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1 Introduction

1.1 Some examples

Question: What is a time series?
Answer: It is a random sequence {X;} recorded in a time ordered fashion.
Question: What are its applications?

Answer: Everywhere when data are observed in a time ordered fashion. For example:
e Economics: daily stock market quotations or monthly unemployment rates.
e Social sciences: population series, such as birthrates or school enrollments.
e Epidemiology: the number of influenza cases observed over some time period.
e Medicine: blood pressure measurements traced over time for evaluating drugs.
e Global warming?

Example 1.1. (Johnson & Johnson Quarterly Earnings) Figure 1.1 shows quarterly earnings per

share for the U.S. company Johnson & Johnson.

e 84 quarters (21 years) measured from the 1st quarter of 1960 to the last quarter of 1980.

require(astsa)
par(mar=c(4,4,2,.5))
plot(jj, type="o", ylab="Quarterly Earnings per Share",col="blue")
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Figure 1.1: Johnson & Johnson quarterly earnings per share, 84 quarters, 1960-I to 1980-1V



Example 1.2. (Global Warming) Figure 1.2 shows the global mean land-ocean temperature index
from 1880 to 2009 with the base period 1951-1980.

require(astsa)
par(mar=c(4,4,2,.5))

lot(gtemp, type="o", ylab="Global Temperature Deviations",col="blue")
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Figure 1.2: Yearly average global temperature deviations (1880-2009) in degrees centigrade.



Example 1.3. (Speech Data) Figure 1.3 shows a small .1 second (1000 point) sample of recorded
speech for the phrase aaa- - - hhh.

require(astsa)
par(mar=c(4,4,2,.5))
plot (speech,col="blue")

speech
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Figure 1.3: Speech recording of the syllable aaa- - - hhh sampled at 10,000 points per second with
n = 1020 points

Computer recognition of speech: use spectral analysis to produce a signature of this phrase and then

compare it with signatures of various library syllables to look for a match.



1.2 Time Series Statistical Models

A time series model specifies the joint distribution of the sequence {X;} of random variables; e.g.,
P(Xy <w,..., X <ay) forall t and x4, ..., 2.

where {X1, Xo,...} is a stochastic process, and {xj,x9,...} is a single realization. Through this
course, we will mostly restrict our attention to the first- and second-order properties only:
E(Xt), COV(th , th)

Typically, a time series model can be described as
Xt:mt-i-st—l—Y}, (11)
where

my : trend component;
s¢ : seasonal component;

Y, : Zero-mean error.

The following are some zero-mean models:

Example 1.4. (iid noise) The simplest time series model is the one with no trend or seasonal
component, and the observations X;s are simply independent and identically distribution random
variables with zero mean. Such a sequence of random variable {X,} is referred to as iid noise.

Mathematically, for any ¢ and z1,...,x;,

P(X1 <xy,...,X¢ <my) ZHP(Xt < 1) :HF(xt),
t t

where F(-) is the cdf of each X;. Further E(X;) = 0 for all £. We denote such sequence as X; ~
IID(0, 02). IID noise is not interesting for forecasting since X; | X1,...,X; 1 = X;.

Example 1.5. (A binary {discrete} process, see Figure 1.4) As an example of iid noise, a binary

process {X;}is a sequence of iid random variables X;s with
P(X;,=1)=05, P(X;=-1)=0.5.

Example 1.6. (A continues process: Gaussian noise, see Figure 1.4) {X;} is a sequence of iid normal

random variables with zero mean and o? variance; i.e.,

X; ~N(0,0?) iid



Example 1.7. (Random walk) The random walt {S;,t =0,1,2,...} (starting at zero, Sy = 0) is

obtained by cumulatively summing (or “integrating”) random variables; i.e., Sy = 0 and
Se=X1+--+Xg, fort=1,2,...,

where {X;} is iid noise (see Figure 1.4) with zero mean and o2 variance. Note that by differencing,

we can recover Xy; i.e.,

VS =5 —Si-1 =X

Further, we have

E(S;) =E (Z Xt> =Y E(X;) =) 0=0; Var(S,) = Var (Z Xt> = Var(X,) = to”.
¢ t ¢ t ¢

set.seed(100); par(mfrow=c(2,2)); par(mar=c(4,4,2,.5))
t=seq(1,60,by=1); Xtil=rbinom(length(t),1,.5)*2-1
plot(t,Xtl,type="0",col="blue",xlab="t",ylab=expression(X[t]))
t=seq(1,60,by=1); Xt2=rnorm(length(t),0,1)
plot(t,Xt2,type="0",col="blue",xlab="t",ylab=expression(X[t]))
plot(c(0,t),c(0,cumsum(Xt1)) ,type="0",col="blue",xlab="t",ylab=expression(S[t]))
plot(c(0,t),c(0,cumsum(Xt2)) ,type="0",col="blue",xlab="t",ylab=expression(S[t]))
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Figure 1.4: Top: One realization of a binary process (left) and a Gaussian noise (right). Bottom:
the corresponding random walk



Example 1.8. (white noise) We say {X;} is a white noise; i.e., X; ~ WN(0, 02), if
{X;} is uncorrelated, i.e., Cov(Xy,, Xy,) = 0 for any ¢; and to, with EX; = 0, VarX; = o2
Note that every IID(0, 02) sequence is WN(0, 02) but not conversely.

Example 1.9. (An example of white noise but not IID noise) Define X; = Z; when ¢ is odd,
X; =32} | —2/\/3 when t is even, where {Z;,t = 1,3,...} is an iid sequence from distribution
with pmt fz(—1) = 1/3, fz(0) = 1/3, fz(1) = 1/3. It can be seen that E(X;) = 0, Var(X;) = 2/3
for all t, Cov(Xy,, Xy,) = 0 for all ¢; and ts, since

Cov(Zi, V322 | —2/V3) = V/3Cov(Z;, Z2) = 0.
However, {X;} is not an iid sequence. Since when Zy is determined fully by Zoj_;.

Zok—1 =0 =Ly, = —2/V/3,
Zop_1=F1 =79 = \/g — 2/\/§

A realization of this white noise can be seen from Figure 1.5.

set.seed(100); par(mfrow=c(1,2)); par(mar=c(4,4,2,.5))

t=seq(1,100,by=1); res=c(-1,0,1)

Zt=sample(res,length(t)/2,replace=TRUE); Xt=c()

for(i in 1:length(Zt)){

Xt=c(Xt,c(Zt[i], sqrt(3)*Zt[i]"2-2/sqrt(3)))}
plot(t,Xt,type="o",col="blue",xlab="t",ylab=expression(X[t]))
plot(c(0,t),c(0,cumsum(Xt)) ,type="o0",col="blue",xlab="t",ylab=expression(S[t]))
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Figure 1.5: One realization of Example 1.9
If the stochastic behavior of all time series could be explained in terms of the white noise model,

classical statistical methods would suffice. Two ways of introducing serial correlation and more

smoothness into time series models are given in Examples 1.10 and 1.11.



Example 1.10. (Moving Averages Smoother) This is an essentially nonparametric method for trend

estimation. It takes averages of observations around ¢; i.e., it smooths the series. For example, let

1
Xy = g(Wt—l + Wi+ Wita),

(1.2)

which is a three-point moving average of the white noise series W;. See Figure 1.9 for a realization.

Inspecting the series shows a smoother version of the first series, reflecting the fact that the slower

oscillations are more apparent and some of the faster oscillations are taken out.

set.seed(100); w =

rnorm(500,0,1) # 500 N(0,1) variates

v = filter(w, sides=2, rep(1/3,3)) # moving average

par (mfrow=c(2,1)); par(mar=c(4,4,2,.5))

plot.ts(w, main="white noise",col="blue")

plot.ts(v, main="moving average",col="blue")
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Figure 1.6: Gaussian white noise series (top) and three-point moving average of the Gaussian white

noise series (bottom).



Example 1.11. AR(1) model (Autoregression of order 1): Let

Xy =0.6X,1 + W,

(1.3)

where W} is a white noise series. It represents a regression or prediction of the current value X; of a

time series as a function of the past two values of the series.

set.seed(100); par(mar=c(4,4,2,.5))

w

rnorm(550,0,1) # 50 extra to avoid startup problems

x = filter(w, filter=c(.6), method="recursive") [-(1:50)]

plot.ts(x, main="autoregression",col="blue",ylab=expression(X[t]))

Xi

autoregression
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Figure 1.7: A realization of autoregression model (1.3)
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Example 1.12. (Random Walk with Drift) Let
Xe=04+Xe 1+ Ws (1.4)

for t = 1,2,... with Xo = 0, where W; is WN(0, 02). The constant ¢ is called the drift, and when
d = 0, we have X; being simply a random walk (see Example 1.7, and see Figure 1.8 for a realization).
X; can also be rewritten as
t
Xy =0t+ Y W
j=1

set.seed(150); w = rnorm(200,0,1); x = cumsum(w);
wd = w +.2; xd = cumsum(wd); par(mar=c(4,4,2,.5))
plot.ts(xd, ylim=c(-5,45), main="random walk",col="blue")
lines(x); lines(.2x%(1:200), lty="dashed",col="blue")

random walk
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Figure 1.8: Random walk, o = 1, with drift § = 0.2 (upper jagged line), without drift, 6 = 0 (lower
jagged line), and a straight line with slope .2 (dashed line).



Example 1.13. (Signal in Noise) Consider the model
X¢ = 2cos(2nt/50 4+ 0.6m) + W, (1.5)

for t =1,2,..., where the first term is regarded as the signal, and W; ~ WN(0, 0?). Many realistic
models for generating time series assume an underlying signal with some consistent periodic variation,

contaminated by adding a random noise. Note that, for any sinusoidal waveform,
A cos(2mwt + ¢) (1.6)

where A is the amplitude, w is the frequency of oscillation, and ¢ is a phase shift.

set.seed(100); cs = 2%cos(2*pi*1:500/50 + .6%pi); w = rnorm(500,0,1)
par(mfrow=c(3,1), mar=c(3,2,2,1), cex.main=1.5)

plot.ts(cs, main=expression(2xcos(2*pi*t/50+.6%pi)),col="blue")

plot.ts(cs+w, main=expression(2*cos(2*pi*t/50+.6*pi) + N(0,1)),col="blue")
plot.ts(cs+b*w, main=expression(2*cos(2*pi*t/50+.6xpi) + N(0,25)),col="blue")

2cos(2mt/50 +0.61)

1
1

o T T T T T T
0 100 200 300 400 500
2cos(2nt/50 +0.6m) +N(0, 1)
- =
T T T T T T
0 100 200 300 400 500
2cos(2nt/50 +0.6m) +N(0, 25)

0 100 200 300 400 500

Figure 1.9: Cosine wave with period 50 points (top panel) compared with the cosine wave contami-
nated with additive white Gaussian noise, o = 1 (middle panel) and ¢ =5 (bottom panel).
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2 Stationary Processes

2.1 Measure of Dependence

Denote the mean function of {X;} as
px (t) = E(Xy),

provided it exists. And the autocovariance function of {X;} is

Yx(8,t) = Cov(Xs, X¢) = B{Xs — px () HXt — pux (1) }]

Preliminary results of covariance and correlation: for any random variables X, Y and Z,

Cov(X,Y) = B(XY) = B(X)E(Y) and Corr(X,Y) = pxy = Vif&f’v?(y>-

1. =1 <pxy <1 forany X and YV

2. Cov(X,X) = Var(X)

3. Cov(X,Y) = Cov(Y, X)

4. Cov(aX,Y) =aCov(X,Y)

5. Cov(a+ X,Y) = Cov(X,Y)

6. If X and Y are independent, Cov(X,Y) =0

7. Cov(X,Y) = 0 does not imply X and Y are independent
8. Cov(X +Y,Z) =Cov(X,Z)+ Cov(Y, Z)

9. Cov(Piiy X, 3050 b;Yy) = 3oL 207 aibjCov(Xy, Y))

Verify 1-9 as a HW problem.

The time series {X;} is (weakly) stationary if
1. px(t) is independent of ¢;
2. vx(t + h,h) is independent of ¢ for each h.
We say {X;} is strictly (or strongly) stationary if
(X1, ..., Xy,) and (X4 4h, ..., Xy, +n) have the same joint distributions

forall k=1,2,..., h=0,£1,+2,..., and time points ¢1,...,tx. This is a very strong condition.

11



Theorem 2.1. Basic properties of a strictly stationary time series {X;}:
1. X;s are from the same distribution.
2. (Xi, X¢1n) =4 (X1, Xq4p,) for all integers ¢ and h.
3. {X;} is weakly stationary if E(X?) < oo for all t.
4. Weak stationary does not imply strict stationary.
5. An iid sequence is strictly stationary.
Proof. The proof is quite straightforward and thus left as a HW problem. O

Example 2.1. (¢g—dependent strictly stationary time series:) One of the simplest ways to construct
a time series {X;} that is strictly stationary is to “filter” an iid sequence. Let {Z;} ~ IID(0,0?),
define

Xe =92y, Zva, ..., Zi—yg)

for some real-valued function g. Then {X,} is strictly stationary and also g—dependent; i.e., X5 and

X, are independent whenever |t — s| > q.

A process, {X;} is said to be a Gaussian process if the n dimensional vector X = (Xy,,..., Xy,),
for every collection of time points t1, ..., t,, and every positive integer n, have a multivariate normal
distribution.

Lemma 2.1. For Gaussian processes, weakly stationary is equivalent to strictly stationary.

Proof. Tt suffices to show that every weakly stationary Gaussian process {X;} is strictly stationary.
Suppose it is not, then there must exists (¢1,%2)" and (1 + h,t2 + h)" such that (X, X:,)" and
(Xty+hy Xty+n)T have different distributions, which contradicts the assumption of weakly stationary.

O

In this following, unless indicated specifically, stationary always refers to weakly stationary.
Note, when {X;} is stationary, rx (¢ + h, h) can be written as yx (h) for simplicity since vx (t + h, h)

does not depend on t for any given h.

Let {X;} be a stationary time series. Its mean is px = px(t). Its autocovariance function
(ACVF) of {X,} at lag h is
Vx (h) = Cov(Xipn, X¢).

Its autocorrelation function (ACF) of {X;} at lag h is

= Corr(X¢4h, Xt)

12



Theorem 2.2. Basic properties of vx(+):
L yx(0) > 0;
2. |vx(h)| < ~(0) for all h;
3. 7x(h) = yx(—h) for all h;

4. vx is nonnegative definite; i.e., a real valued function K defined on the integers is nonnegative

definite if and only if
n
> aiK(i— j)aj >0
ij=1
for all positive integers n and real vectors a = (ay,...,a,)" € R™.

Proof. The first one is trivial since vx(0) = Cov(X;, Xy) = Var(X;) > 0 for all ¢. The second is
based on the Cauchy-Schwarz inequality:

x (B)| = |Cov(Xern, Xi)| < /Var(Xyn)v/ Var(X:) = 7x(0).
The third one is established by observing that
"}/X(h) = COV(XH_h,Xt) = COV(Xt,XH_h) = "}/X(—h)

The last statement can be verified by

0 < Var(a"X,)=a"T,a= Z aivx (i — j)aj

ij=1
where X, = (X,,,...,X7)" and
Cov(X,, Xp) Cov(Xp, Xp—1) -+ Cov(X,,Xs) Cov(X,, X1)
COV(Xn_l,Xn) COV(Xn_l,Xn_l) ce COV(Xn_l,XQ) COV(Xn_l,Xl)
I, = Var(X,) = :
COV(X2,Xn) COV(XQ,Xn_l) COV(XQ,XQ) COV(XQ,Xl)
COV(Xl,Xn) COV(Xl,Xn_l) COV(Xl,XQ) COV(Xl,Xl)
7x(0) 7x(1) Yx(n—2) yx(n—1)
vx (1) vx(0) Yx(n—3) yx(n—2)
Yx(n—2) yx(n—3) - 7x(0) vx (1)
Yx(n—=1) yx(n—-2) - x(1) vx(0)

O

Remark 2.1. An autocorrelation function p(-) has all the properties of an autocovariance function

and satisfies the additional condition p(0) = 1.

13



Theorem 2.3. A real-valued function defined on the integers is the autocovariance function of a

stationary time series if and only if it is even and non-negative definite.

Proof. We only need prove that for any even and non-negative definite K (-), we can find a stationary
process {X;} such that yx(h) = K(h) for any integer h. It is quite trivial to choose {X;} to be a
Gaussian process such that Cov(X;, X;) = K(i — j) for any ¢ and j. O

2.1.1 Examples

Example 2.2. Consider
{X: = Acos(0t) + Bsin(0t)}

where A and B are two uncorrelated random variables with zero means and unit variances with
0 € [-m,w]. Then
px(t) =0

Vx(t+h,t) = BE(Xe 0 Xy)
= E[{Acos(0t + 0h) + Bsin(0t + 0h)}{ A cos(0t) + Bsin(0t)}]
= cos(0t + Oh) cos(0t) + sin(0t 4 Oh) sin(6t)
= cos(0t + Oh — 0t) = cos(6h)

which is free of h. Thus {X;} is a stationary process. Further

px (h) = cos(0h)

14



Example 2.3. For white noise {W;} ~ WN(0, 02), we have

o2 ifh=0: 1 if h =0;
= 07 h — 7 ) h = ’
fw Yw (h) { 0 otherwise, = ' w(h) 0 otherwise,

rho=function(h,theta){I(h==0)*1}
h=seq(-5,5,1); s=1:length(h); y=rho(h,.6)
plot(h,y,xlab="h",ylab=expression(rho[X] (h)))
segments(h[s],y[s],h[s],0,col="blue")
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Example 2.4. (Mean Function of a three-point Moving Average Smoother). See Example 1.10, we
have X; = 3~ Y (W;_1 + Wy + Wiy1), where {W;} ~ WN(0,0?). Then

é[E(Wt_l) +E(W,) + E(Wit)] =0,

2 1
Bty t) =001 = 0) + 2o I([A] = 1) + 5o I(|A] =2)

px(t) =E(X:) =

does not depend on t for any h. Thus, {X;} is stationary. Further
2 1
px(h) = I(h = 0) + ZI(|Al = 1) + < I(|h] = 2)

rho=function(h,theta){I(h==0)+2/3*I(abs(h)==1)+1/3*I(abs(h)==2)7};
h=seq(-5,5,1); s=1:length(h); y=rho(h,.6);
plot(h,y,xlab="h",ylab=expression(rho[X] (h))); segments(h[s],y[s],h[s],0,col="blue")
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Example 2.5. MA(1) process (First-order moving average):
X, =W, + W1, t=0,4+1,42 ...,
where {W;} ~ WN(0,0?) and 6 is a constant. Then

px (t) =0
vx (h) =02(1 + 6%)I(h = 0) + 05%I(|h| = 1)

0
ﬂx(h)-—I(h-—(n'+‘qu5§I(Vﬂ =1).
rho=function(h,theta){I(h==0)+theta/(1+theta~2)*I(abs(h)==1)}

h=seq(-5,5,1); s=1:length(h); y=rho(h,.6)
plot(h,y,xlab="h",ylab=expression(rho[X] (h))); segments(h[s],y[s],h[s],0,col="blue")
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Example 2.6. AR(1) model (Autoregression of order 1). Consider the following model:
X, = 60X, 1 + Wy, t=0,41,42, ...,

where {W;} ~ WN(0, 0%) and W; is uncorrelated with X; for s < t. Assume that {X;} is stationary
and 0 < |¢| < 1, we have

px = opux = px =0
Further for h > 0

vx(h) =E(X:X;—p) = E(o X1 Xy + Wi Xiop)
=¢E(X—1X—p) + 0 = ¢Cov(X;—1X;_p)
=¢yx(h—1) =+ = ¢"7x(0).

