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e MOM estimators can be nonsensical. In fact, sometimes MOM estimators fall outside
the parameter space ©. For example, in linear models with random effects, variance
components estimated via MOM can be negative.

7.2.2 Maximum likelihood estimation

Note: We first formally define a likelihood function; see also Section 6.3 (CB).

Definition: Suppose X ~ fx(x|0), where 8 € © C R*. Given that X = x is observed, the
function

L(6]x) = fx(x|0)
is called the likelihood function.
Note: The likelihood function L(6|x) is the same function as the joint pdf/pmf fx(x|8).
The only difference is in how we interpret each one.
e The function fx(x|@) is a model that describes the random behavior of X when 8 is

fixed.

e The function L(0|x) is viewed as a function of 8 with the data X = x held fixed.

Interpretation: When X is discrete,
L(0|x) = fx(x]0) = Po(X = x).
That is, when X is discrete, we can interpret the likelihood function L(6|x) literally as a

joint probability.

e Suppose that 8; and 65 are two possible values of 8. Suppose X is discrete and
L(0:|x) = Py, (X =x) > P, (X = x) = L(0:]x).

This suggests the sample x is more likely to have occurred with 8 = 6, rather than if
0 = 0,. Therefore, in the discrete case, we can interpret L(0|x) as “the probability of
the data x.”

e Of course, this interpretation of L(8|x) is not appropriate when X is continuous because
Po(X = x) = 0. However, this description is still used informally when describing
the likelihood function with continuous data. An attempt to make this description
mathematical is given on pp 290 (CB).

e Section 6.3 (CB) describes how the likelihood function L(8|x) can be viewed as a data
reduction device.
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Definition: Any maximizer 6 = a(x) of the likelihood function L(0|x) is called a maxi-
mum likelihood estimate.

e With our previous interpretation, we can think of 0 as “the value of 6 that maximizes
the probability of the data x.”

We call 5(X) a maximum likelihood estimator (MLE).

Remarks:

1. Finding the MLE 8 is essentially a maximization problem. The estimate a(x) must
fall in the parameter space © because we are maximizing L(0|x) over ©; i.e.,

0(x) = arg max L(0]x).

There is no guarantee that an MLE g(x) will be unique (although it often is).

2. Under certain conditions (so-called “regularity conditions”), maximum likelihood esti-
mators @(X) have very nice large-sample properties (Chapter 10, CB).

3. In most “real” problems, the likelihood function L(6|x) must be maximized numerically

to calculate 0(x).

Example 7.4. Suppose Xi, Xy, ..., X, are iid U[0, 6], where § > 0. Find the MLE of 6.
Solution. The likelihood function is
n u Co‘ 9)

1 1
LOx) =[] I(0<2,<0)= — Iww <0) [[I(z:>0).
i1 ? o Hl L6 1x%)
view this as a func?ign of 0 with x fixed - '_‘_ l( X(.‘, < 9)
Note that - " N

TI(%:>0)

o For 0 > x(,), L(8]|x) = 1/0", which decreases as 6§ increases. v

=L
e For 0 < z(,), L(A]x) = 0. © 0>%m LI TG

~ ’ 94 Kcn) Alalx):v
Clearly, the MLE of 0 is 6 = X(,,.

Remark: Note that in this example, we “closed the endpoints” on the support of X; i.e.,

the pdf of X is
1
- 0<z<0
fx(JfI@):{@’ ==

0, otherwise.

Mathematically, this model is no different than had we “opened the endpoints.” However, if
we used open endpoints, note that

T(n) < argmax L(0]x) <z + €
>

for all € > 0, and therefore the maximizer of L(f|x); i.e., the MLE, would not exist.
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Curiosity: In this uniform example, we derived the MOM estimator to be 9 = 2X in
Example 7.1. The MLE is ¢ = X(,). Which estimator is “better?”

