assumptions, with regard to assay measurement error, can result in biased estimation and
inference, when the assumptions are in fact invalid. Through simulation studies, we have identified set-
tings in which our proposed techniques can result in parameter estimates that are as efficient as those based
on individual-level data, and at a fraction of the cost of data collection. To further disseminate our work,
we have developed software, programmed in R, that implements all of the proposed regression techniques,
which can be downloaded at http://people.stat.sc.edu/wang528/Research.html.

In addition to the findings presented herein, we have also discovered situations in which the proposed
method, when utilized to analyze data arising from a group testing decoding process (e.g., DT, TH, or
AT), can result in obtaining estimates that are less variable than estimates that are obtained from the anal-
ysis of individual-level testing data. This feature has also been reported in [23,25]. Consequently, a topic
of future research could be to design group testing algorithms such that the resulting observed testing data
can be used to obtain more efficient and accurate estimators, when compared with estimators resulting
from individual-level testing data. Further, as was demonstrated in Section 4, the choice of the thresh-
olding strategy in certain applications is paramount with respect to controlling false negative/positive
rates. Thus, a future line of research could involve deriving thresholding strategies, which minimize
these error rates.

Copyright © 2015 John Wiley & Sons, Ltd. Statist. Med. 2015, 34 3606–3621
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