And

0.2

vx(0) = Cov(¢ X1 + Wi, 6 X1 + W) = ¢*7x(0) + 0 = vx(0) = 1—g2

Further, we have vx(h) = yx(—h), and
px(h) = ¢l".

rho=function(h,phi){phi~ (abs(h))}
h=seq(-5,5,1); s=1:length(h); y=rho(h,.6)
plot(h,y,xlab="h",ylab=expression(rho[X] (h))); segments(h([s],y[s],h[s],0,col="blue")

1.0

px(h)
0.6
|

0.2
I

)
5
L o
——o
——o
L o
5
©
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Example 2.7. (Mean Function of a Random Walk with Drift). See Example 1.12, we have

t
thét"i'ZWja t=1,2,...,
j=1

where {W;} ~ WN(0, 0?) Then
(1) = B(X,) = bt.

Obviously, when ¢ is not zero, {X;} is not stationary, since its mean is not a constant. Further, if
0 =0,

t+h t
Yx(t+ht) =Cov{ > W, > W,
j=1 j=1

=min{t + h,t}o?

is, again, not free of ¢t. Thus {X;} is not stationary for any 0.

Example 2.8. The MA(q) Process: {X;} is a moving-average process of order ¢ if
Xe =Wy + 0 Wi+ -+ 0,W;_g,

where {W;} ~ WN(0,0?) and 61,...,0, are constants. We have

px(t) =0
q—1hl|

yx(h) =0® >~ 00, I(|h] < q).
=0

Proposition 2.1. If {X;} is a stationary g—correlated time series (i.e., Cov(Xjs, X;) = 0 whenever

|s —t| > q) with mean 0, then it can be represented as an MA(q) process.

Proof. See Proposition 3.2.1 on page 89 of Brockwell and Davis (2009, Time Series Theory and
Methods). O
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2.1.2 Identify Non-Stationary Time Series

After learning all the above stationary time series, one question would naturally arise is that, what
kind of time series is not stationary? Plotting the data would always be helpful to identify the

stationarity of your time series data.

e Any time series with non-constant trend is not stationary. For example, if X; = m; 4+ Y; with
trend my and zero-mean error Y;. Then ux(t) = m; is not a constant. For example, the
following figure plots a realization of X; = 1+ 0.5¢ 4+ Y;, where {Y;} ~ N(0, 1) iid.

set.seed(100); par(mar=c(4,4,2,.5))
t=seq(1,100,1); Tt=1+.05%t; Xt=Tt+rnorm(length(t),0,2)
plot(t,Xt,xlab="t",ylab=expression(X[t])); lines(t,Tt,col="blue")

10

Xy

0 20 40 60 80 100
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e Any time series with seasonal trend is not stationary. For example, if X; = s;+Y; with seasonal
trend s; and zero-mean error Y;. Then px () = s; is not a constant. For example, the following
figure plots a realization of Xy = 1+ 0.5t + 2 cos(nt/5) + 3 sin(wt/3) + Wy, where {Y;} ~ N(0, 1)
iid.

set.seed(100); par(mar=c(4,4,2,.5)); t=seq(1,100,1); Tt=1+.05%t;
St=2*cos(pi*t/5)+3*sin(pi*t/3); Xt=Tt+St+rnorm(length(t),0,2)
plot(t,Xt,xlab="t",ylab=expression(X[t])); lines(t,Tt+St,col="blue")

10

Xi

e Any time series with non-constant variance is not stationary. For example, random walk
{Sy =351 X;} with X, being iid N(0,1).

set.seed(150); par(mar=c(4,4,2,.5)); t=seq(1,200,by=1); Xtl=rnorm(length(t),0,1)
plot(c(0,t),c(0,cumsum(Xt1)) ,type="0",col="blue",xlab="t",ylab=expression(S[t]))

15

10

0 50 100 150 200
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Another way you may have already figured out by yourself of identifying stationarity is based on
the shape of the autocorrelation function (ACF). However, in applications, you can never know the
true ACF. Thus, a sample version of it could be useful. In the following, we produce the estimators

of ux, ACVF, and ACF. Later, we will introduce the asymptotic properties of these estimators.

For observations z1,...,x, of a time series, the sample mean is

n
_ 1
r = — E Tt.
n
t=1

The sample auto covariance function is

n—|h|
~ 1 _ _
Fx(h) = - tg_l (@eqpp) — @) (2t —7), for —n<h<n.
This is like the sample covariance of (x1,zp41), ..., (Tp—p, Tn), except that

e we normalize it by n instead of n — h,
e we subtract the full sample mean.

This setting ensures that the sample covariance matrix T, = x(i—j )]?j:l is nonnegative definite.

The sample autocorrelation function (sample ACF) is

px(h) = for —n<h<n.

The sample ACF can help us recognize many non-white (even non-stationary) time series.
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Some guidelines:

Time series: Sample ACF
White noise  Zero for |h| >0
Trend Slow decay
Periodic  Periodic
MA(q) Zero for |h| > g
AR(1) Decays to zero exponentially

set.seed(100);
par (mfrow=c(5,2))
par (mar=c(4,4,2,.5))
#White Noise
WN=rnorm(100,0,1);
plot(l:n,WN,type="0",col="blue" ,main="White Noise",ylab=expression(X[t]),xlab="t");
act (WN)

#Trend
t=seq(1,100,1);
Tt=1+.1%t;

Xt=Tt+rnorm(length(t),0,4)
plot(t,Xt,xlab="t",ylab=expression(X[t]) ,main="Trend")
lines(t,Tt,col="blue")
acf (Xt)

#Periodic
t=seq(1,150,1)
St=2*cos (pi*t/5)+3*sin(pi*t/3)
Xt=St+rnorm(length(t),0,2)
plot(t,Xt,xlab="t",ylab=expression(X[t]), main="Periodic")
lines(t,St,col="blue")

acf (Xt)
#MA (1)
w = rnorm(550,0,1)
v = filter(w, sides=1, c(1,.6))[-(1:50)]

plot.ts(v, main="MA(1)",col="blue",ylab=expression(X[t]),xlab="t")
acf (v)

#AR (1)
w = rnorm(550,0,1)
x = filter(w, filter=c(.6), method="recursive") [-(1:50)]

plot.ts(x, main="AR(1)",col="blue",ylab=expression(X[t]),xlab="t")
acf (x)
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The typical procedure of time series modeling can be described as
1. Plot the time series (look for trends, seasonal components, step changes, outliers).
2. Transform data so that residuals are stationary.

(a) Estimate and subtract my, s;.
(b) Differencing

(c¢) Nonlinear transformations (log,/ )

3. Fit model to residuals.

Now, we introduce the difference operator V and the backshift operator B.

e Define the lag-1 difference operator: (think ’first derivative’)

Xy — X g

X, =2t 2
Ve t—(t—1)

=X, —X;-1=(1-B)X;
where B is the backshift operator, BX; = X;_1.
e Define the lag-s difference operator,
VX =Xt — Xy = (1 - B%) Xy,

where B is the backshift operator applied s times, B°X; = B(B* 'X;) and B'X; = BX;.

Note that

o If Xy = By + Bit +Y;, then
VX =P+ VY.

o if X, =" Bit! +Y;, then
VEX, = k1B, + VY,

where V¥ X; = V(VF~1X}) and V!X, = VX,.

o if Xy =my+ s+ Y; and s; has period s (i.e., sy = sy_ for all ), then

VS*XPt =my —Mi—s + VSY%
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2.2 Linear Processes

Every second-order stationary process is either a linear process or can be transformed to a linear

process by subtracting a deterministic component, which will be discussed later.

The time series {X;} is a linear process if it has the representation

Xe=p+ Z YW,

j=—o0

for all ¢, where {W;} ~ WN(0,0?%), p is a constant, and {¢;} is a sequence of constants with
> 72 oo l¥jl < o0o. if we define ¢(B) = > 72 ¥;B7, then the linear process X; = u + 1(B)W;.

j=—o0

Note that the condition > 322 [¢;| < 0o ensures that X; is meaningful; i.e., | Xt < oo almost
surely. Since E|W;| < o for all ¢t and

1 1 >
P(|Xt| 2 @) <—E[Xe < — | [u] + > W |EWiy|
j=—o00
1 o0
<= 11 =0 — 0.
< |lul+o 3 Iyl as

j=—o0

Before proceeding, we provide a brief introduction of several types of convergence in statistics.
We say a sequence of random variables X, converges in mean square to a random variable X (denoted
by X, 2 X) it

BE(X,-X)?—=0 asn— oo.

More generally, we have convergence in r-th mean, denoted by X, Kox , if
E(X,—-X|")—0 asn— oc.
Also, we say that X, converges in probability to X, denoted by X, B X, if
P{|X,, — X|>a} -0, foralla>0, asn— oo.
X, converges in distribution to X, denoted by X, 2 x , if
F.,(X)— F(X) asn— oo,

at the continuity points of F(-). The last one is convergence almost surely denoted by X, 3 X

(which will not be used in this course). The relationship between these convergences is, for r > 2,
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This course mainly focuses on convergence in mean square. One easy way to prove this convergence

is through the use of the following theorem:

Theorem 2.4. (Riesz-Fisher Theorem, Cauchy criterion.) X, converges in mean square if and
only if
lim E(X,, — X,)?=0.

m,n— o0

Example 2.9. Linear process Xy = >_72  ¢;Wi_j, thenif 3522 |1 < oo, we have > 322 ;W;_;

converges in mean square.

Proof. Defining S, = >"__, ¥;W;_;, we have

E(Sm—Su)*=E| > Wiy

m<j<n

Z wJQ-O'ZSO'Z Z ;]| —0 asm,n— occ.

m<j<n m<j<n
O
Lemma 2.2. Linear process {X;} defined above is stationary with
px =H (2.1)
vx(h) =0 > biniby. (2.2)
j=—00
Proof. Equation (2.1) is trivial. For (2.2), we have
o0 o0
() =E | Y Wiy > Wiy
p—s j=—o0
= > YU EWin—iWek) = > > witrkyw(h—j+k)
j=—00k=—00 j=—00 k=—00
=Y > Ik =j-h)o*=0" > iin=0" > Vipnty
j=—00 k=—00 j=—00 j=—o00
O

Proposition 2.2. Let {Y;} be a stationary time series with mean 0 and covariance function ~y. If
Y2 o [¥j] < oo, then the time series

j=—o0

Xi= ) Yy =9¢(B)Y

j=—00
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is stationary with mean 0 and autocovariance function

()= Y bjtbryy (h =+ k)

Jj=—00 k=—00

It can be easily seen that white noise, MA(1), AR(1), MA(q) and MA(o0) are all special examples

of linear processes.

e White noise: choose p, and ¢; = I(j = 0), we have X; = pu + Z;’ifoo YiWi—j = p+ Wy ~
WN (s, 0%).

e MA(1): choose p = 0, ¢; = I(j = 0)+60I(j = 1), we have X; = p+ Z;')o:foo’(/}jwt_j =
Wi+ 0W;_1.

e AR(1): choose pn =0, v; = ¢'I(j > 0), we have X; = p + D it o YWy = Z;?';Oqﬁjwt,j =
Wi+ 632, PWiii—j = Wi+ ¢ Xy

o MA(q): choose =0, ¢; = I(j =0) +>70{_ Opl(j = k), we have Xy = p+ 372 ;W ; =
Wi+ Wiy + -+ 0, Wiy

o MA(oo): choose p = 0, 1; = Y2 0kI(j = k), we have Xy = p+ 322 Wi ; =
> 20 Vil

2.3 AR(1) and AR(p) Processes
2.3.1 AR(1) process

In this section, we provide closer investigation on the AR(1) process which has been briefly introduced
in Example 2.6. An AR(1) process was defined in Example 2.6 as a stationary solution {X;} of the

equations
Xt - ¢Xt_1 = Wt, for all t, (23)

where {W;} ~ WN(0,0?), and Z; is uncorrelated with X; for s < ¢.
e When ¢ = 0, it is so trivial that X; = W;.

e When 0 < |¢| < 1, we now show that such a solution exists and is the unique stationary

solution of (2.3). In the above, we have already shown that

Xt = Z¢th—j7 (24)
7=0
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This can be found easily through the aid of ¢(B) =1 — ¢B and 7(B) = >0, ¢ B/. We have

Xt — Xy 1 =Wy
= W(B)(Xt — (bXt—l) = W(B)Wt
= m(B)¢(B)X; = n(B)W;

= Xy =1(B)W, = > _ ¢W,_;.

j=0
The last step is due to
m(B)$(B)=(1—-¢B)Y #'B =3 ¢/B/ —3 ¢/B =1
§=0 §=0 j=1

which is similarly to the summation of geometric series:

JZ_;WBJ:ZWBV: =48

It can be easily seen that it is stationary with mean 0 and ACVF ~x(h) = o2¢"/(1 — ¢?),
which are the same as in Example 2.6. Further, we show this solution is unique. Suppose {Y;}

is another stationary solution, then by iterating, we have

Y =0Y 1 + Wy
=W; + ¢Wi_1 + ¢?Yi_o

=Wi+ Wi+ -+ ¢5kWt—k + ¢k+1Yt—k—1

Then

2
k

E|Y: - Z PW; | = TPEYE,) » 0 ask — .
7=0

This implies that Y; is equal to the mean square limit Z;’io & W;_; and hence the uniqueness

is proved.

When |¢| > 1, the series defined in (2.4) does not converge. However, we can rewrite (2.3) in

the form
Xi=—¢ " Wit + ¢ Xpi1.

By iterating, we have

Xp=—¢ " Wip1 — - — ¢ Wi + 0 Xippa,
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which shows that

[e.9]

Xp==) ¢ Wy
j=1
is the unique stationary solution of (2.3). However, this is very hard to interpret, since X; is
defined to be correlated with future values of Z;. Another way to look at this case is to define

a New sequence

Wy =X; — ;Xt_l =(¢—¢ X1+ Wi=—(¢0—¢")D _ ¢7Wi1y; + W,
j=1

1

=W (1= ) ¢TI Wiy
j=1

Standard arguments yields that (left as a HW problem)

E(W;) =0
w(h) Z(;zf(h =0);

i.e., {W}} is a new white noise sequence with mean 0 and variance 02/$?, then we have a new
AR(1) model
Xi =" Xy 1 + W/

with |¢*| = 1/|¢| < 1. Thus, we can rewrite the unique stationary solution as
o0
Xp=> ¢IW;
j=0

which now does not depend on future values. Thus, for an AR(1) model, people typically
assumes that |¢] < 1.

When |¢| = 1. If there is a stationary solution to (2.3), check
COV(Xt_l, Wt) = COV(Xt_l,Xt - (bXt—l) = ’yx(l) - ¢7x(0) =0

This holds if and only if X; = ¢X;_1 + b for some constant b. Then {W; = b} is a constant

process. Since {W;} is a white noise, then b has to be zero. Now we have
Xt = o Xi1.

When ¢ = —1, X; has to be all zeros. When ¢ = 1, then X; are all constants. So if we quire
o > 0, then there is no stationary solution; if more broadly, we allow o = 0, i.e., {W; = 0},
then when ¢ = —1, there is a stationary solution which is X; = 0; when ¢ = 1, there is also a

stationary solution that X; = px. In the following, we require o > 0.
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Remark 2.2. This example introduced a very important terminology: causality. We say that {X;}
is a causal function of {IW;}, or more concisely that {X;} is a causal autoregressive process,
if X; has a representation in terms of {Wy, s < t}; i.e., the current status only relates to the past

events, not the future.

A linear process {X,} is causal (strictly, a causal function of {W,}), if there is a
W(B) = o + 1B + ¢aB” + -

with 3772 [¥)j| < oo such that

Xy =v(B)Wy =Y Wi
j=0

e When |¢| < 1, AR(1) process {X;} is a causal function of {IV;}.

e When |¢| > 1, AR (1) process is not causal.

Proposition 2.3. AR(1) process ¢(B)X; = Wy with ¢(B) =1 — ¢B is causal if and only if |¢| < 1
or the root z; of the polynomial ¢(z) =1 — ¢z satisfies |z1| > 1.

2.3.2 AR(p) process

An AR(p) process {X;} is a stationary process that satisfies
Xi— 01Xy 11— = 0p Xy p =W,

where {W;} ~ WN(0, 0%). Equivalently, ¢(B)X; = W; where ¢(B) =1 — ¢ B —--- — ¢, BP.

Recall that, for p = 1, ¢(B) = 1 — ¢1 B, and for this AR(1) model, X; is stationary only if
|¢1] # 1. This is equivalent to that for any z € R such that ¢(z) = 1 — ¢z satisfis |z| # 1, or

for any z € C such that ¢(z) = 1 — ¢z satisfis |z| # 1.
Now for the AR(p) model, similarly, we should have
for any z € C such that ¢(z) =1 — ¢p12 — - - — ¢p2P satisfis |z| # 1.
Theorem 2.5. A (unique) stationary solution to ¢(B)X; = W; exists if and only if
Pz)=1—rz—--—ppl =0 = [2| #1
Further, this AR(p) process is causal if and only if

Pz)=1—1z—--—p =0 = [2| >1 (2.5)
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When (2.5) is satisfied, based on causality, we can write
X = ¢Y(B)W;

where ¢(B) = 1o+ ¢1 B +12B* + - - - for some ;s satisfying Z;io |1j| < oo. The question is then,

how to calculate 1;s? One way is to matching the coefficients.