Note: In general, when the likelihood function L(0|x) is a differentiable function of 6, we
can use calculus to maximize L(0|x). If an MLE @ exists, it must satisfy

0 ~

— LO|x) =0, j=1,2,..k

5,0k =0,

Of course, second-order conditions must be verified to ensure that 6 is a maximizer (and not
a minimizer or some other value).

Example 7.5. Suppose that X;, Xs, ..., X,, are iid N(0,1), where —oo < 6 < oo. The
likelihood function is

S| >
Lix) = ][ e~ @07/
o V2m

_ (L) A wim0)?
\ 2T

The derivative

a 1 " 1 n 2 i
—L(Olx — i —5 2 i1 (zi—0) § : , set
00 (0]x) (\/271’) ¢ (i — ) 0

N _ =1

vV
this can never be zero

n

p=ll

Therefore, 6 = 7 is a first-order critical point of L(0]x). Is 0 = T a maximizer? I calculated

2
82 1 n | N 5 n
— LX) = —) e 2Xim@=9 r,—0)| —n
b0 = (=) > w0
Because
00? . o )

the function L(f|x) is concave down when 6 = T; i.e., § = T maximizes L(f|x). Therefore,

J

)
>~

0=0(X)=

is the MLE of 6.

Illustration: Under the AV(f, 1) model assumption, I graphed in Figure 7.1 the likelihood
function L(0|x) after observing x; = 2.437, xo = 0.993, x5 = 1.123, x4, = 1.900, and
x5 = 3.794 (an iid sample of size n = 5). The sample mean T = 2.049 is our ML estimate of
0 based on this sample x.

PAGE 31



STAT 713: CHAPTER 7 JOSHUA M. TEBBS

<
<
®
©

c

Qo

k3]
<

<

S <

5 o

8 «

1]

<

©

=

=
<
T
o)
I\
=)
S
T
©
IS)

Figure 7.1: Plot of L(A|x) versus # in Example 7.5. The data x were generated from a
N (6 = 1.5,1) distribution with n = 5. The sample mean (MLE) is T = 2.049.

Q: What if, in Example 7.5, we constrained the parameter space to be Oy = {6 : 6 > 0}7
What is the MLE over ©¢?

A: We simply maximize L(f|x) over © instead. It is easy to see the restricted MLE is

~ A X, X>0
QZQ(X):{O X <0.

Important: Suppose that L(6|x) is a likelihood function. Then
0(x) = arg max L(0|x)
= argmax In L(0|x).

The function In L(@|x) is called the log-likelihood function. Analytically, it is usually
easier to work with In L(€|x) than with the likelihood function directly. The equations

0
—InL(0|x) = =100
89] n ( |X) 07 .] » < 7k7

are called the score equations.
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Example 7.6. Suppose X1, Xo, ..., X,, are iid N (i, 0?), where —oo < p < oo and ¢? > 0;
i.e., both parameters are unknown. Set 8 = (,u, 0?). The likelihood function is

L(8lx) = H ~(mmw?/2ct

paiey 27‘(’0’2 )
— ) e 252 i (@i— p)?

2mo?

The log-likelihood function is

1 " n X
mL@Ok) = —5In@2ro’) — 55 > (wi— ) 2 ke Lz
— 0" i3
The score equations are

a 1 . set » -

a_,u In L(0|x) = F - (LCZ - ,u) =0 =) r" = X

a 1 n /\1_ " ) ‘ ?J'L
g MO = 5t ot R0 2 6 TR

i=1
Clearly 11 = T solves the first equation; inserting ;7 = 7 into the second equation and solving
for 02 gives 62 =n~' Y1 (x; — T)?. A first-order critical point is (Z,n"' > (z; — T)?).

Q: How can we verify this solution is a maximizer? _JL
A: In general, for a k-dimensional maximization problem, we can calculate the Hessian
matrix

a k x k matrix of second-order partial derivatives, and show this matrix is negative definite
when we evaluate it at the first-order critical point 6. This is a sufficient condition. Recall
a k x k matrix H is negative definite if aHa < 0 for all a € R*, a # 0.