(b(B)Xt = Wt and Xt = 'lp(B)Wt
= 1=9(B)o(B)

& 1= o+ p1B+1aB>+---)(1—¢1B—-- - ¢,B")
< 1 =1,
0 =1 — P10,

0 =12 — P11 — P2ty

el=vyy, 0=1; (j<0), 0=0B); (j>0)

2.4 MA(1) and MA(q) Processes

Now, we look at the MA(1) process defined in Example 2.5. An MA(1) process {X;} is defined as
Xi = Wi+ 0W;

where {W;} ~ WN(0,?). Obviously, {X;} is a causal function of {W;}. But more importantly is
about another terminology: invertibility. Just as causality means that X; is expressible in terms

of {Ws, s <t}, invertibility means that W; is expressible in terms of {X;, s < t}.

A linear process {X;} is invertible (strictly, a invertible function of {W;}), if there is a
7(B) = g + m B+ mB? +

with 3772 [7j| < oo such that

Wy =m(B) Xy = > mXyj.

Obviously, AR(1) process is invertible. Back to the MA(1) process:

e When |0| < 1, we have

o
(1+6B)~ Z 0) B’
7=0

32



Thus

X; =Wy +0W;_1 = (1 + HB)Wt
= (146B)7'X;, =W,

o0

s Wy = Z(—G)th,j.
=0

We have {X;} as a invertible function of {W;}.

e when |f| > 1, the sum Z;’io(—e)th_j diverges, but we can write

Wy= — 0" Wi + 01 X4
=0 X1 — 02 X110 + 07 Wipo

[e.e]

== =S Xy,
j=1

Now, MA(1) is not invertible.

e When 0 =1, we have X; = W; + W;_1. If we have W; = Z}io 7 X¢—j, then

00 0o 0o 0o 0o
X = Z?Tthfj + ZWth*l*j = Z?Tthfj + Zﬂj*lXt*j = moX; + Z(ﬂ'j + ijl)thj-
j:O j:O j:0 j=1 Jj=1

Thus, we have have 7; + 7;_1 = 0 and 7o = 1, which means 7; = (—1)’. Then

o0
> Imjl < oo
=0

is not possible. So MA(1) is not invertible when # = 1; similarly when § = —1. One may
notice that, similarly as the case of |¢| = 1 in the AR(1) model, if we allow o = 0, then we
have X; = 0 and W; = 0 = X} so invertible. But this is a nonsense case. So in the following,

we require o > 0.

Sec 4.4 in Brockwell and Davis (2009, Time Series Theory and Methods) defines invertibility in
a more general way that is if we can express W; as W; = Z?io m; X¢—j. It does not require that
Z;’io |7j] < co. With this more general meaning invertibility, we have X; is invertible when

0] = 1. In the remaining context, we will keep our more realistic restriction of 3 7% ;| < cc.

Proposition 2.4. MA(1) process X; = 0(B)W; where §(B) = 1 + 0B is not invertible if and only
if |#| > 1 or the root z; of the polynomial §(z) = 1 + 6z satisfies |z;| < 1.
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Theorem 2.6. The MA(q) process X; = w(B)W; where
n(B)=14+6B+---+6,B4
is not invertible if and only if

m(z) =14+601z+ - +60,27=0 = |2 <L

Based on invertibility, we can write

where 7(B) = mo + m1 B + meB% + - -+ for some 7;s satisfying > =0 |mj| < co. The question is then,

how to calculate 7;s?7 One way is to matching the coefficients.

X, =0B)W, and W;=n(B)X,
= 1=n(B)0(B)
S 1= (m+mB+mB*+ - )(1+6,B+---+06,BP)
e 1=,

0=my + 617,

0 =mg + 61m + O2mg

& 1 =m, 0:7Tj (j<0), 0:0(B>7Tj (j>0).
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2.5 ARMA(1,1) Processes

In this subsection we introduce, through an example, some of the key properties of an important

class of linear processes known as ARMA (autoregressive moving average) processes. This example

is the ARMA(1,1) processes. Higher-order ARMA processes will be discussed later.

The time series {X;} is an ARMA(1,1) process if it is stationary and satisfies (for every t)
Xi =X = Wi +0W,

where {W;} ~ WN(0,02), 0 > 0, and ¢ + 0 # 0.

(2.6)

Let us find the expression of {X;} in terms of {IV;}:

e When |¢| = 0, we have the trivial solution X; = W, + 6W;_1.

e When 0 < |¢] < 1, we have meaning full definition of } 22, ¢/ B7. Then applying it to both

sides of (2.6) provides that

Y ¢B1-¢B)Xi=X,= > ¢'B| (1+0B)W,
j=0 j=0
=|> ¢'BI+0> BT | W,
j=0 j=0

=W+ (6+0) Y ¢ Wiy,

j=1

(2.7)

This is one MA(c0) process, and of course stationary. For the uniqueness, suppose we have

another stationary solution Y;, then we have

}/t = Wt + HWt—l =+ d)Y;E—l
= Wi+ (0 + Q)Wi_1 + 06W;_o + ¢?Y; o
= = Wit 0+ OWia + O+ @)oWia + -+ (0 + )" "Wy + ¢" 1Y, 4y

Then
2

k
E(Yi—Wi—(¢0+0)> ¢ "W | =¢*E(Y2, 1) =0 ask— oo
j=1

Hence, solution (2.7) is the unique stationary solution of (2.6) providing that |¢| < 1.
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e When |¢| > 1, we have

Xi=— 00" "Wy — ¢ ' Wit + ¢ Xy pa
=— 00 W, — (0 + d)p *Wit1 — ¢ *Wiga + ¢ 2 Xppo

k
- ... = _Qd)_th — (04 ¢) Z ¢>—j‘1Wt+j - ¢_k_1Wt+k+1 + Cb_k_l
j=1
Then
k ' 2
EX =S —007'Wi— (0+0)> ¢/ Wiy,

J=1

=¢" P PE(Wigks1 + Xepwr1)®? =0 as k — oo,

Thus, we have a unique stationary solution of (2.6) when |¢| > 1 as
oo

X, =00 "W, — (6 + ¢) Z S
=1

Again, this solution depends on future values of W;.

e When |¢| = 1, there is no stationary solution of (2.6) (left as a HW problem).

stationary ARMA(1,1) process when |¢| = 1.

Summary:

e A stationary solution of the ARMA(1,1) equations exists if and only if |¢| # 1.

Xitkt1

(2.8)

Thus, no

e If || < 1, then the unique stationary solution is given by (2.7). In this case, we say that {X;}

is causal or a causal function of {W,}, since X; can be expressed in terms of the current and

past values {Ws, s < t}.

o If |¢| > 1, then the unique stationary solution is given by (2.8). In this case, we say that {X;}

is noncausal since X; is then a function of current and future values {Ws, s > t}.

For invertibility, we have, by switching the roles of X; and Wy, and the roles of ¢ and 6,

o If |§| < 1, then ARMA(1,1) process is invertible as
Wy=X;—(¢0+60)> (-0) ' X, ;.
7j=1
e If |#| > 1, then ARMA(1,1) process is noninvertible as

Wi =—¢0 ' Xy + (0+¢) Y _(—0) 7 Wiy
7j=1
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e If |§| = 1, the ARMA(1,1) process is invertible under the more general definition of invertibility
same as in the MA(1) process. Without this more general setting, we say the ARMA(1,1)
process is noninvertible when |6| = 1.

Like the argument in last subsection of AR(1) model, if the ARMA(1,1) process { X} is noncausal
and noninvertible; i.e., |[¢| > 1 and |f| > 1, then we define

dB)=1—¢"'B and 6(B)=1+0"'B

and let
Wy =60"YB)¢(B)X;

Once verifying that
{W;} ~WN(0,02) and @(B)X; =60(B)W;, (2.9)

we have {X;} being a causal and invertible ARMA(1,1) process relative to the white noise sequence
{W;}. Threre, from a second-order point of view, nothing is lost by restricting attention to causal
and invertible ARMA(1,1) models. This statement is also true for higher-ordered ARMA models.

Now, we show (2.9). It is easy to see that §(B)W; = 6(B)0~'(B)¢(B)X; = ¢(B)X;. It suffices
to show {W;'} is a white noise. This is left as a HW problem.
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2.6 Properties of X, 7x(h) and px(h)
2.6.1 For X,

Recall that, for observations x1,...,z, of a time series, the sample mean is

n
_ 1
r = — E Tt.
n
t=1
The sample auto covariance function is

n—|h|

~ 1 _ _
vx(h) = - Z(gjtﬂhl —T)(xy —T), for —m<h<n.
t=1

The sample autocorrelation function (sample ACF) is

Estimation of px: The moment estimator of the mean pyx of a stationary process {X;} is the

sample mean

n
=n"' ) Xy (2.10)
t=1

Obviously, it is unbiased; i.e., E(X,) = ux. Its mean squared error is
Var(X,,) =E(X, — ux)?

_QZZCOVX“X QZZWX i—7)

1=1 j5=1 =1 j=1

i—j=—n h=—n

_ 7x(0) +2 (1_|h|> «(h).

n n

is Var(X ) when {X;} are iid

e Depending on the nature of the correlation structure, the standard error of X,, may be smaller

or larger than the white noise case.

— Consider X; = p+ Wy — 0.8W;_1, where {W;} ~ WN(0, 2), then

2 n

_ 0) 2t h 16402 1.6(n—1)02 1.6402
h=1
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— And if Xy = p+ Wy + 0.8W;_1, where {W;} ~ WN(0, 02), then

n n2

_ 0) 2t h 1.6402  1.6(n—1)02
h=1

o If yx(h) — 0 as h — oo, we have

|Var(X,)| <

as n — oQ.

U DT

Thus, X,, converges in mean square to pu.

o If 7 |lvx(h)] < oo, then

aVar(En) = 3 (1= B) () = (o) 4 2 2= I )

h=—n n
—yx(0) +2) x(i) = > Ax(h) =3x(0) > px(h).
i=1 h=—00 h=—00

One interpretation could be that, instead of Var(X,,) &~ vx(0)/n, we have Var(
with 7 =72 px(h).

The effect of the correlation is a reduction of sample size from n to n/7.

o 2h=

n

1.6402
> .

i= 17X()

X,)

n

~x(0)/(n/7)

Example 2.10. For linear processes, i.e., if Xy = p+ 372 ;Wi with 3222 || < oo,

then

Yo hx(M= Y 10® Y it

h=—o00 h=—0oc0 j=—00

< >R D sl [yl

h=—o0 j=—00

=0® > il Y [l

Jj=—00 h=—o00
2

oo
=2 Z [Pl | < oo

j=—o0

To make inference about px (e.g., is ux = 07), using the sample mean X, it is necessary to know

the asymptotic distribution of X,,:

If {X;} is Gaussian stationary time series, then, for any n,

VAR - (o 3 (1-21)4 <h>>.

h=—n
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Then one can obtain exact confidence intervals of estimating ux, or approximated confidence intervals

if it is necessary to estimate yx(-).

For the linear process, Xy = p+ > 72 1;Wi—; with {W;} ~ 1ID(0, 02), D e oo lthj] < 00 and
Z;‘;_Oo Y # 0, then

ﬁ(yn — px) ~ AN(0,v), (2.11)

where v =37 yx(h) = 02(2?1_00 $i)?.

The proof of (2.11) can be found in Page 238 of Brockwell and Davis (2009, Time Series Theory and
Methods). Very roughly, recall

yx(h) =0 > i,

j=—o00

then

lim nVar(X,) = lim zn: < - h') vx (h)

n—00 n
h=—n
) n
hl
= tim ot 3w Y (1=
n%ooo- . 1/}] n 1/}]+h
Jj=—00 h=—n

2

::o'2 E: ﬁy

j=—00

The above results for the linear process, also hold for ARMA models. Naturally,

(X —1.96y/v/n, X,, +1.96/v/n).

is an approximated 95% confidence interval for px.

Since v is typically unknown, naturally, we have an approximated 95% confidence interval of px

(X, — 1.96y/D/n, X, + 1.961/7/n),

once we can obtain an estimator 7 of v =Y 72 yx(h).

as

e One intuitive way is to use 7 = > ;2 7x(h). However, based on finite sample {X1, ..., X, },
it is impossible to obtain a reasonable estimator of yx(h) for h > n. Then, why not use
U= Z;l—(n—n ~Ax (h). Vary sadly and interestingly, this © is always zero. A compromising
estimator ¥ is then

[vn] 1h|
7= Y (1o )
h=—[v/n]

e If we known the model of the time series, i.e., we have explicit formula of vx (h). For example,
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say we have an AR(1) {X;} with mean ux satisfies
X —px = d(Xi1 — px) + Wi,
we have vy (h) = ¢/"o?/(1 — ¢?) and consequently, v = 02 /(1 — ¢)?. Then we have
~2

g

1//\:7/\

(1—-9¢)?
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2.6.2 For vx(h) and px(h)

Estimators of vx(h) and px(h) is defined by
n—|h| o o
Yx(h) =n~" Z (Xegn) — Xn)(Xi — X)), (2.12)
t=1
. Vx (h)
ox (h) =227 2.13
(%) 7x (0) 2.13)
First let us check that o = Z;l_(n_l) vx (h) is always zero.
n—1 n—|h| o o
V= nt (Xt+|h| — X)) (Xt — X»n)
h=—(n—1) t=1
n n—1n—h

S R4 S ) o)
= h=1t=1
n o — n—1n—h L . _9
=n"1 Y (72X X0 + X,) +2070 Y Y (Xean Xy — Xi X = Xpyn X + X3)
P h=1 =1

n n—1n—~h
_ <2 _ ~ ~ 2
=nY XP =X, 207 0 (XX — XXy — Xpn X + X))
t=1 h=1 t=1

n—1n—~h

n
—n ! Z X? - nYi +2n7! Z Z Xeppn Xy = 0.
t=1 h=1 t=1

To check the bias of Yx (h), let us look at the case when h = 0. We have
n —
3x(0) =~ Y (X - Ko
t=1

Even in iid case, this is an biased estimator (sample variance is biased which has (n — 1)~! instead

of n™1). Expression for E{7x(h)} is messy (try your best to derive it as a HW problem). Let’s
consider instead
1 n—|h|
Fx(h)=— Z (Xign) — px) (Xt — px).
t=1

3

It can be seen that |
n—
E{yx(h)} = - vx (h) # vx (h);

i.e., biased. Rather than using 7y (h), you might seem more natural to consider

n—|h|

~ 1

’yx(h): 7’L—|h| E (Xt+|h|_:U’X)(Xt_:uX)a
t=1
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since now we have E{7x (h)} = vx(h); an unbiased estimator. Now replacing px with X,,, we have

two estimators:
n
x (h d —Ax(h
Tx(h) and (k)

respectively, called biased and unbiased ACVF estimators (even though latter one is actually biased

1

in general!). Generally speaking, both 7x (h) and px (h) are biased even if the factor n™" is replaced

by (n—h)~!. Nevertheless, under general assumptions they are nearly unbiased for large sample size
(conduct a simulation study to see the bias of both estimators as a HW problem). Now, let us talk

about the reason of why we like ¥x (h), and why I think this is very brilliant.
Lemma 2.3. For any sequence 1, ..., T,, the sample ACVF 7x satisfies:

L. Ax(h) =yx(=h)

2. ¥x is nonnegaitve definite, and hence

3. 7x(0) = 0 and [Fx (h)| < 7x(0)

Proof. The first one is trivial. It suffices to prove the second property which is equivalent to show

that for each £ > 1 the k-dimensional sample covariance matrix

Yx (0 x (1 x (k —
- ¥x (1 ¥x (0 Yx (k-2
=1 . .

Yx(k—1) Ax(k—2) 7x(0)

is nonnegative definite. To see that, we have, for k > n,

T,=n'MM",

where
0 -~ 0 0 Y1 Yy -+ Y,
0 -~ 0 Y7 Yo -+ Yr O
M:
0Y, Y -+ Y 0 - 0

is a k x 2k matrix with Y; = X; — X, fori=1,...,nand Y; = 0 for i = n+ 1,..., k. Note that, if

T, is nonnegative definite, then all f‘ks are nonnegative definite for all k£ < m. O

The nonnegative definite property is not always true if n=! is replaced by (n — h)~!. Further,
when h > n or for h slightly smaller thann, there is no way to reliably estimate vx (h) and px (h) since
the information around there are too little. Box and Jenkins (1976) suggest that useful estimates of

correlation px(h) can only be made if n is roughly 50 or more and h < n/4.
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It will be important to be able to recognize when sample autocorrelations are significantly different
from zero so that we can select the correct model to fit our data. In order to draw such statistical

inference, we need the following asymptotic joint distribution.

Theorem 2.7. For an IID process {W;}, if E(W}) < oo, we have

pw (1)
pw(h) = : ~ AN(0,n11y). (2.14)

pw (h)
where I}, is a h x h identity matrix.

Remark 2.3. For {W;} ~ IID(0,02), then py(I) = 0 for [ # 0. From Theorem 2.7, we have, for
large n, pw(1),...,pw(h) is approximately independent and identically distributed normal random
variables form N(0,n~1). If we plot the sample autocorrelation function py (k) as a function of k,
approximately 0.95 of the sample autocorrelations should lie between the bounds +1.96y/n. This
can be used as a check that the observations truly are from an IID process. In Figure 2.3, we have

plotted the sample autocorrelation py (k) for k = 1,...,40 for a sample of 200 iid N(0, 1).

set.seed(150); Wt=rnorm(200) ;par(mar=c(4,4,1.5,.5));acf(Wt,lag.max=40)

1.0

ACF
00 02 04 06 038

It can be seen that all but one of the autocorrelations lie between the bounds +1.964/n, and

Remark 2.4. This theorem yields several procedures of testing
Hy: iid vs Hg: notiid.

Method 1: Based on the values of sample ACF: If for one h, px(h) £ z4/2/+/n does not contain

zero, reject Hy.
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Method 2: The portmanteau test I: Instead of checking px(h) for each h, it is also possible to

consider the single statistics
h
~2 .
Q=n>_ px0).
j=1

Under Hy, @ ~ x2. Thus, rejection region is @ > x3(1 — ).

Method 3: The portmanteau test II (Ljung and Box, 1978).

px (4)/(n = j)

M=

QL =n(n+2)

<
Il
-

which is better approximated by X;Qw thus the same rejection region.

Method 4: The portmanteau test III: if wanted to test residuals {R;} rather than a time series

{Xt}, then

>

Qrp=n(n+2)Y pr(j)/(n—j)

<
Il
-

which is better approximated by X%_p instead, where p is the number of parameters estimated

in forming {R:}.

Method 5: Turning point test

Method 6: Difference-Sign test

Method 7: Rank test

Design a simulation study to compare these testing procedures (as a HW problem).

1.

Learn them by yourself. At least you should know when is okay to use which test, how to

calculate the test statistic and when to reject the null.

. Set a reasonable sample size and generate an iid sequence. Apply each of these method to test

for IID. If rejected, count by 1, if not, count it by zero.

. Repeat step 2 for 1000 times. Record how many of them lead to the conclusion of rejection (it

should be around the value of «)

Then, start making your model be more and more Non-IID, for example, you can general
X — ¢ Xy = Wy, in the beginning set ¢ = 0 then you have IID. Then set ¢ = seq(0.02,1, by =

0.02). Each time, you do 1000 replications to obtain a rejection rate (as the power).

. Plot the power curve to see which methods is the most powerful.

. Summarize your simulation result and turn in with your homework.
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Theorem 2.8. If {X;} is the stationary process,

Xe=p+ Z YiWy_;

j=—o0

where {W,;} ~ IID(0, 0?), > 7o oo [¥j] < 00 and EW! < oo (or 3372 4%|j| < 00), then for each h,

Jj=—00
we have
px(1) px(1)
=] 1+ | ~aN{pxm=| |} (2.15)
px (h) px(h)

where © = [w;] fb j—1 is the covariance matrix whose (4, j)-element is given by Bartlett’s formula,

o0

wig = > {ox U+ i)px(h+ )+ px(k = ox (k + )+ 20x (1) px () ()

k=—o00

= 20x(0)px (R)px (k + 5) = 2px ()px (K)px (s + ) }.

Remark 2.5. Simple algebra shows that

o0

wij = Db+ 1) + px (k= 1) = 2px (D)px (k) }
k=1

< {px (k4 ) + px (k= §) = 2px ()px (k) },

which is a more convenient form of w;; for computational purposes. This formula also shows that
the asymptotic distribution of /n{px(h) — px(h)} is the same as the random vector (Y7,...,Y3)"

where
o0

Yi= 3" {px(k+ )+ px(k = i) = 20x(D)pox (k) } 2
k=1

with Z1, Zs, ... being iid N(0,1).

Example 2.11. MA(q): if
Xe =W+ 0Wi1 4+ + 0, Wiy,

where {W;} ~ IID(0, 0?), then from Bartlett’s formula, we have
wit =1+ 205 (1) + 2% (2) + -+ + 20k (0), >4,

as the variance of the asymptotic distribution of /npx (i) as n — oo. For MA(1), we have px (1) =
0/(1+60%),px(h) =0,|h| > 1. Then

win = 1= 3p% (1) +4px (1)
wii = 1+ 2p%(1), i>q,
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Let 6 = 0.8. In Figure 2.11 we have plotted the px (k) for k = 0,...,40, for 200 observations, where
{W:} are iid N(0,1). It is found that px (1) = —0.465 and px (1) = —0.4878. Obviously px (1) is less
than —1.96/y/n = —0.1379. Thus, we would reject the hypothesis that the data are iid. Further, for
h =2,...,40, we have |px(h)| < 1.96/+/n which strongly suggests that the data are from a model
in which observations are uncorrelated past lag 1. In addition, we have px (1) = —0.4878 is inside
the 95% confidence interval px (1) + 1.96n~1/2{1 — 3p% (1) + 4p% (1)}'/? = (—0.3633, —0.5667); i.e.,
it further supports the compatibility of the data with the model X; = W; — 0.8W;_1.

set.seed(150); Wt=rnorm(250);Xt=filter (Wt,sides=1,c(1,-.8))[-(1:50)]
par(mar=c(4,4,1.5,.5));acf (Xt,lag.max=40)

o |
(e}
©
[T
o
< I
o 1 | | [ 1 | | L 1 | 1
o T T T T T T T | T | T
©
< T T T T T
0 10 20 30 40
Lag
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3 Autoregressive Moving Average (ARMA) Processes

3.1 Definition

An ARMA(p,q) process {X,} is a stationary process that satisfies
X =1 Xp1— = p Xy p =W + O Wia + - + 0, Wiy

which also can be written as

where

$(B) =1~ ¢1B — - — ¢,B”,
0(B) =1+ 6018 + - - + 0,BY,

and {W;} ~ WN(0,0?). We say {X;} is an ARMA(p, q) process with mean px if {X; — pux} is an
ARMA(p, q) process.

Remark 3.1. For an ARMA(p,q) process {X;}, we always insist that ¢,,0, # 0 and that the
polynomials
p(2)=1—¢rz—---—¢pz" and 0(z) = 14012+ 40,2

have no common factors. This implies it is not a lower order ARMA model. For example, consider

a white noise process Wy, we can write X; = W; or
(1-2B+ B*)X; = (1—2B + BHW,.

It is presented as an ARMA(2,2) model, but essentially it is white noise.
Remark 3.2. ARMA processes can accurately approximate many stationary processes:
e AR(p)=ARMA(p,0): 0(B) = 1.

e MA(q)=ARMA(0,q): ¢(B) = 1.

Further, for any stationary process with ACVF ~, and any k£ > 0, there exists an ARMA process
{X}} for which

3.2 Causality and Invertibility

Recall the definition of causal and invertible. Let {X;} be an ARMA(p, q) process defined by equa-
tions ¢(B)X; = 0(B)W,

48



e {X,} is said to be causal (or more specifically to be a causal function of {W,}) if there exits a
sequence of constants {¢;} such that 3 72 [¢;| < oo and

oo
Xp=> Wi, t=0,+1,.... (3.1)
j=0

e {X.} is said to be invertible (or more specifically to be an invertible function of {W;}) if there

exits a sequence of constants {m;} such that > > |r;| < oo and

oo
Wy=> mX;j, t=0,%1,.... (3.2)
=0

e Neither causality nor invertibility is a property of {X;} alone, but of the relationship between
{Xt} and {Wt}

Theorem 3.1. Let {X;} be an ARMA(p, q) process. Then {X;} is causal if and only if
¢(z) # 0 for all |z| < 1.

The coefficients {1;} in (3.1) are determined by the relation

W(z) = S 2 = 0(2)/0(2), |2l < L.
=0

Proof. First, we assume that ¢(z) # 0 if |z| < 1. Since we have

(z)=1=drz—- = p¥ =p(z—21) - (2 — %),

then |z;| > 1 for i = 1,...,p. For each i,

o

1 1
—— === (z/m)F, for 2] < |al.

z—2z 1—z/z —

This implies that there exists € > 0 such that 1/¢(z) has a power series expansion,

/¢(2) =Y ¢! =((2), |2l <1+e<minlz).
§=0

Consequently, (;(1 +€/2)? — 0 as j — oo so that there exists K > 0 such that
1G]l < K(1+¢/2)77, V¥j=0,1,2,....

In particular we have > |(j| < 0o and ((2)¢(2) = 1 for |z| < 1. There, we can apply the operator
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¢(B) to both sides of the equation ¢(B)X; = 6(B)W; to obtain
Xi = ¢(B)0(B)W;.

Thus we have the desired representation
o0
Xi =Y Wi
j=0

where the sequencd {1;} is determined by 6(z)/¢(z).
Now, assume that {X;} is causal; i.e., Xy = 1 (B)W; with 22 [1;] < co. Then

If we let n(z) = ¢(2)(2) = D22 nj2’, |2| <1, we can rewrite this equation as

q e’}
Z 0iWi_j = Z niWi—j,
=0 =0

and taking inner products of each side with W;_j, we obtain n =6, k=0,...,q and nx = 0,k > q.

Hence

0(z) =n(z) = o(2)¥(2), 2] < 1.

Since 0(z) and ¢(z) have no common zeros and since |¢(z)| < oo for |z| < 1, we conclude that ¢(z)

cannot be zero for |z| < 1. O

Remark 3.3. If ¢(z) = 0 for some |z| = 1, then there is no stationary solution of the ARMA
equations ¢(B)X; = 0(B)W;.
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Theorem 3.2. Let {X;} be an ARMA(p, q) process. Then {X;} is invertible if and only if
0(z) # 0 for all |z| < 1.

The coefficients {m;} in (3.2) are determined by the relation

w(z) =Y mzl = 6(2)/0(), |2 < 1.
j=0

Proof. First assume that 6(z) # 0 if |z| < 1. By the same argument as in the proof of the previous

theorem, 1/0(z) has a power series expansion
o .
o) =Y 7 (), <1
7=0

for some € > 0 and Z?O:o |nj| < co. Then applying n(B) to both sides of the ARMA equations, we
have
n(B)o(B) Xt = n(B)0(B)W; = W.

Thus, we have the desired representation
o0
Wt = Z TFth,j,
§=0

where the sequence {r;} is determined by ¢(z)/0(2).
Conversely, if {X;} is invertible then Wy = > 2% m; Xy ; = m(B)X; for some » 22 |m;| < oo,
then
(B)W; = ¢(B)w(B)X; = m(B)o(B)X; = m(B)0(B)W;

which leads to

q o]
D oWy =D (Wi,
=0 =0

where ((2) = 7(2)0(z) = 372, (j27,]2] < 1. Taking inner products of each side with W;_j, we
obtain (; = ¢r, k=0,...,qand ( =0,k > q. Hence

6(2) = () = (2)6(z), |s| <L

Since 6(z) and ¢(z) have no common zeros and since |7(z)| < oo for |z| < 1, we conclude that 6(z)

cannot be zero for |z| < 1. O

Remark 3.4. If {X;} is a stationary solution of the ARMA equations and if ¢(z)60(z) # 0 for |z| <1,
then

Xy = Z YiWij
=0
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and -
W = Z T Xt
j=0
where Y52 529 = 0(2)/6(2) and 5520 w329 = 3(2)/0(2), |#] < 1.
Remark 3.5. Let {X;} be the ARMA process solving the equations ¢(B)X; = 6(B)W;, where
#(z) # 0 and 6(z) # 0 for all |z] = 1.

Then there exists polynomials ¢(z) and 6(z), nonzero for |z| < 1, of degree p and g respectively, and

a new white noise sequence {W;} such that {X;} satisfies the causal invertible equations

¢(B)X: = 0(B)W;.

Remark 3.6. Uniqueness: If ¢(z) # 0 for all |z| = 1, then the ARMA equations ¢(B)X; = 6(B)W,;

have the unique stationary solution

X = Z YiWy_j

j=—o00

where 1; comes from 0(z2)/¢(2).
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3.3 Computing the ACVF of an ARMA(p, q) Process

We now provide three methods for computing the ACVF of an ARMA process. The second one is
the most convenient for obtaining a solution in closed form, and the third one is the most convenient

for obtaining numerical values.

3.3.1 First Method

Since the causal ARMA (p, q) process ¢(B)X; = 6(B)W; has representation
Xi = p(B)Wi =Y Wi
=0

where

P(z) =Y ) =0(2)/d(2), |2 <1

=0
The ACVF of {X,} is then

vx(h) = o? Z Viipin)-

j=0
To determine the coefficients 1);, herein we use the method of matching coefficients:

(14912 + 2% + b3z + gz + ) (1 — 12 — poz® — - — ¢pzP) = (1 + 012 + 022 + - + 0,29)

which yields the following difference equations for )y:

Y1 —¢1 =01
Y2 — P2 — 11 = 02
VY3 — ¢3 — a1 — P12 =63 (3.3)

By defining 6y = 1, 6; = 0 for j > g and ¢; = 0 for j > p, we have the results summarized as

vi— Y dwpjk =0j, 0<j<max{pq+1} (3.4)
0<k<j
0<k<p

The general solution of (3.5) can be written down as

k Ti—l

Yo=Y Y agn!(C", n>max(p,q+1) - p,

i=1 j=0
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where (;,i = 1,..., k are the distinct zeros of ¢(z) and r; is the multiplicity of (;. The p constants ;s
and the coefficients ¢;, 0 < j < max(p, ¢+ 1) — p, are then determined uniquely by the max(p,q+1)
boundary conditions (3.4).

Example 3.1. Consider the ARMA process X; — X;—1 + 0.25X;_9 = Wy + W;_;. We have ¢(z) =
1—2—(—0.25)2% and §(z) = 1+ z. The root of ¢(z) is 2 (|2| > 1) with multiplicity 2 and the root of
0(z) = —1 (| — 1| = 1) with multiplicity 1. So {X;} is causal but not invertible. To find the ACVF
of {X;}, we have

o =1,
Pr=¢1+01=1+1=2,
Vi — i1 +0.25¢;_o =0, j=>2.

Transforming the last equation to ¢; —0.5¢;_1 = 0.5(¢;—1 —0.59)j_2), we see a geometric series with
11 — 0.5¢99 = 1.5. Thus,
Pj —0.5¢5_1 =3 x 277,

Then
Y= (1435277, j=0,1,2,....

Now, we use the general solution; i.e., 7, —1=2—-1=1, {; = 2,

1
wn:ZOéijnj27n, n>max(p=2,g+1=14+1)—p=0.
§=0

The constants a9 and aq; are found from the boundary conditions ¥y = 1 and ¥; = 2 to be
10 = 1 and 11 = 3.

Then
Yj= (1435277, j=0,1,2,....

Thus

vx () =02 b

=0

o0
=07 (1+35)(1 43 +3h)27% "
=0

=0%27"(32/3 + 8h).
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3.3.2 Second Method

The second method is based on the difference equations for yx(k), k = 0,1,2, ..., which are obtained

by multiplying each side of

by X;_; and taking expectations, namely,

vx (k) = pryx(k—=1) = = gpyx(k—p) =0 > Objk, 0<k<max(pg+1),  (3.6)
k<j<q
vx (k) — p1yx(k—1) — - — ¢pyx(k—p) =0, k> max(p,q+1). (3.7)

The right-hand sides of these equations come from the representation X; = Z;‘;O YiWi_j.
The general solution of (3.6) has the form

k ri—1
vx(h) = Z Z Biih? ¢, h > max(p,q+ 1) —p, (3.8)

i=1 j=0

where the p constants 3;; and the covariances vx(j),0 < j < max(p,q + 1) — p, are uniquely
determined from the boundary conditions (3.6) after computing o, 91, ..., 9, from (3.3).

Example 3.2. Consider Example 3.1. We have (3.7) as
v(k) —v(k—1)4+0.25y(k —2) =0, k> 2,
with general solution
1
vx(n) = Zﬁijth_h, h > 0.
=0
The boundary conditions (3.6) are

7(0) = (1) + 0.257(2) =0 (oo + 1),
v(1) = 7(0) + 0.257(1) =0,

where g = 1 and 9; = 2. Using the general solution, we have
3B10 — 2611 = 160%, —3B10 + 5P11 = 807,
which results in 311 = 802 and B9 = 320%/3. Finally, we have Then

vx(h) = 0%27"(32/3 + 8h).
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3.3.3 Third Method

The numerical determination of the autocovariance function yx(h) from equations (3.6) and (3.7)
can be carried out readily by first finding vx(0),...,vx(p) from the equations with £k = 0,1,...,p,
and then using the subsequent equations to determine vx(p + 1), vx(p + 2), ... recursively.

Example 3.3. Consider Example 3.1. We have

7(2) = (1) + 0.25v(2) =0,
7(0) = ¥(1) + 0.254(2) =0 (vh + ¢1),
¥(1) = ¥(0) 4 0.257(1) =01)y,

providing vx (0) = 3202/3, vx(1) = 2802%/3 and vx(0) = 200%/3. Then the higher lag autocovari-

ances can now easily be found recursively from the equations
vx (k) =vx(k—1) — 0.25vx(k—2), k=3,4,...
Example 3.4. Now, we consider the causal AR(2) process,
(1= B -G B)Xy =Wi, |Gl 1G] > 1,6 # G

Then,

o1 =¢T+ G
¢ =— (G

Based on (3.8), we have
2
vx(h) = Zﬁﬂ({ha h > 0.
i=1

Boundary conditions provide

vx(0) — p1yx (1) — p2yx (2) = o2
¥x (1) = ¢17x(0) — p2yx(1) =0

Tedious calculation yields that

1-h 1—h
wlt) = T {1 - } =

Q=G -¢) | (G-1) (G-1)

rho=function(h,z1,z2){rho0=z1/(z1"2-1)-2z2/(z2"2-1)
res=(z1"(1-h)/(z1°2-1)-z2"(1-h)/(z2°2-1)) /rho0

return(res)}
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par (mfrow=c(3,1)) ;par (mar=c(4,4,2,.5)) ;h=seq(0,20,1)
plot(h,rho(h,2,5),type="0",xlab="Lag",
ylab=expression(rho[X] (h)), ylim=c(-1,1),col="blue")
segments(-1,0,21,0,1ty=2)

plot(h,rho(h,-10/9,2) ,type="0",xlab="Lag",
ylab=expression(rho[X] (h)), ylim=c(-1,1),col="blue")
segments(-1,0,21,0,1ty=2)

plot(h,rho(h,10/9,2) ,type="0",xlab="Lag",
ylab=expression(rho[X] (h)), ylim=c(-1,1),col="blue")
segments(-1,0,21,0,1ty=2)
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Figure 3.1: px(h) for AR(2) with from top to bottom: ((1,(2) = (2,5),(¢1,¢2) = (—10/9,2), and
(¢1,¢2) = (10/9,2)
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4 The Spectral Representation of a Stationary Process

In class, we did a brief introduction on complex valued numbers and complex valued random variables.

4.1 Complex-Valued Stationary Time Series

The process {X;} is a complex-valued stationary process if E|X;|? < oo, EX; is independent of ¢ and

E(X;;,X;) is independent of ¢.The autocovariance function yx(-) is

vx(h) = B(Xpn Xe) — B(Xe4 ) E(Xy).

Similarly as the real-values stationary process, we have the properties of yx (h):
Theorem 4.1. Basic properties of vx(+):

L. yx(0) = 0;

2. |yx (h)] < ~(0) for all h;

3. vx(h) = yx(—h) for all h;

4. ~x is Hermitian and nonnegative definite; i.e., a (possible complex) valued function x defined

on the integers is Hermitian and nonnegative definite if and only if K(n) = K(—n) and

Z a; K (i —j)a; =0

ij=1

for all positive integers n and real vectors a = (ay,...,a,)" € C™.
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4.2 The Spectral Distribution of a Linear Combination of Sinusoids

Consider the following simple complex-valued process,
Z ANt Z A(Aj){cos(Ajt) +isin(Ajt)},

noting that e*® = cos(x) +isin(z), in which —m < A\; < A2 < --- < A\, =7 and A()\1),...,A(\,) are

uncorrelated complex-valued random coefficients (possible zero) such that
E{A\)} =0, j=1,...,n,

and

E{AV)AN)} =02, j=1,...,n.

To check its stationarity, we have

and

7=1 7j=1
_ E {A(\)AQ) el itk
j=1 i=1
_ Zgjzezh)\]
j=1

Thus, we have a complex-valued stationary process { X;} with autocovariance function
§ :0_2 ihA;

= / e AR (v),
(_7‘—77r]

where

The function F' is known as the spectral distribution function of {X;}.