2 Lallgn) 2
For the N (u,0?) example, I calculated %, [le %26,
2t 2.
n 1 n 36290 EL - -
o i 2 @i a) ]
1 noo1 B
i > (wi—p) por i (x5 — ) ZU PN
i=1 i=1
With a’ = (aq, as), it follows that
2
naj /\ —
a’Ha o —ﬁ 0 IA = Xn
p=p,02=5 ME
This shows that L
A
~ X At ( 5
0 X _= 1 " - — -
R N T Ome = TH
i=1
is the MLE of @ in the A/ (11, 0?) model. SL - /(— 7—
n n-{ =
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Exercise: Find the MLEs of ;1 and o2 in the respective sub-families:

o N(u,03), where o} is known

o N(ug,0?), where g is known.
Example 7.7. ML estimation under parameter constraints. Suppose Xi, Xs are indepen-
dent random variables where

Xy~ b(ni,p1)
XQ ~ b(ng,pg),

where 0 < p; < 1 and 0 < py < 1. The likelihood function of 8 = (py, po) is
L(O]z1,22) = fx,(z1]p1) fx.(22|p2)
n1 _ N9 _
_ T _ ni—x1 r2(1 _ na—wa
(x1>p1 (1—p1) (xQ)pQ (1 —p2)
The log-likelihood function is

In L(O|x1,29) = c+zlnp; + (ny — 1) In(1 — p1) + 22 Inps + (e — 22) In(1 — py),

B

~——— ——
where ¢ = In (Zi) +In (Z;) is free of . Over

XI Nne-=% -
O={0=(p1,p2): 0<p; <1,0<py <1}, —Pl— - /l—-t’\ =0
it is easy to show that In L(0|z1, z2) is maximized at
ﬁ__ N,-% .
X1 e~ P
) P n1
0 - 0 X ’X = ~ = ,
(%1, %) ( P2 ) Xo
U

the vector of sample proportions. Because this is the maximizer over the entire parameter
space O, we call 8 the unrestricted MLE of 6. - p=0:="?

Q: How do we find the MLE of @ subject to the constraint that p; = ps? j{,\ LL© (%.,%)

A: We would now like to maximize In L(0|zq, x2) over ct X dnf n4Q) Lalc-P)

O =1{0=(p1,p2): 0<p1 <1,0<pa <1, pr=pa}. _‘X‘”(ﬁr_un,e)(‘,)/a(l’[’)
We can use Lagrange multipliers to maximize In L(80|z1, x2) subject to the constraint that
9(0) = g(p1,p2) = p1 —p2 = 0. =C4 ()Gf)G)/LF\F
We are left to solve \ +( NN, =X, - X ) Aa (i-p)
€
: o
g MLl m) = A 559(6) P A0 N th- (546G) .

g(8) = 0. 4 (- P
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This system becomes

X ny — I

o Y
yai l—p
ﬁ . Ng — T9 _ _)\
P2 1 —=po
pr—p2 = 0.
Solving this system for p; and p,, we get
X1+ Xo
o i ny + ng
0 =06 (X1,Xo) = ({1 ) —
P2 X1+ Xo
ny + N9

Because this is the maximizer over the subspace ©g, we call 0 the restricted MLE,; i.e.,
the MLE of @ subject to the p; = p, restriction.

Discussion: The parameter constraint p; = ps might arise in a hypothesis test; e.g.,
Hy : p1 = py versus Hy : p; # po. If Hy is true, then we would expect 0 and 0 to be “close”
and the ratio .

L(O |{L‘1, ZL'Q)

— ~ 1.
L(O|xy, z2)

)\(Il, LCQ) =
The farther @ is from 5, the smaller A\(z1, z3) becomes. Therefore, it would make sense to
reject Hy when A(z1, x2) is small. This is the idea behind likelihood ratio tests.