99



Theorem 4.2. (Herglotz). A complex-valued function yx(-) defined on the integers is non-negative

definite if and only if
vx (h) = / eWdF(v), Yh=0,£1,%2,...,
(771-777]
where F'(+) is a right-continuous, non-decreasing, bounded function on [—7, 7] and F(—m) = 0.

e The function F' is called the spectral distribution function of vy and

o if F(\) = fi\ﬁ f(w)dv, —m < XA <, then f is called a spectral density of vx(-).

Corollary 4.1. A complex-valued function vx (-) defined on the integers is the ACVF of a stationary
process {X;,t =0,+1,+2,...} if and only if either

(i) vx(h) = f(—mr] e™dF(v) for all h = 0,41,42,..., where F is a right-continuous, non-

decreasing, bounded function on [—m, 7] and F(—m) =0, or
(ii) 22]:1 a;iyx (i — j)a; > 0 for all positive integers n and for all a = (a1,...,a,)" € C™.

Corollary 4.2. An absolutely summable complex-valued function y(-) defined on the integers is the

autocovariance function of a stationary process if and only if

) = o e”"y(n) 20, VA€ [-m,],

n=—o0
in which case f(-) is the spectral density of ~(-).

Corollary (4.2) provides a way to calculate the spectral density of vx(:) of a stationary process

{Xi}.

Example 4.1. For white noise {W;} ~ WN(0,0?), we have vy (h) = o2I(h = 0). Its spectral
density is then

60



Example 4.2. Now let us calculate the spectral density of
L] MA(l) Xt = Wt + QWt_l
® AR(l) Xt - Qthfl == Wt

e Is fx(t) always real-valued?

4.3 Spectral Densities and ARMA Processes

Theorem 4.3. If {Y;} is any zero-mean, possibly complex-valued stationary process with spectral

distribution function Fy (-), and {X;} is the process

Xe= Y Y%, where Y  [] < oo, (4.1)

j=—o00 j=—oc0

then {X;} is stationary with spectral distribution function

2

Fx(A)z/( | > e dF,(v), -m <A<
—7T,\

j==oc

Proof. Similar argument of the proof of Proposition 2.2 provides that {Xj is stationary with mean
zero and ACVF

wx(h)= 3 iy (h—j+k), h=0+1,42 ..
Jk=—o0

Using the spectral representation of vy (-) we can write

wx(h) =Y Wit / eI dEy (1)

j,kZ—OO (_ﬂ'vﬂ-]
— / Z wje—zjv ( Z ¢k€2ky> GZthFy(I/)
(=] j=—00 k=—o00
- 2
= / ethv Z Yie | dFy (v),
(_ﬂ-vﬂ-} jzfoo
which completes the proof. O

Remark 4.1. If {Y;} has a spectral density fy(-) and if {X;} is defined by (4.1), then {X;} also
has a spectral density fx(-) given by

Fx(N) = [P fr ()

where ¢(e7) = D e,
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Theorem 4.4. (Spectral Density of an ARMA(p, q) Process). Let {X:} be an ARMA(p, q) process

(not necessarily causal or invertible) satisfying
¢(B)X, = 0(B)W;, {W;} ~WN(0,0?),

where ¢(z) =1 — ¢12 — -+ ¢p2P and 0(z) = 1 + 012 + - - - + 0429 have no common zeroes and ¢(z)
has no zeroes on the unit circle. Then {X;} has spectral density
o2 |9(€—i/\)|2

fX()\):%W, —r <A<,

Proof. The assumption that ¢(z) has no zeroes on the unit circle guarantees that X; can be written

as

X = Z YiWy_j

j=—00
where 37 || < co. Based on Example 4.1, {W;} has spectral density 02/(27), then Theorem
4.3 implies that {X;} has a spectral density. Setting U; = ¢(B)X; = 0(B)W; and applying Theorem
4.3, we obtain

fo) = lo(e™™)Pfx(X) = [0(e™) fw (¢)
Since ¢(e~™) # 0 for all A € [—m, 7] we can divide the above equation by |¢(e~%)|? to finish the
proof. O
4.4 Causality, Invertibility and the Spectral Density of ARMA((p, q)

Consider the ARMA(p, q) process { X;} satisfying ¢(B)X; = 0(B)W}, where ¢(z)0(z) # 0 for |z| = 1.

Factorizing the polynomials ¢(-) and 6(-) we can rewrite the defining equations in the form,

P q
(1-a;'B)X, = [[(1 = b;'B)W,
=1 j=1
where
|Clj|>1,1§j§7", ‘aj‘<1,7"<j§p,
and

bj| >1,1<j<s, [bj|<l,s<j<gq
By Theorem 4.4, {X;} has spectral density

0TI, [1 - by

a %Hg’:l 11— a;le*i/\|2'

fx(A)
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Now define

¢B)= ][] 1—a;'B) J] (1-a;B) (4.2)
and

0B)= [ 1-b;'B) [] 1-0,B).

1<j<s s<j<q

Then we have {X;} is also the ARMA process defined by
$(B)X, = 0(B)W;.

where

Hr<j§p(1 - EJB) Hs<j§q(1 - b]ilB)
ITrcjp(t — a7 ' B) TTocjg(1 — b;B)

Based on Theorem 4.4 again, {W;*} has spectral density

Wt: t

o = o1 =B ey (1= ) o2
W T Mo = 0 e ) T gL~ By M 2

Since
1= bje [ = [1=bje| = [P [bj — e~ = |bj| - [1 = bjTe ™,

we can rewrite fz:(A) as

Hr<j§p ‘aj‘2 o?

fN) = =
W [locjcq 101?27
Thus
2 -2
(Wi} ~WN 0,62 ] lasl IT 1ol
r<j<p s<j<q

Noting that both ¢(z) and 6(z) has no root in |2| < 1. Thus, {X;} has the causal invertible

representation

$(B)X; = 0(B)W;.

Example 4.3. The ARMA process
X —2X; 1 =Wy +4W,_1, {W;} ~ WN(0,0?),

is neither casual nor invertible. Introducing ¢(z) = 1 — 0.5z and 8(z) = 1 + 0.25z, we see that {X;}

has the causal invertible representation

X;— 05X = Wy +0.25Wi_1,  {W;} ~ WN(0,402).
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5 Prediction of Stationary Processes

In this section, we consider to predict the value X, 5 for h > 0 of a stationary time series with
known mean px and ACVF vy in terms of the values {X,,,..., X1}. The prediction is constructed
as a linear combination of 1, X,,,..., X; by minimizing the mean squared error (called the optimal

linear predictor); i.e., we have the predictor as
P(Xpin | Xny.o o, X1,1) =ag + a1 X + -+ + a1 X1,
where a = (ag, .. .,a,)" minimizes
S(a) = E(Xpqn —ag — a1 Xp — - - — a1 X1)% (5.1)
5.1 Predict X, ., by X,
We start with predicting X,, 1, by X, as P(X,4n | Xn,1) = ag + a1 X,,. In this case, we have

S(a’) = E(Xn—i-h —ap — aan>2
E<Xg+h + a% + G%XZ — 2a0Xn+h — 2a1Xan+h + 2a0a1Xn)
= ap + (ai + 1){7x(0) + X } + (2a0a1 — 2a0)px — 2a1{yx (h) + pi }.

Taking partial derivative of S(a) and setting to zero yields

95(a) = 2a0 + 2a1px — 2pux =0

80,0

0S(a

86(”) = 2aopx + 2a1{yx(0) + pX } — 2{7x (h) + p%} = 0.

Solving this provides

a; = px(h) and ag=pux{l—px(h)}.

Finally, B(X, 4 | X, 1) = f1x+px (W) X0 — s} and B{B(Xe | X 1)— X0 }2] = 7 (0){1— % () }.
o If |px(h)] = 1, E[{P(X,4p | Xn,1) — X, }?] — 0 (accuracy improves)
o If px(h) = +1, E[{P(X,,4n | Xpn,1) — X,,}?] = 0 (linearity)

o If px(h) =0, P(Xpip | Xy 1) = px, and E[{P(X, 45 | Xpn, 1) — X, }%] = vx(0) (uncorrelated)

If {X;} is Gaussian stationary, the joint distribution of (X,,, X,,15) is then

N{<MX>< x(0) ,OX(h)’YX(O))}
px )\ px(R)yx(0) 7x(0) ’
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and the conditional distribution of X, given X, is

N [px + px (h)(Xn — px), 7x (0){1 = p5 (h)}] .

Thus
E(Xn+h ‘ Xn) = px + pX(h>(Xn - MX)'

Generally speaking, suppose we have a target Y and a set of predictor variables s X. The optimal
(least square) predictor of Y given X is E(Y | X):

mj}nE{Y - [(X)%} Zm;nE[{Y - [(X)%} | X]
=E [E{Y - E(Y | X)}* | X].

Thus the optimal predictor of Y given X is E(Y | X).
o If {X;} is stationary, P(X,4p | Xn,1) = px+px(h){X,—p} is the optimal linear predictor.
o If {X;} is also Gaussian, P(X,,4p, | X, 1) = px + px (h){X, — u} is the optimal predictor.

e This holds for longer histories, {X,,, Xp—1,..., X1}

5.2 Predict X, ., by {X,,...,X1,1}

To find P(X,, 41, | Xn,. .., X1), we minimize function (5.1) to find the values of a = (ag, a1, ..., an)".

Taking partial derivative and setting to zero, we have a system of equations

9S(a) .
=0 =0,...
aaj ) ] b ’n7
which is
n
E (Xn+h —ap — Z aan—f—l—i) =0
i=1
n
E { <Xn+h —ag — Z aanJrli) Xn+1j} = 0.
i=1
It can be seen that we have a,, = (a1, ...,a,)" is a solution of
I'ha, =~ (h) (5.2)
and
n
ag = Ux (1—2@) .
i=1
where

Ly =[x (i ==, and yu(h) = (yx(h), . yx(h+n—1))"
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Hence, we have

n
P(Xnin | Xnyooo s X1,1) = pix + Y ai(Xng1—i — pix) (5.3)
i=1

and
E{P(Xptn | Xpo- o, X1,1) — Xy} = 7x(0) — apyn(h).

Now, we show the uniqueness of P(X,,45 | Xp, ..., X1) (left as a HW problem). Hint: suppose there
are two different set of as: {a;1,5 =0,...,n} and {a;2,5 =0,...,n} such that

P(Xpin | Xny-o s X1,1) =ao1 +anXp + -+ am X1 = apg + a12 X + -+ + an2 X7

Denote n
Z = ap1 — a2 + Z(ajl —aj2) Xnt1-j-
=1

Show E(Z?) = 0 which implies Z = 0.

Proposition 5.1. For a stationary process, if vx(0) > 0 and vx(h) — 0 as h — oo, then the

covariance matrix I', = [yx (i — j)]};=; is positive definite for every n.

Remark 5.1. When vx(0) > 0 and yx(h) — 0 as h — oo, the uniqueness can be seen directly from

Proposition ??; i.e., in this case, I'y = [yx (i — j)]';=; is non-singular for every n, thus (5.2) has a

-1
n

unique solution a,, = I';, v, (h). Further if ux = 0, we have

n
P(Xnin | Xpyoo s X1,1) = bniXng1-
=1

and
E{P(Xpntn | Xn, -, X1,1) = Xngn}? = 7x(0) — ¥ (B) T}, yn (h).

Properties of P(X, 41, | Xp, ..., X1,1)

L P(Xpyn | Xnyoo o, X1,1) = px + 20, ai(Xpg1-i — px), where a, = (ay,...,a,)" satisfies
I'ha, =vn(h).

2. B{P(Xpnyn | Xn, .., X1,1) = Xpyn}? = 7x(0) — ajva(h).
3. B{Xpin —P(Xpun | Xnyooo, X1, 1)} = 0.

4. E{Xpsn —P(Xpin | Xy, X1, 1)}X5] =0, for j =1,...,n.

Remark 5.2. Notice that properties 3 and 4 can be interpreted easily by viewing P(X,, 11, | Xn, ..., X1)
as the projection of X, on the linear subspace formed by {X,,...,X1,1}. This comes from the
projection mapping theory of Hilbert spaces.
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Hilbert space is a complete inner product space. An inner produce space is a vector space with

inner product < a,b >:
e <a,b>=<ba>
e < ajal + asas,b>=a; <a,b>4ay <az,b>
e <a,a>=0&a=0

e Norm of a is ||a|| =< a,a >.

Note that complete means that every Cauchy sequence in the space has its limit in the space.

Examples of Hilbert spaces include

1. R" with < &,y >= > x;y;

2. H={X:EX? < oo} with < X,Y >=E(XY)
Hilbert space H is the one of interest in this course

Theorem 5.1. (The Projection Theorem). If M is a closed subspace of the Hilbert space H and
x € H, then

(i) there is a unique element & € M such that
— 4l = inf ||z —
lo =2 = inf Jlz -yl

and
(ii) 2 € M and ||z — 2| = infyea ||z — || if and only if £ € M and (x — Z) is orthogonal to M.
And we write P(x | M) as the projection of z onto M.

Proposition 5.2. (Properties of Projection Mappings). Let H be a Hilbert space and let P(- | M)

denote the projection mapping onto a closed subspace M. Then
(i) Plaz + By | M) = aP(z | M) + BP(z | M),
(i) [lz]? = Pz | M) + {2 =Pz | M)}? = [Pz | M)]I? + [lz — P(z | M)]1%,

(iii) each x € H as a unique representation as a sum of an element of M and an element that is
orthogonal to M, i.e.,
z =Pz | M)+ {z Pz | M)},

(iv) P(zy, | M) = P(z | M) if ||lz, — z|| — 0,
(v) x € M if and only if P(x | M) = z,
(vi) z is orthogonal to M if and only if P(z | M) = 0,

(vii) My C My if and only if P{P(x | M2) | M1} = P(z | M;) for all z € H.
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5.3 General Case

Suppose now that Y and Z,,...,Z; are any random variables with finite second moments and that
the means p = EY', ; = EZ; and covariance Cov(Y,Y'), Cov(Y, Z;), and Cov(Z;, Z;) are all known.

Note that , this does not have to be related to a stationary process. Denote

v =(Co ( Z ) -, Cov(Y, Z1))",
r COV( Z) [COV(Z,,H_l_Z', Zn+1—j)]2j:1'

Then with the same argument,
P(Y|Z,1)=py +a"(Z — py)
where a = (ay,...,a,)" is any solution of
I'a =~.
And the mean squared error of this predictor is

E{Y —P(Y | Z,1)}*] = Var(Y) —a"~.

Properties of the Prediction Operator of P(- | Z):
Suppose that EU? < co, EV? < 00, T' = Cov(Z, Z), and 3, a1, ..., q, are constants.

P(U | Z)=EU +a*(Z — EZ), where T'a = Cov(U, Z).

B{U ~B(U | Z2)}Z] = 0 and E{U — B(U | Z)} =0

E{U —-P(U | Z)}?] = Var(U) — a*Cov(U, Z)

BlaU +asV + 8| Z) = aiB(U | Z) + asP(V | Z) + 8

e PO aiZi+ B Z) =3 iZi + B
« B(U | Z) = EU if Cov(U, Z) =

o B(U | Z)=P{B(U | Z,V)| Z} if E(VVT) is finite.

These results comes directly from the standard projection mapping theory of a Hilbert space, in
this case, this Hilber space is H = {X : EX? < 0o} with < X,Y >= E(XY).
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If u=EY =0, u; = EZ; = 0 (for example, we consider the zero-mean stationary process) We have

Z=(Zyp,...,Z1)",
rz =0,

~ =(Cov(Y, Z,),...,Cov(Y, Z1))",

Tr :COV(Z, Z) = [COV(Zn_;,_l_i, Zn-i-l—j)]:'fj:l'
It can be easily seen that

B(Y|21)=B(Y |Z)=a"Z

where @ = (a1, ...,a,)" is any solution of
Ta=~.

And the mean squared error of this predictor is Var(Y) — a™~.

Example 5.1. For an AR(1) series: X; = ¢X; 1 + W; where |¢| < 1 and {W;} ~ WN(0, ¢?). Find
(1) P(Xpy1 | Xny-.o, X1,1)

(2) P(Xny1 | Xn,.. ., X2, 1)

(3) P(Xy | Xn,-.., X2, 1)

Solution: For Part (1) and (2), it suffices to find P(X,,11 | Xp, ..., X;). We have

Z =(Xn,..., X",

2 .
7:£7¢2(¢’¢2""7¢n_1)’r7
1 QS ¢2 ¢n—i
2 | e 1 e g
el :
¢n—i ¢n—i—1 ¢2 1

Equation T'a = ~ yields that a = (¢,0,...,0)". Thus

P(Xpi1 | Xn,y oo, Xiy 1) = P(Xpi1 | Xy -0, X5) = 60X,
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For Part (3), we have

Z=(Xp,...,X9)",

(d)n_17 ¢n_2? et ¢)T7

1 (b ¢2 ¢n72
I I B A
e -

Tr
¢n—2 ¢n—3 ¢2 . 1
Equation TI'a = v yields that a = (0,...,0,¢)". Thus

B(Xpat | Xnye oo X0, 1) = P(Xngt | X, .., Xo) = 6 Xo.
Example 5.2. For the causal AR(p) process defined by

Xi— g1 Xe1— - — ¢ Xy p = Wi, {Wi} ~ WN(0,07),

where W; is uncorrelated with X for s < ¢t. Then we have

@(Xﬂﬁl | Xna cee 3X17 1) = @(Clen +- ¢an+1fp + Wn+k | Xna s aXla 1)
= ¢1Xn + -+ ¢an+1—p + @(Wn_i'_l | Xn, - ,Xl, 1)
= ¢1Xn +-+ ¢an+l—p-

Example 5.3. For any zero-mean stationary process {X;}, suppose we have
n—1
]P(XnJrl ‘ Xny o 7X2) = Z ann+1fj7
j=1

then
n—1
P(X1 | Xny oo, X2) = anjXnj1-4,
j=1

and

E{Xni1-P(Xns1 | Xnyoo s Xo)}2 = E{X1-P(X1 | Xp,...,X2)}2 = B{X,,—P(X,, | Xpn_1,...
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5.4 The Partial Autocorrelation Fucntion (PACF)

Like the autocorrelation function, the PACF is another tool that conveys vital information regarding
the dependence structure of a stationary process and depends only on the second order properties

of the process.

The partial autocorrelation function (PACF) ax(-) of a stationary time series is defined by
ax (1) = Corr(Xs, X1) = px (1),

and

ax (k) = Corr{Xpt1 — P(Xpq1 | Xi, ..., Xo, 1), X1 —P(Xy | Xy, ..., X2, 1)}

The value of ax (k) is known as the partial autocorrelation of {X;} at lag k.

The PCVF ax(k) may be regarded as the correlation between X; and Xj1, adjusted for the

intervening observations Xa, ..., Xj.

Remark 5.3. The definition in the above box define ax (k) based on {X1, X2, ..., Xk, Xit1}. But,
it is also equivalent as the one based on { X1, Xyyo, ..., Xeyk, Xpyps1} for any t > 0; ie.,

ax (k) = Corr{ X i1 — P(Xpinrt | Xeaks-oor Xeno, 1), Xew1 — P(Xew1 | Xewky -5 Xeao, D}
Example 5.4. Let {X;} be the zero mean AR(1) process
Xy =X 1 + Wy
Then

ax (1) = Corr(Xq, X1) = Corr(¢p Xy + Wa, X1) = ¢.

Based on Example 5.1, we have P(Xp41 | Xg,...,X2,1) = ¢X;, and P(X7 | Xp,..., X2, 1) = ¢0Xo.
Then for k£ > 2

ax (k) =Corr(Xpy1 — ¢ X3, X1 — ¢ Xo)
ZCOI"I"(Wk, X1 - ¢X2)
=0.

This says that the correlation between X1 and X3

A HW: For the MA(1) process: X; = Wy + 0W;_1, |0] < 1, {W;} ~ WN(0,0?), find its PACF.
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Corollary 5.1. Let {X;} be a zero-mean stationary process with yx(h) such that vx(h) — 0 as
h — 0. Then

k
P(Xp1 | Xis -, X1, 1) = Z¢ijk+lfj-
j=1

Then from the equations

B{Xps1 — P(Xeg1 | Xpyo o X0, 1)IX,] =0, =k, ..., 1

We have

px(0) px (1) px(2) - px(k—1) Pr1 px(1)

px (1) px(0) px(1) - px(k—2) P2 | | px(2) (5.4)

px(k—1) px(k—2) px(k=3) - px(0) Prk px (k)
The partial autocorrelation ax (k) of {X;} at lag k is
ax(k) = gk, k>1,
Proof. We will prove this corollary later. O

The sample partial partial autocorrelation ax (k) at lag k of {x1,...,z,} is defined, provided

x; # x; for some ¢ and j, by ~
ax(k) =gk, 1<k<n,

where akk is uniquely determined by (5.4) with each px(j) replaced by the corresponding sample

autocorrelation px (7).

5.5 Recursive Methods for Computing Best Linear Predictors

In this section, we focus on zero-mean stationary processes. We establish two recursive algorithms

for determining the one-step predictors,
XnJrl = @(XnJrl | Xna v aXl)
and show how they can be used to compute the h-step predictors

@(Xn—‘rh ’ KXny - 7X1)
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5.5.1 Recursive Prediction Using the Durbin-Levinson Algorithm

We can express Xn+1 in the form
Xn+1 :¢n1Xn+"'+¢nnX17 n > 1.

And its mean squared error of prediction will be denoted by v,, as

~

Un = E(Xn—i-l - Xn+1)27 n > 1.

Clearly, vy = vx(0). The following proposition specified an algorithm, known as the Durbin-Levinson

algorithm, which is a recursive shceme for computing ¢, = (én1, ..., Pnn)" and v, for n =1,2,....

Proposition 5.3. (The Durbin-Levinson Algorithm). If { X;} is a zero-mean stationary process
with ACVF ~vx(-) such that yx(0) > 0 and yx(h) — 0 as h — oo, then the coefficients ¢,,; and mean
squared errors v, as defined above satisfy ¢11 = vx(1)/vx(0), vo = vx(0),

n—1
bnn = vx(n) =D dn1vx(n—3) p ity
j=1
¢n1 ¢n—1,1 ¢n—1,n—1
= — Gnn :
¢n,n—1 ¢n—1,n—1 ¢n—1,1

and

Vn = Vp—1(1 — ¢72m)

Proof. We consider the Hilbert space H = {X : EX? < oo} with inner produce < X,Y >=
E(XY) with norm || X||? =< X,X >. By the definition of Xpt1, we can view X,y is in the
linear space of H spanned by {X,,..., X1}, denoted by sp{X,,,..., X5} ={Y : Y =1 X;, +--- +
a, X1 where ay,...,a, € R}. Since X; — P(X1 | X,,...,X2) is orthogonal to X, ..., Xo; i.e.,

<X1—-P(X1| Xpy..., X2), X >=0, k=2,...,n.
We have

@{Xn, .. 7X2,X1} = @{Xn, oo, X9, Xy —@(Xl | Xn, ... ,Xg)}
= @{Xn, - ,XQ} —F@{Xl — @(Xl | Xn, ... ,XQ)}.
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Thus
Xnt1 = P(Xps1 | Xy .o, X2) +a{X1 — P(X1 | Xa, ..., X2)}, (5.5)

where

_ < Xnt1, Xy —P(X1 | Xn,...,X2) >

1 (5.6)
| X1 —P(X1 | Xn,y..., X2)|I?
By stationary, we have
B n—1
P(X1| Xnyoos Xo) = dno1Xj41 (5.7)
j=1
- n—1
P(Xps1 | Xy Xo) =Y bn1; X041 (5.8)
j=1
and
X1 = P(X1 | Xy oo Xo) 2 = ([ X1 = P( Xt | Xins -, Xo) ||
= | X, —P(Xp | Xnets oo, X)|? = vt (5.9)
Then Equations (5.5), (5.7) and (5.8) provide
n—1
Xop1=aX1+ Y ($n-1j — abn-1n—3) Xni1-, (5.10)
j=1
where from Equation (5.6) and (5.7),
n—1
a=|<Xpp,X1 > _Zﬁf)nfl,j < Xna1, Xjy1 > | vy
j=1
n—1
= ax(n) =Y norjix(n—j) pvpty.
j=1
Remark 5.1 told us that when vyx(h) — 0 as h — oo guarantees that the representation
R n
Xnt1=) OnjXnt1- (5.11)
j=1

is unique. And comparing coefficients in (5.10) and (5.11), we therefore deduce that

¢nn =a
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and

(bnj :¢n—1,j —a¢n_17n_j, j = 1,...,n—1.

Lastly,

Un = || Xnt1 — )?n+1||2

= | Xnt1 = P(Xnt1 | Xno- ooy X2) — a{ X1 — P(X1 | Xy, Xo) )2

= | Xnt1 = P(Xng1 | Xy, Xo) [P + @®|{ X1 = P(X1 | Xon, ..

—2a < Xn+1 — ]P(Xn-i-l ’ Xn, . ,XQ),Xl —@(Xl ’ Xn, ..

= Up 1+ a1 —2a < Xpi1, X1 —P(X1 | Xy, ..., Xo) >
Based on (5.6) and (5.9), we have

2 2 2
Up = VUp—1 + a“Vp—1 — 2a“vp—1 = vp—1(1 — a®).
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Now we prove Corollary 5.1: The partial autocorrelation ax (k) of {X;} at lag & is
ax (k) = dgk, k> 1.

Proof. We have

< Xy, X1 — B(Xy | Xn,..., Xo) >
X1 —P(X1 | Xn, ..., X2)|?
< Xpi1 — B(Xnt1 | Xnsoos Xo), X1 — P(X | Xy oo\ Xo) >
X1 —P(X1 | Xp,...,X2)|2
< X1 —P(Xnir | Xy, X2), Xy — (X | Xy X)) >
X = P(Xg1 | Xy, Xo) |- 1 X0 = P(X0 | X, oo, X

= COI‘I‘{Xn+1 — ]P)(Xn+1 | Xn, . ,XQ), X1 — @(Xl | Xn, e ,XQ)}

Onn = a =

= ax(n).

5.5.2 Recursive Prediction Using the Innovations Algorithm
The Durbin-Levinson Algorithm is based on the decomposition of sp{X,,..., X2, X1} into two or-

thogonal subspaces:

@{Xn, o 7X2,X1} = @{Xn, ... ,XQ,Xl —ﬁ(Xl ’ )(n7 - ,XQ)}
=5p{Xn, ..., Xo} +5p{X1 - P(X1 | Xp,..., X2)}.

The Innovation Algorithm is based on the decomposition of Sp{Xy,..., X2, X1} to n orthogonal
subspaces; i.e.,
SP{ X, X1} = 5p{X1 — X1, Xo — KXo, Xy — X}
= 5p{X1 — X1} +8p{Xa — Xo} + - +5p{ X, — X}
where noting that

X;=P(X;| Xi—1,...,X1) and X;=0.

Thus, we have

~

n
Xnt1 = Z Onj(Xny1—j — Xny1-5).
j=1

We now establish the recursive scheme for computing {6,;,j =1,...,n;v,} forn =1,2,... through
the following proposition. Note that, this proposition is more generally applicable than the previous

one since we allow {X;} to be a possible non-stationary with mean zero and autocovariance function

x(i,j) =< X;, Xj >= E(X;Xj).
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Proposition 5.4. (The Innovations Algorithm). If {X;} is a process with mean zero and

E(X;X;) = kx(i,7), where the matrix [rkx (i, )]} ;; is non-singular for each n = 1,2,..., then the

one-step predictors X,, 1, n > 0, and their mean squared errors v,, n > 1, are given by

)/(: 07 n = 0’
+1= -
' > i1 Onj(Xng1—j — Xnja1—j), n=1,

and

vy = kx(1,1),

011 = Vo_llix(Q, 1)

v =kx(2,2) — 60210

Opn = V[)_lmx(n +1,1),n>2

Onn—ti = 1/,;1 {/{X(n—l— 1L,k+1)— Z?;& ek,k—jen,nijj} , k=1,...,n—1,n>2

| vrn=rx(n+1ln+1)- Z?;ol Ggyn_jl/j,n > 2.

Proof. By the orthogonality, we have

n
< Xn1y X1 — X1 >= < Zenj(Xn+1fj — Xny1-j)s X1 — Xpg1 >
=1

= Onn—t < Xpt1 — Xpg1, Xpy1 — X1 >=0p gk

Thus

—1 > >
gn,n—k =V < Xn+1an+1 - Xk+1 >

—1 s
=v, < Xpy1, Xpg1 — Xgy1 >

= rx(n Lk +1) =Y O < Xngt, Xpp1-j — Xpp1-j >

<.
I Mk‘
—_

k—1
7=0
k—1
= Vk_l Iix(n + 1, k + 1) — 0k7k,j9n,n_jyj
7=0



Then

Un = || Xny1 — )?nJrlHQ = HXnJrlH2 - H)?nJrIH2

2
n

= rx(n+1,n+1) = > 0n(Xnt1-; — Xnt1-))
j=1

~ 2
‘Xn—l-l—j - Xn+1—jH

n
=kx(n+1,n+1)— ZG,QU
j=1
n
=rx(n+1,n+1)— Zeijyn,j
j=1

n—1
=krkx(n+1,n+1)— Z Oi,n_kwﬁ.
k=0

O

Example 5.5. (Prediction of an MA(1) Process Using the Innovations Algorithm). If {X;} is the
process,
Xy =Wi+0W,_1, {W;} ~WN(0,0?),

Then

vo = (1+6%)0% 011 =1y kx(2,1) =1, 002,

v =(1+60%0% -0y =(1+ 62— vy '0%0%)0?,

If we define r, = v, /0%, then we can write
Xn-i—l = O(Xn - Xn)/rn—lu

where 79 = 1+ 0% and r, 11 = 1+ 6% — 62 /r,,.
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5.5.3 Recursive Calculation of the h-Step Predictors, h > 1

~

Since 5p{ Xy, ..., X1} is a linear subspace of 5p{ Xy, 4 n—1,..., X1}, and when j < h, Xy p—j— Xy
is orthogonal to Sp{ Xy, ..., X1}, we have

P(Xnin | Xy X1) = P | Xoshotseeos X1) | Xnyoo, X1}

=P(Xpqn | Xny..., X1)
B n+h—1 R
=P Z Onih—1(Xnyn—j — Xntnhj) | Xn,..., X1
=1
n+h—1 R
= D O i (Xnrny — Xngny), (5.12)
j=h

(5.13)
Further the mean squared error can be expressed as

E{ X — @(Xnﬂb | Xn, .. 7X1)}2 = HXnJrh”2 - ”@(erh | X, ... ,Xl)H2
n+h—1
=kx(n+h,n+h)— Z 0721+h—17j1/n+h—j—1-
j=h
Remark 5.4. Note that, while the Durbin-Levison algorithm gives the coefficients Xi,..., X, in
the representation of )A(nﬂ = Z?Zl ®njXn+1—j, the Innovations algorithm gives the coefficients of
the “innovations”, (X; — X;),j =1,...,n, in the orthogonal expansion X, = Z;‘Zl Onj(Xns1-5 —

Xn+t1—j). The latter expansion is extremely simple to use, especially, in the case of ARMA(p,q)

processes.

5.6 Recursive Prediction of an ARMA(p,q) Process
For an causal ARMA(p, q) process {X;} defined by
o(B)X; = 0(B)W;, {Wi} ~ WN(0,0?).
Instead of applying the Innovations algorithm to {X;}, we apply it to the transformed process

Zy =o' X, t=1,....,m
Zi=019B)Xi =0 Y Xt — 01 Xem1 — - — 9pXi—p) = 0 LO(B)W;, t>m,

where m = max(p,q). For notational convenience, we define §y = 1 and assume that p > 1 and
q=>1
It can be seen that
sp{X1,...,Xn}=5p{%Z1,....Zn}, n>1
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For n > 1, we also use the notation )?n_t'_l and Zn+1 to denote the predictor
Xos1 =P(Xpa1 | X1,.. . X)) and  Zpyy = P(Znsa | Z1s. .., Z),

respectively. Of course, we have X 1= 21 =0.
Now we apply the Innovations algorithm to {Z;}. For {Z;}, we have

0-_2’}/)((1:_].)’ ]-Slajgma

(i) = o {yx(i—j) = Y 0_  deyx(r — i —j)}, min(i,j) <m < max(i,j) < 2m,
ZZ:O QTQH_“_]" min(i,j) >m,
0, otherwise,

(5.14)

where we set 0; = 0 for j > q.

Then based on the Innovations algorithm, we can obtained 6,,;s such that

2n+1 = ZJ 1 Oni(Zpp1—j — Zn—l—l—j)y 1 <n<m,
L1 = z 9 ( n+l—j Zn+1—j)> n > m,

and
Tn = E(Zn+1 - Zn+1)2-

It is worthwhile to point out that 6,,; = 0 when both n > m and j > ¢. Why?
Now, we show the relationship between )A(t and Z\t. Whent=1,...,m

~

Zy=P(Z | Zs_1,.... Z1) =P Xy | Xo_1,..., X1) =0 ' X,
For t > m, we have

7y =P(Z | Zo-r,...,21) =Plo " ¢(B)X¢ | Xi—1, ..., X1)
=0 P(Xy— Xy 1 — - — PXep | X1, Xq) = U_I(f(t —¢oXp1 — - — PP X))
= o MX, + ¢(B) X, — X;}.

Thus
Xt Xt = O'(Zt Zt), Vi 2 1.

Thus, when 1 <n <m

X1 = Xn1 — 0(Zns1 — Znt1) = (Xog1 — 0Zn11) + 0Znt1 = Z O (Xns1—j — Xnt1-j)-
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when n > m,

~

)?nJrl = Xnp41 — U(Zn+1 - Zn+1)

= Xpi1 — (Xng1 — 01 Xn — - — 0pXnt1-p) + 0 Zn11
q A~
=pXp + -+ X1y + Z Onj(Xnt1—j — Xnt1-5)-
=1
Thus, we have
)A(nﬂ = Z?:1 an(Xanj - An+1—j), I <n<m, (5.15)
Xnt1 =01 Xn + -+ 0pXp1-p + 251 Onj(Xny1—j — Xny1-5), n>m,

and further
E(Xnt1 — Xnt1)? = 02E(Zng1 — Zni1)? = 021y, (5.16)

Equations (5.14), (5.15) and (5.16) provides a recursive calculation of one-step predictor P(X,, 11 |
Xn,...,X1) for a general ARMA(p, q) process.

Remark 5.5. Note that, the covariance kz(i, j) depend only on ¢y, ..., ¢, 01,...,6, and not on a2

The same is therefore true of 6,; and r,,.

Remark 5.6. The representation (5.15) is particularly convenient from a practical point of view,
not only because of the simple recusion relations for the coefficients, but also because for n > m it
requires the storage of at most p past observations X,,..., X,,11_, and at most ¢ past innovations
(Xns1—j — AnH,j), j=1,...,q, in order to predict X, 1. Direct application of the Innovations
algorithm to {X;} on the other hand leads to a representation of )A(nH in terms of all the n preceding

innovations (X; — )A(j), ji=1,...,n.
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Example 5.6. (Prediction of an MA(q) Process). For an MA(q) process; i.e., {X;} is defined as
Xy = Wi+ O Wiy + - + 0,Wi_g.
which can be viewed as ARMA(1, q) process. Thus, we can apply (5.15) and obtain
{ ):(n—l-l =2 72100 (Xn41-5 — )En+1—j)7 l<n<g,
Xnt1 = 2921 O0nj(Xny1-j — Xny1-5), n>gq,

where the coefficients 6,,; are found by the Innovations algorithm using the covariance rz(i, j), where

Zt:O'_lXt, t:]_,...,q
Zy=01¢(B) Xy =0"'X;, t>gq,

Thus the process {Z;} and {o~1X,} are identical, and the covariances are simply and

q—[i—jl

HZ(ia])_U ’7X Z_] Z 997‘4—\@ —jl*

5.6.1 h-step prediction of an ARMA (p,q) process

When h > 1, similarly as in Section 5.5.3; based on (5.12), we have,

F(Z\n—i-h | sy Zl) = @(Z\n-i-h | D, CHR 7X1)
n+h—1 R
= Z Onth—1,j(Znth—j — Znth—j)

n+h—1

—1 >
=0 § Ontn—1,j(Xnsn—j — Xngn—j)-
j=h

Then when 1 < h < m —n,

P(Xnan | Xnyoo o, X1) = P{Xnsn — 0(Znsn — Znsn) | Xn,..., X1}

= Uﬁ{z\n-‘rh ’ D, CHI 7X1}
n+h—1

Z Onih—1(Xnyn—j — )?n+hfj)~
j=h
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When h >m —n
P(Xpin | Xns oo X1) = P{Xpsn — 0(Znih — Znsn) | Xnoo o X1}

p
=P (Z GiXnth—i | D, S X1> + U@{Zn+h ‘ X, ... ,Xl}
=1

p n+h—1
= > PXpgnoi | Xosoo s X0+ D Ongn1j(Xnsnj — Xngng)-
i=1 j=h

Since 6,; = 0 when both n > m and j > ¢, we have obtained the h-step predictor

~

h—1
Z?;Lh Onn—1;(Xngn—j — Xpyn—j), 1 <h<m—n,

B(Xp | Xnoo o Xy) = _
Ko [ X X =0 50 B (X | X X0)

~

+ Zhgqu Ontn—1,(Xnsn—j — Xngn—j), h>m—n.