Example 7.8. Logistic regression. In practice, finding maximum likelihood estimates usu-
ally requires numerical methods. Suppose Y7, Y5, ..., Y,, are independent Bernoulli random
variables; specifically, Y; ~ Bernoulli(p;), where

P\ _ ' __exp(Bo + Pizi)
ln(l—pz> _B0+lez — Di = ]."‘GXP(BO—FﬁlZEZ)

In this model, the x;’s are fixed constants. The likelihood function of 8 = (S, £1) is

L6ly) = [[pr@—-p)
=1

ﬁ { exp(fo + Arzi) ]yi [1 ~exp(Bo+ Pum) ]
1+ exp(Bo + Bi;) 1+ exp(Bo + Biz:) '

=1

Taking logarithms and simplifying gives le
) alﬂaplj) .

InL(Bly) = Z [%(/60 + Brx;) — In(1 + eﬁowm)} : ?

SF.

Closed-form expressions for the maximizers Bo and 31 do not exist except in very simple
situations. Numerical methods are needed to maximize In L(0|y); e.g., iteratively re-weighted
least squares (the default method in R’s glm function).
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Theorem 7.2.10 (Invariance property of MLEs). Suppose 0 is the MLE of . For any
function 7(8), the MLE of 7(0) is 7(5)
Proof. For simplicity, suppose 0 is a scalar parameter and that 7 : R — R is one-to-one (over
©). In this case,

n=r1(0) <= 0=1"(n).
The likelihood function of interest is L*(n). It suffices to show that L*(n) is maximized when
n= 7'(5), where 8 is the maximizer of L(#). For simplicity in notation, I drop emphasis of a
likelihood function’s dependence on x. Let 7 be a maximizer of L*(n). Then

L*(n) = Sl}vpL*(n)

= sup L(t"'(n))

= sup L(h).
0

~

Therefore, the maximizer 7) satisfies 771(7)) = 0. Because T is one-to-one, 7 = 7(0). O

Remark: Our proof assumes that 7 is a one-to-one function. However, Theorem 7.2.10 is
true for any function; see pp 319-320 (CB).

Example 7.8 (continued). In the logistic regression model

exp(fo + Bix;) _
1+ exp(fBo + Biz;)

In ( Pi ) ﬁo + /lez — Di= 7(50761)7 say,

1— Di
the MLE of p; is
exp(Bo + Biz;)
1+ exp(Bo + Biz;)

b =760, B) =

Example 7.9. Suppose X1, Xy, ..., X,, are iid exponential(/3), where 5 > 0. The likelihood
function is

1, .
le :HE 2/5_ 6 -2 2/5.

The log-likelihood function is

In L(B|x) = —nln g — —Z%} T

The score equation becomes

8 n an Ti  set
—InL(Bx)=—+=EL120 =,

Solving the score equation for § gives B . It is easy to show that this value maximizes
In L(B|x). Therefore,

B=BX)=%X
is the MLE of j.
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Applications of invariance: In Example 7.9,
e X is the MLE of 52
e 1/X is the MLE of 1/8

e For t fixed, e7*/X is the MLE of Sx(t|3) = e %/, the survivor function of X at t.

7.2.3 Bayesian estimation

Remark: Non-Bayesians think of inference in the following way:
Observe X ~ fx(x]|#) — Use x to make statement about 6.

In this paradigm, the model parameter 6 is fixed (and unknown). I have taken 6 to be a
scalar here for ease of exposition.

Bayesians do not consider the parameter 8 to be fixed. They regard 6 as random, having its
own probability distribution. Therefore, Bayesians think of inference in this way:

Model 6 ~ w(#) — Observe X|0 ~ fx(x|#) — Update with 7(0|x).

The model for 8 on the front end is called the prior distribution. The model on the
back end is called the posterior distribution. The posterior distribution combines prior
information (supplied through the prior model) and the observed data x. For a Bayesian,
all inference flows from the posterior distribution.