One last thing I would to say about prediction is that, under a Gassian assumption, we can
use the prediction and the prediction mean squared error to construct confidence interval. For an

unkonwn X,,; 5, an 95% CI is

@(XnJrh ‘ D, CHIN 7X1) + 196[E{Xn+h - @(XnJrh ‘ D, CHI 7X1)}2]1/2‘

o
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5.7 Miscellanea

Example 5.7. (Prediction of an AR(p) Process). For an AR(p) process; i.e., {X;} satisfies that
Xi— 1 Xy 1 — = 0p Xy p =W,
and Cov(Wy, X5) = 0 for s < t. With no difficulty, we can see that, when n > p,

Xns1 =P(Xnt1 | Xpyoo o, X1)
Zﬁ(fﬁan + -+ (prn-i-l—p + Wt | Xn; ey Xl)
=01 Xpn + -+ OpXnt1-p

The one-step prediction if fully determined by its previous p observations. Further
% 2 _ 2 _ 2
E{Xn+]_ - Xn+1} == EWt =0 .

Noting that, we can view that, conditional on {X,,,..., X1}, Xpp1 =1 Xp+c- -+ 0pXnp1—p+ Ws
follows a distribution with mean ¢1X,, + --- + ¢, X, 41—, and variance o2, Recall that the optimal
predictor of X given Y is E(X | Y). Thus, in our AR(p) case, we have the optimal predictor being
the same as the optimal linear predictor.

The other interesting thing is that, in this example, neither the Durbin-Levinson algorithm nor
the Innovations algorithm is need for compute )?n+1. Notice that, in both algorithm, we need
the autocovariance or more generally the covariance function. For example, in the Durbin-Levison
algorithm, we have

Xi1 = b Xn+ -+ X1, n>1.

and its mean squared error of prediction will be denoted by v, as
_ % 2
Up = E(Xn+1 — Xn+1) s n 2 1.

where ¢11 = vx(1)/vx(0), vo = vx(0),

n—1
b = 4 1x(n) = > dn1jyx(n— ) p vy,
=1

(bnl (,bn—l,l ¢n—1,n—1
: = — Onn :

(z)n,n—l ¢n—1,n—1 d)n—l,l

and

Un = anl(l - ¢3m)
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Thus, with the acknowledgement of yx (h), the coefficients ¢,, js are fully determined. Now we know
¢n,;s from the model definition directly. It does not make use of yx (h) of {X;}. Naturally, a question
rises as: can we use the ¢s to find all the yx (h)s?

To do so, we look as the Step-Down Durbin Levinson algorithm: given ¢n1, ..., ¢nn and vy,

¢ L :anj + ¢nn¢n,n—j
e 1- Qb?m

Un—1 :Vn/(l - gb?m)

Thus, start with ¢, 1 = ¢1,...,0p = ¢p and v, = o2, we can step-down recursively to get
Gp-1,5 & Vp_1,0p2j5 & Vpo,..., 011 & v1.
Then we can find all the vx(h) via

vx(0) =vo = v1 /(1 - ¢1y)
¥x (1) =yx(0)p11

and .
YX (’I’L) = anlﬁbnn + Z ¢n71,j7X (n - ])
=1
Thus

vx(2) =¢22v1 + d117x (1)
Yx (3) =332 + P327x(2) + P227x (1)

Yx(P) =bppp—1 + p-1,17x(P — 1) + -+ dp_1p17x(1)

Noting that, Once we have yx(0),...,vx(p), we have for k > p+ 1,

vx (k) = d1yx (b +1) + -+ dpyx (kb —p).
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Example 5.8. (Generating a realization of an ARMR(p, q) process.) How to generate exact re-
alizations of ARMA processes? Let us consider generating stationary and causal Gassian AR(p)

processes:
Vi —1Yiy — - ¢pYip = Wi, Wy ~ N(0,07).

Recall that, for any ¢t > p + 1, we have
Vi =P(Yi | Y1, V1) = $1Vioa 4+ + Vi

The innovations are
Uy=Y,— Y= 7

with MSE being

vi_1 = VarlU; = o°.

Now, we can use step-down L-D recursions to get coefficients for
}/t = qbtfl,lyvtfl + -+ (th,l’t,l}/l,t = 27 35 Y %

also the associated MSEs v;_;.

Now we have all the innovations U; =Y; — 17}, fort=1,...,p, where
1. BEU; =0 and VarU; = v;_;.

2. U1,Us, ..., U, are uncorrelated random variables, (by the Gaussian assumption, it means in-

dependent normal)

Thus, we can easily simulate U;s, t = 1,...,p. Then we unroll U; to get simulations fof Y;s for
t=1,...,p:
Ui="
Uy =Ys — o111

Us =Y3 — ¢21Y2 — 92211

Up=Y, = p-11Yp-1— " — Op_1p-1Y1.

Now, we have {Y;,t =1,...,p}, we can start generating Y;s for ¢ > p based on the definition of the
AR(p) model.
Once we know how to simulate AR process ¢(B)Y; = Z;, we can easily simulate an ARMA
process ¢(B)X; = 0(B)Z; based on
X; =0(B)Y;.
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6 Estimation for ARMA Models

The goal of this chapter is to estimate the ARMA(p, q) model for observed time series x1, ..., Z,.

More specifically, we need determine p and g; i.e., order selection; need estimate all the unknown

parameters, including the process mean, coefficients ¢; and/or 6;, and white noise variance a?.

6.1 The Yule-Walker Equations and Parameter Estimation for Autoregressive

Processes

Let {X;} be the zero-mean causal autoregressive process,

Xp = o1 X1 — - = 6pXep = Wy, {Wi} ~ WN(0,0%). (6.1)
Our aim is to find estimators of the coefficient vector ¢ = (¢1,...,¢,)" and the white noise variance
o2 based on the observations X1, ..., X,, where of course, n > p.

The causality assumption allows us to write X; in the form
o
Xi=> nWin,
h=0

where ¥(2) = Y32, ¥nz" = 1/¢(2), |2| < 1. Now we multiply each side of (6.1) by X;—;,5 =0,...,p

and then take exception. It leads to

E(Xi—jXi — 1 X j Xoo1 — - — dpXi—j Xip)
= E(X;_jW))

=K {Z VWi j—nWe, }
h=0

= Zﬂ)hE{Wt—j—hWt}
h=0

= 02I(j = 0), since g = 1

Thus
vx(0) — ¢1yx (1) — -+ = dpyx(p) = 02,
¥x(1) = 17x(0) — - = dpyx(p— 1) = 0,
vx(p) —d1yx(p—1) — -+ — ¢pyx(0) = 0.
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Now, we obtain the Yule-Walker equations,
Ty = . (6.2)
and
0? = 1x(0) = &y (6.3)

where T') = [yx (i _j)]f,j:p ¢ = (¢1,...,0p)" and vy = (yx(1),...,7x(p))". Recall that, in Section
2.6.2, we have proposed the estimator of vx and proved that the estimator 7x is nonnegative definite.

Using that, we have our so-called Yule-Walker estimator &5\ and 72

T,0 =7, (6.4)
5° =9x(0) — "y, (6.5)

Noting that we have

_ n—|h .
n M (X~ Xa)(Xe = X)) i [B <
0 if |h| > n.

Based on Lemma 2.3, we know that 7x is nonnegative definite. Thus, 7x(-) is the auto covariance

function of some stationary process base on Theorem 2.3; i.e.,

“A real-valued function defined on the integers is the autocovariance function of a stationary time

series if and only if it is even and non-negative definite.”
According to Proposition 2.1; i.e.,

“If {X;} is a stationary g—correlated time series (i.e., Cov(Xs, X;) = 0 whenever |s — t| > ¢) with

mean 0, then it can be represented as an MA(q) process.”
this stationary process must be an MA(n — 1) process. Finally, based on Proposition 5.1; i.e.,

“For a stationary process, if yx(0) > 0 and yx(h) — 0 as h — oo, then the covariance matrix

7

Ty, = [yx(i — j)i;=1 1s positive definite for every n.

if x(0) > 0, then it can be shown that f‘p is non-singular. Diving by 7x(0), we therefore obtain

5% =Ax(0)(1 - Py R, ' By), (6.7)

where @, = (3(1),. .., 3(p))™ = 3/7x (0)-

Remark 6.1. One feature of the Yule-Walker estimator is that, the fitted model
X — 01 Xp1 = — opXy—p = Wi, {Wi} ~ WN(0,52),
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is also causal. And the fitted model’s ACVF is 4x(h) for h =0,1,...,p (but in general different for
higher lags).

Theorem 6.1. If {X;} is the causal AR(p) process with {W;} ~ IID(0, ¢?), then the Yule-Walker
estimator (,iA) enjoys that

~

V(g — ¢) 5 N(0,0°T, 1),

and

Remark 6.2. Noting that, the Yule-Walker estimator is based on moment matching method. Gen-
erally speaking, moment based estimator can be far less efficient than the MLE. However, one good

thing of the Yule-Walker estimator is that, it is asymptotically the same as the MLE estimator.

Remark 6.3. Approximated 95% confidence interval for ¢; is given by

|64 1.961/5;/ v
where ;5 is the jth diagonal element of 32f‘5 1. And a 95% confidence region for ¢ is then

~
o~ o~ 2

(¢ — ¢)'T(¢ — B) < x25(n)—.

n

Example 6.1. Here is a dataset; number of sunspots observed each year between 1749 and 1963.
The plot of the data is the following

Sunspots (1749-1963)
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Sample ACF for Sunspots
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Fitting the series for AR(p), where p =1,2,3,4,5,6,7,8,29, we have
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Theorem 6.2. If {X;} is the causal AR(p) process with {W;} ~ IID(0, 0?) and if

¢m = ((bmh . ~7¢mm)T - R';llﬁ’mnm > p7

then
V(P — Pm) % N(0,0°T;; 1)

where ¢,, is the coefficient vector of the best linear predictor ¢, X,, of X,,+1 based on X, =

(Xom, .., X1) s ie., ¢ = R L pp. In particular for m > p,
V1mm > N(0,1).

Remark 6.4. When fitting AR models, the order p will of course be unknown. If the true one
is p, but we want to fit it by order m, then we should expect the estimated coefficient vector

q/b\m = (Gm1,---»Omm)" to have a small value of Grmm for each m > p.

Remark 6.5. Noting that ¢, is the PACF of { X, } at lag m, recall, PACF is a good tool to identify
AR series (while ACF is for MA processes). If m > p, we have ¢, = 0.

Remark 6.6. For order selection of p, our textbook suggest setting p to be the smallest pg, such
that
|pmm| < 1.96/+/n, for py < m < H,

where H is the maximum lag for a reasonable estimator of vx; i.e., H < n/4 and n > 50.

6.2 Preliminary Estimation for Autoregressive Processes Using the Durbin-Levinson
Algorithm

Suppose we have observations x1, ..., x, of a zero-mean stationary time series. Provided 7,(0) > 0 we
can fit an autoregressive process of order m < n to the data by means of the Yule-Walker equations.
The fitted AR(m) process is

Xi— b1 Xeo1 — OmmXiem = Wi, Wy ~ WN(0, D) (6.8)
where
b = (Dmis- - dmm)* = Ry Pom, (6.9)
and
Dm = Ax(0){1 — 3R} (6.10)

Based on Theorem 6.2, we know that ¢A)m is the estimator of ¢,, which is the coefficient vector of
the best linear predictor ¢, X, of X,,+1 based on X,,, = (Xp, ..., X1)", further, we can see that

Up, is more like an estimator of the corresponding mean squared prediction error.
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This leads us to the following proposition.

Proposition 6.1. (The Durbin-Levison Algorithm for Fitting Autogressive Models). If 7x(0) > 0

then the fitted autoregressive model (6.8) for m = 1,2,...,n—1, can be determined recursively from

the relations, 11 = 7x(1)/3x (0), %o = 7x (0),

m—1
¢mm: fVX Z m l,j’)/X m — ]) /V\;Ll_p
7j=1
Om1 Om-1,1 Om—1,m—1
= — Pmm
¢m,m71 d)mfl,mfl Qﬁmfl,l
and
/V\m = /V\m—l(l - (ggnm)
Again, noting that, ¢A511,¢A522, . .,ngﬁmm are the sample partial autocorrelation function at lags
1,2,...,m. Using R function acf and selecting option type=“partial” directly calculates the sample
PACFs.

Example 6.2. We generated a sequence of AR(2) series:

set.seed(720)

w=rnorm(5000,0,1.5)

x=filter(w,filter=c(0.5,0.2) ,method="recursive")
x=x[-(1:2000)]

pacf=acf (x,type="partial")

YW=ar (x ,method="yule-walker")

YW

Call:

ar(x = x, method = "yule-walker")
Coefficients:

1 2
0.5176 0.1730
Order selected 2 sigma”2 estimated as 2.327

YWlc(2,3,14)]
$ar
[1] 0.5175761 0.1729591

$var.pred
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[1] 2.327124
$asy.var.coef

[,1] [,2]
[1,] 0.0003236854 -0.0002025678
[2,] -0.0002025678 0.0003236854

ar (x,method="yule-walker",aic=FALSE,3) [c(2,3,14)]

$ar
[1] 0.516461352 0.169623096 0.006445428
$var.pred

[1] 2.327804
$asy.var.coef

[,1] [,2] [,3]
[1,] 3.337645e-04 -0.0001727485 -5.772761e-05
[2,] -1.727485e-04 0.0004131905 -1.727485e-04
[3,] -5.772761e-05 -0.0001727485 3.337645e-04

Series X

Partial ACF

00 01 02 03 04 05 06

Lag
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6.3 Preliminary Estimation for Moving Average Processes Using the Innovations
Algorithm

We know that we can fit autoregressive models of orders 1,2, ..., to the data z1,...,z, by applying
the Durbin-Lesion algorithm based on the sample autocovariances. Just like this, we can also fit

moving average models,
Xi = Wi+ Wit + - + O Wen, - Wi ~ WN(0, Dy),

of orders m = 1,2,..., by means of the innovations algorithm, where 0/,; = (gml, e ,gmm)T and

white noise variance U,,, m = 1,2, ..., are specified as follows.

(Innovation Estimates of Moving Average Parameters). If 7x(0) > 0, we define the innovation

~

estimates 0,,, Uy, appearing above for m = 1,...,n — 1, by the recursion relations 7y = 7x(0),
k—1
Omm—t = ' |Ax(m —k) =Y Omm—ibrp—iVj|, k=0,...,m—1,
j=0
and
m—1
~ ~ -~ ~
Um = 7x(0) — Z O m—Vj-
§=0

The asymptotic behavior can be proved more generally, not only for MA models (since for each

observed sequence, we can calculate 7x (h), and then use the above recursive means to find gs)

Theorem 6.3. (The Asymptotic Behavior of ém) Let {X:} be the causal invertible ARMA process
¢(B) Xy = 0(B)Wr, {Wi} ~ 1ID(0,0%), EW! < oo, and let 9(z) = 322209527 = 0(2)/o(2), |2 < 1,
(withe ¥g = 1, and ¢); = 0 for j < 0). Then for any sequence of positive integers {m(n) : n =1,2,...}

such that m < n, m — co and m = o(n'/?) as n — oo, we have for each k,
~ ~ ~ d
\/’ﬁ(eml - 1/}1)97712 - ¢27 .. ‘79mk - ¢k))T — N(OaA)a

where A = [aij]szl and
min(z,5)
aj; = E Vi Py
r=1
Moreover,

Um — 0°.

Remark 6.7. Difference between this approach and the one based on the Durbin-Levsion algorithm.
For an AR(p) process, the Yule-Walker estimator qu = (ggpl, e ,qup)T is consistent for ¢, as the
sample size n — co. However for an MA(q) process the estimator éq = (é\ql, e §qq)T is not consistent
for the true parameter vector 6, as n — oo. For consistency it is necessary to use the estimator

(§m1, e ,gmq)T with {m(n)} satisfying the conditions of the above theorem.
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Example 6.3. Consider MA process Xy = Wy — 1.5W;_1 +.5W;_o, Wi ~ N(0,2). Run the following

codes, we can see that

set.seed(720)

rnorm(2000,0,sqrt(2)) # 500 N(0,1) variates
filter(w, sides=1, c(1,-1.5,.5)) # moving average
v=tail(v,500)

require(itsmr)

jj=c(1:10,10,10,10)

mm=c (1:10,20,50,100)

for(i in 1:13)

w

A%

{
print(ia(v,jj[i] ,m=mm[i]))
}
J 1 2 3 4 5 6 7 S 9 10| »y
m
1]-064 0.00 000 0.00 000 000 0.00 000 000 0.00]323
21-088 0.8 000 0.00 000 0.00 0.00 000 0.00 0.00]|2.75
30-1.02 020 -0.10 0.00 0.00 0.00 0.00 0.00 0.00 0.00|2.39
41-110 027 -0.05 012 000 0.00 0.00 0.00 0.00 000|243
5(-1.14 028 -0.08 0.09 -0.10 0.00 0.00 0.00 0.00 0.00|2.26
61-1.19 029 -0.09 0.09 -0.12 0.04 0.00 000 0.00 0.00| 247
71-1.22 032 -0.07 0.13 -0.10 0.10 0.03 0.00 0.00 0.00 | 2.22
8|-124 031 -0.10 011 -0.14 0.08 -0.02 -0.07 0.00 0.00 | 2.04
9]-128 032 -009 012 -0.14 0.10 -0.01 -0.05 0.07 0.00 | 2.06
10 |-1.29 034 -0.08 0.14 -0.13 0.1 0.00 -0.04 0.10 -0.01 | 2.20
20 | -1.32 036 -0.09 0.16 -0.14 0.11 0.01 -0.05 0.09 -0.06 | 2.05
50 | -1.32 0.38 -0.10 0.16 -0.14 0.10 0.01 -0.04 0.08 -0.06 | 2.04
100 | -1.34 041 -0.12 0.17 -0.15 0.1 0.02 -0.06 0.08 -0.04 | 2.05

98



6.4 Preliminary Estimation for ARMA (p, q¢) Processes

Theorem 6.3 basically says that, for a causal invertible ARMA process ¢(B)X; = 6(B)W;, we can

~

use the innovations algorithm to obtain é\ml, «oy Ok, for each k, which are consistent estimator of
U1, ..., Y, where ¥(z) = E?io Yjz) = 0(z)/$(z). What more can we do using this results? More
specifically? 1 (z) comes form 6(z) and ¢(z), can we use the estimator of ¥(z) and go back to estimate
0(z) and ¢(2)?
Let {X;} be the zero-mean causal ARMA(p, q) process,
X — 1 Xem1 — dpXop = W+ OWist + - + 0, Wiyg,  {Wi} ~ WN(0,0?).