Important: Here are the relevant probability distributions that arise in a Bayesian context.
These are given “in order” as to how the Bayesian uses them. Continue to assume that 6 is
a scalar.

1. Prior distribution: ¢ ~ 7(#). This distribution incorporates the information avail-
able about 6 before any data are observed.

2. Conditional distribution: X|0 ~ fx(x|#). This is the distribution of X, but now
viewed conditionally on 6:

fx(x[0) = L(0]x)
= fow(me).

Mathematically, the conditional distribution is the same as the likelihood function.

3. Joint distribution: This distribution describes how X and € vary jointly. From the
definition of a conditional distribution,

fxo(x,0) = fxjo(x[0) 7(6).
—_—— =

likelihood  prior
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4. Marginal distribution. This describes how X is distributed marginally. From the

definition of a marginal distribution,
mx(x) = /fx,e(& 0)do
e
= /fx|9(x|9)7r(9)d6’,
©

where O is the “support” of # (remember, we are now treating 6 as a random variable).

5. Posterior distribution. This is the Bayesian’s “updated” distribution of 6, given that
the data X = x have been observed. From the definition of a conditional distribution,

o = Ixex0)
o) = Lxabed)

Ixo(x]0)7(6)
Jo fxpo(x[0)m(6)d6

Remark: The process of starting with 7(f) and performing the necessary calculations to
end up with 7(6|x) is informally known as “turning the Bayesian crank.” The distributions
above can be viewed as steps in a “recipe” for posterior construction (i.e., start with the
prior and the conditional, calculate the joint, calculate the marginal, calculate the posterior).
We will see momentarily that not all steps are needed. In fact, in practice, computational
techniques are used to essentially bypass Step 4 altogether. You can see that this might be

desirable, especially if € is a vector (and perhaps high-dimensional).

Example 7.10. Suppose that, conditional on 0, X, Xs, ..., X,, are iid Poisson (), where the
prior distribution for  ~ gamma(a,b), a,b known. We now turn the Bayesian crank.

1. Prior distribution. ]
m(0) = 9o e~ 1(9 > 0).

2. Conditional distribution. For z; =0,1,2, ...,

n 9:51-6—0 HZ?:I J:ie—ne

Fxio(x10) =]

- n
1 LKZ' Hi:l 513'1'

Recall that this is the same function as the likelihood function.

3. Joint distribution. For z; =0,1,2,..., and 6 > 0,

fxo(x,0) = [xp(x|0)7(0)

P
o a—1_-60/b
- 0 ‘e

[, =l T(ap
1

_ > zi+a71€—9/(n+%)

IT-, @i! T(a)be

TV
does not depend on 6

—1
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4. Marginal distribution. For x; =0,1,2, ...,

/fxe X, 9
/ g wita—1=0/(n+d) " gy

H?—1 le
- gamma(a* b*) kernel

where
- 1
a* = r;i+a and b* = _
; n+ %
Therefore,
1 Z?:l zita
mx(x) = Hn1x2|r le-ya (n+%> ‘
5. Posterior distribution. For 6 > 0
0
mx(x)
_ 1 92?:1 xi+a_16_9/<n+%)_l
— Hz 155'1" F(a)ba
E 1 Z?=1 xita
Hlel'F Z:L“H—a (n+b>

1 i wita—1,-6/(n+7) ,

1

(i o+ a) (5
b

which we recognize as the gamma pdf with parameters

Zn:x,-—l—a

)Z?_l zi+a

That is, the posterior distribution
01X =x amma En T; +a
& ' " n+ _11) .

i=1

Remark: Note that the shape and scale parameters of the posterior distribution 7(6|x)

depend on
e a and b, the prior distribution parameters (i.e., the “hyperparameters”)

e the data x through the sufficient statistic t(x) = > ;.
In this sense, the posterior distribution combines information from the prior and the data
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