The causality assumption ensures that
o0
Xp =Y Wiy,
§=0

Based on

= )
2% = 5y

we can match the coeflicients as

¢ =1

and
min(j,p)

=1

and by convention, §; = 0 for j > ¢ and ¢; = 0 for j > p. So when j > p, we actually have

p
=1

We know how to estimate v;s. Replacing them with their estimators, we have
~ p ~
Omj=>  Gibmji» F=a+1,q¢+2,...,q+p
i=1

Then, solving for ¢;, we obtain the estimator g/gl, ey g/i)\p (natural question: does the solution exist? If
so, unique? Further, is the fitted ARMA process causal?). Then, the estimate of 1, ...,6, is found

easily from

)

0; =

>

min(j;p)
mj — Z ¢i9m,j7i7 j:172>7q
i=1

2

Finally, the white noise variance o° is estimated by

G2 = U
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By the consistency of §mj RN 1, where m = m(n) satisfying the condition in Theorem 6.3, we have
$£>qb, 050, andd?Bo® asn— oo

However, the efficiency (asymptotic variance) of this moment-matching type estimator is somewhat
poor. In the next section, we discuss a more efficient estimation procedure (strictly more efficient
if ¢ > 1) of (¢, 0) based on maximization of the Gaussian likelihood. Noting that, when ¢ = 0, we
have AR process. And in the first section of this Chapter, we discussed that the Yule-Walker (based

on moment-matching) estimator is the same efficient as the MLE.

6.5 Recursive Calculation of the Likelihood of an Arbitrary Zero-Mean Gaussian
Process

All the previous discussed method are based on matching moments. This is very natural thoughts,
since for a general stationary time series, it is basically determined by its first moment (mean) and
its second moments (ACVF). Can we gain more if we assume more assumptions about the sequence?
In this section, we assume {X;} to be a Gaussian process, more specifically, an arbitrary zero-mean
Gaussian Process. In the next section, we focus on Gaussian ARMA processes.

Let {X;} be a Gaussian process with mean zero and covariance function x(i,j) = E(X;Xj).
Denoting X,, = (X1,...,X,)" and I';, as the covariance matrix of X,; i.e., I';, = E(X,,, X)) which

is assumed to be non-singular. Then, we have
X, ~ N(0,T,).
Then the likelihood of X, is
L(D,) = (2n)%(det T,,) "2 exp(= X0 1 X, /2)

Evaluating detT',, and I';;! can be avoided by using the one-step predictors and their mean squared
errors.

Denoting the one-step predictors of X as X, = (X1, ..., X,)" where X; = 0 and )/(\'j = F(X; |
Xi,...,Xj-1), 7 > 2,and vj_1 = E(X; — )/(\'j)Q forj=1,...,n.

We know that, from the innovations algorithm,

5(: 0, n =0,
+1 = ~
! Z?:l enj(Xanj - XnJrlfj), n>1,
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Now define

1
C = 09 021 1
On—1n-1 On-1n—2 Op-11 1

Then, we can write
X, =(C-D)(X,—X,),

where I is the n dimensional identity matrix. Hence
Noting that
where D = diag{vo, ...,vn—1}. Thus,

Further, we have
errjlxn = (Xn — XN)TDil(Xn - Xn) = Z(XJ - Xj)2/’/j'

and
detI',, =detC x det D x det C' = vguv1 -+ - Vp—1.

Finally, we can rewrite the likelihood as

L(Tw) = (2m) "o+ vn) P expd — S
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6.6 Maximum Likelihood Estimation for ARMA Processes

Using the MLE developed from last section, suppose, now we have a causal Gaussian ARMA (p, q)

process,

The one step predictor is obtained through the Innovations algorithm; i.e.,
i
Xip1 =Y 0ij(Xip1j — Xip1-j), 1<i<m=max(p,q),
j=1

and

q
Xivi=g1 X1+ 4+ ¢pXiv1-p + Z9ij(Xi+1—j — Xit1-4),i >m,
=1
and
E(Xi+1 — Xi+1)2 = UQT@'-

Thus, the MLE can be derived as

n

. _ L onm (X = X)?
2y _ 2\—n/2 1/2 -2 Sl e VA
L($.6.0%) = (2n0°) " 2(rg -+ rn1) P exp |~ 0 Ezj

Setting first derivative of log L w.r.t. 02 to be zero, we have
52 =n"15(¢,0)

where

~

2

6.9 =3 0

Jj=1

and $, 0 are the values of ¢ and 0 which minimizes

1(¢,0) =log{n'S(¢,0)} +n~ "> logr;_;.
j=1

This [ function is referred to as the reduced likelihood, which is a function of ¢ and 6 only. Note
that, we start with the causal condition, so it is better to search for ¢ that makes the sequence
casual. However, invertible is not required, but you can also do that.

An intuitively appealing alternative estimation procedure is to minimize the weighted sum of

squares

n X2
s(0.0) =3 0

Jj=1
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We refer the resulting estimator to as the least squares estimator $ and 6. Further the least square
estimate of o is

52 S((Z? 5)

S n—p—gq
6.7 Asymptotic properties of the MLE

Denoting 8 = ($T, §T)T, if {W;} ~IIDN(0,0?) and {X;} is causal and invertible, then

~

V(B - B) 5 N0,V (8))
where for p > 1 and ¢ > 1,

-1
vip - P 00

EVUS EV,V/*

where Uy = (Uy, ..., Upy1-p)" and V; = (V4, ..., Vig1-¢)" and
o(B) Uy = Wy

and
0(B)V, = W,.

AICC Criterion: Choose p, q, ¢, and 6, to minimize

(p+q+1)n
(n—p—q—2)

AICC = —2log L {cpp, 0,, S(‘pg OQ)} +2

6.8 Diagnostic checking

Based on data {Xi,...,X,}, we can fit an ARMA(p, ¢) model and obtain the MLE (,g, 6 and o2.
We denote the fitted process as

~ o~

¢(B) Xy = 0(B)Wr.

Based on the fitted process, we can calculate the one-step predictor of X; based on Xq,..., X 1,

given the values of QAS, 6 and o2. We denote this predictor as

The residuals are defined by

If the fitted model is exactly true, then we could say that {Wt} ~ WN(0,52). However, we are not

that lucky, even we were, we do not believe we were. Nonetheless, Wt should have properties that
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are similar to those of the white noise sequence

X, — Xi(9,0)

t=1,...,
\V/ Tt,1(¢,0) "

which approximates the white noise term in the sense that

Wt(¢7 0) =

E{Wi(¢,0) —W;}2 -0, t— oo.

Consequently, the properties of the residuals {/V[Z} should reflect those of the white noise sequence
{W;} generating the underlying true process. In particular, the sequence {/Wt} should be approxi-
mated (i) uncorrelated if W; ~ WN(0, o2), (ii) independent if {W;} ~ IID(0,02), and (iii) normally
distributed if W; ~ N (0, 0?).
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7 Nonstationary process

7.1 Introduction of ARIMA process

If the data exhibits no apparent deviations from stationarity and has a rapidly decreasing autocor-
relation function, we shall seek a suitable ARMA process to represent the mean-correlated data. If
not, then we shall first look for a transformation of the data which generates a new series with the
above properties. This can frequently be achieved by differencing, leading us to consider the class of

ARIMA (autoregressive-integrated moving average) processes.

Definition of intrinsically stationary process: Stochastic process {X;} is said to be intrinsically
stationary of integer order d > 0 if {X;}, {VX,}, ..., {V?1X;} are non-stationary, but {V<¢X;} is

a stationary process.

Note that

VXi=(1-B)X; =Xy — X4
VX =V(VXy) = (1 - B’Xy = (Xy — Xyo1) — (Xom1 — Xym2) = Xy — 22X 1 + X o

d 4 (ad
(-1)*BrFx, = < )(—1ﬁvg_
() 2\ k

And any stationary process are intrinsically stationary of order d = 0.

d
VX, =(1-B)X, =)
k=0

Definition of the ARIMA(p,d, q) process: If d is a non-negative integer, then {X,} is said to be
an ARIMA (p,d, q) process if

1. {X:} is intrinsically stationary of order d and

2. {V9X;} is a causal ARMA (p, q) process.

With {W;} ~ WN(0, 0?), we can express the model as
¢(B)(1 - B)*X, = 0(B)W,
or equivalently, as
where ¢*(B) = ¢(B)(1 — B)?, ¢(z) and 6(z) are polynomials of degrees p and g, respectively and

¢(z) # 0 for |z| < 1. Noting that if d > 0, then ¢*(z) has a zero of order d at z = 1 (on the unit

circle).

Example 7.1. A simplest example of ARIMA process is ARIMA(0, 1,0):
(1 - B)Xt - Xt - thl - Wt,
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for which, assuming existence of Xg and ¢ > 1,

X1 =Xo+ W1
Xo= X1+ Wy =Xo+ Wi+ Wy
X3=Xo+W3=Xo+ Wi+ Wy + W3

t
Xt:X0+ZWk.
k=1

Above is a random walk starting from Xy. Assuming X is uncorrelated with W;s, we have

t
VarX; = Var (Xo + Z Wk>

k=1
t

= VarXg + Z VarWy,
k=1

= VarXy + to?

which is either time-dependent or infinite if VarXy = co. Further

t+h t
Cov(Xiqn, X¢) = Cov <Xo + Z Wi, Xo + Z Wk> = VarXy + min(t,t + h)o>.
k=1 k=1

Thus, ARIMA(0, 1,0) is a non-stationary process. This same true for all ARIMA(p, d, q) process

when d is a positive integer.
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A realization of white noise.

N=1000; Wt=rnorm(N,0,1); par(mfrow=c(3,1));par(mar=c(4.5,4.5,.1,.1))
plot.ts(Wt,col="blue",ylab=expression(X[t]));acf (Wt,type="correlation");
acf(Wt, type="partial")
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A realizaiton of random walk.

N=1000; Wt=rnorm(N,0,1); Xt=cumsum(Wt);

par (mfrow=c(3,1)) ;par (mar=c(4.5,4.5,.1,.1));
plot.ts(Xt,col="blue",ylab=expression(X[t]));

acf (Xt,type="correlation");acf (Xt, type="partial")
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Another realization of random walk.

N=1000; Wt=rnorm(N,0,1); Xt=cumsum(Wt);
par(mfrow=c(3,1)) ;par(mar=c(4.5,4.5,.1,.1));
plot.ts(Xt,col="blue",ylab=expression(X[t]));

acf (Xt,type="correlation");acf (Xt, type="partial")
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Example 7.2. {X;} is an ARIMA(1,1,0) process if for some ¢ € (—1,1),

(1-¢B)(1—B)X; =W;, {W;} ~WN(0,5?).

We can write ¥; = (1 — B)X; which is an AR(1) and thus

Y= ¢Wiy.
j=0

Back to {X;}, we have

and recursively,

Further

Xi— X1 =Y,

t
Xe=Xo+> Y, t>1
j=1

t
VarX; = VarXy + Var Z Y;
j=1

tot
= VarXj + Z Z Cov(Y;,Y;)

i=1 j=1

t t
= VarXo+» > (i —j)
i=1 j=1
t
= VarXo + tyy(0) + 2 (t—i+ 1)y (i — 1)

=2
t
= VarXy + 7y (0) {t + 2Z(t —i+1L)py(i— 1)}
1=2
0'2 ! . i—1
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An realization of AR(1).

N=1050;Wt= rnorm(N,0,1);

Yt = filter(Wt, filter=c(.6), method="recursive") [-(1:50)]
par(mfrow=c(3,1)) ;par(mar=c(4.5,4.5,.1,.1));

plot.ts(Yt, col="blue",ylab=expression(X[t]));
acf(Yt,type="correlation") ;acf(Yt, type="partial")
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An realization of ARIMA(1,1,0).

N=1050;Wt= rnorm(N,0,1);

Yt = filter(Wt, filter=c(.6), method="recursive") [-(1:50)] ;Xt=cumsum(Yt)
par(mfrow=c(3,1)) ;par(mar=c(4.5,4.5,.1,.1));

plot.ts(Xt, col="blue",ylab=expression(X[t]));

acf (Xt,type="correlation");acf(Xt, type="partial")
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Example 7.3. {X;} is an ARIMA(0, 1,1) process, then
(1-B)X; = (1+60B)W,;, {W;} ~WN(0,5%).
We can write Y; = (1 + 6 B)W; which is an MA(1), thus
Xt — X1 =Y,

and recursively,

t t
Xy = Xo+ ZY} = X0+ Z(Wt + QWtfl).
j=1 j=1

Then, if X is uncorrelated with Y;s,

t
VarX; = VarXy + Var Z Y;

j=1
tt
= VarXy + Z Z Cov(Y;, Yj)
i=1 j=1
tot
= VarXy + Z Z’yy(i —7)
i=1 j=1

t

= VarXo + t7y(0) +2) (t—i+ 1)yy(i — 1)
1=2

= VarXy + tyy (0) + 2(t — 1)yy(1)
— VarX( + (1 + 6%)0” + 2(t — 1)§0>.
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An realization of MA(1).

N=1050;Wt= rnorm(N,0,1);

Yt = filter(Wt, sides=1, c(1,.6))[-(1:50)];
par(mfrow=c(3,1)) ;par(mar=c(4.5,4.5,.1,.1));
plot.ts(Yt, col="blue",ylab=expression(X[t]));
acf(Yt,type="correlation") ;acf(Yt, type="partial")
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An realization of ARIMA(0,1,1).

N=1050;Wt= rnorm(N,0,1);

Yt = filter(Wt, sides=1, c(1,.6))[-(1:50)]; Xt=cumsum(Yt)
par(mfrow=c(3,1)) ;par(mar=c(4.5,4.5,.1,.1));

plot.ts(Xt, col="blue",ylab=expression(X[t]));

acf (Xt,type="correlation");acf(Xt, type="partial")
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Example 7.4. {X;} is an ARIMA(0, 1, q) process, then
(1-B)X; =0(B)W;, {W;} ~WN(0,0?).

We can write Y; = 0(B)W; which is an MA(1), thus

t t
Xe=Xo+ > 0B)W; = Xo+ > (We + W, ).
j=1 j=1

Example 7.5. Moreover, if {X;} is an ARIMA(p, 1,q), based on the causality assumption, we can
write Y; = (1 — B)X; as

}/t = Z ijt—jv
7=0

where ¥ (z) = 0(z)/¢(z). Then recursively,
t
X, = X, + Z Y;.
=1

Example 7.6. What if d = 2?7 For ARIMA(p, 2, ¢q), we have
¢(B)(1 - B)*X; = 0(B)W,,

then
(1= B)*X; = Zy = p(B)W;,  where ¢(2) = 0(2)/¢(2),

is ARMA(p, q). Letting (1 — B)Y; = Z;, we have
(1-B)Y, =2

Thus {Y;} is an ARIMA(p, 1, q) and

t
Yi=Yo+) Z
j=1
Since (1 — B)X; =Y}, we further have
t
X, = X, + ZY;
j=1

Notice that for any constant ag and aq,
X: = Xy + ag + agt

is also a solution to the equation ¢(B)(1 — B)?X; = 6(B)W,,.
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An realization of ARIMA(1,2,0).

N=1050;Wt= rnorm(N,0,1);

Yt = filter(Wt, filter=c(.6), method="recursive") [-(1:50)] ;Xt=cumsum(cumsum(Yt))
par(mfrow=c(3,1)) ;par(mar=c(4.5,4.5,.1,.1));

plot.ts(Xt, col="blue",ylab=expression(X[t]));

acf (Xt,type="correlation");acf(Xt, type="partial")
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An realization of ARIMA(0,2,1).

N=1050;Wt= rnorm(N,0,1);

Yt = filter(Wt, sides=1, c(1,.6))[-(1:50)]; Xt=cumsum(cumsum(Yt))
par(mfrow=c(3,1)) ;par(mar=c(4.5,4.5,.1,.1));

plot.ts(Xt, col="blue",ylab=expression(X[t]));

acf (Xt,type="correlation");acf(Xt, type="partial")
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7.2 Over-differencing?

While differencing a time series often seems to yield a series visually more amenable to modeling as

a stationary process, over-differencing is a danger! If X; is ARMA(p, ¢) already, and satisfies
¢(B)X; = 6(B)W,
then one more differencing provides that

(1= B)$(B)X; = (1 - B)(B)W:,
¢(B)(1 — B)X; = 0(B)(1 — B)Wy;

i.e., one more difference of X;, denoted by Y; = VX, satisfies
¢(B)Y: = 0" (B)W;

where 6(z) = 6(z)(1 — z). Noting that 6*(z) has a root on the unit circle. Thus Y; is a non-invertible

ARMA(p, g+ 1) process. Summary of evils of over-differencing:
1. ARMA(p, g + 1) model usually has more complex covariance structure than ARMA(p, q).
2. ARMA(p, g+ 1) model has one more parameter to estimate than ARMA (p, ¢) model.

3. Sample size is reduced by 1 (from n to n — 1, not a big issue you may think...)

N=5000; Wt=rnorm(N,0,1); par(mar=c(4.5,4.5,.1,.1));
design.mat=matrix(c(1:12),3,4); layout(design.mat)

plot.ts(Wt, col="blue",ylab=expression(X[t])); acf(Wt,type="correlation",ylim=c(-1,1));
acf (Wt, type="partial",ylim=c(-1,1));

Xt=Wt [-1]-Wt[-length(Wt)]; plot.ts(Xt, col="blue",ylab=expression(W[t]))
acf (Xt,type="correlation",ylim=c(-1,1)); acf(Xt, type="partial",ylim=c(-1,1))

Xt=Xt [-1]-Xt [-length(Xt)]; plot.ts(Xt, col="blue",ylab=expression(W[t]))
acf (Xt,type="correlation",ylim=c(-1,1)); acf(Xt, type="partial",ylim=c(-1,1))

Xt=Xt[-1]-Xt[-length(Xt)]; plot.ts(Xt, col="blue",ylab=expression(W[t]))
acf (Xt,type="correlation",ylim=c(-1,1)); acf(Xt, type="partial",ylim=c(-1,1))

Unit root tests help determine if differencing is needed. For example, suppose X; obeys an
ARIMA(0,1,0) model:
(1-B)X; =W,
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This can be viewed as a special case of AR(1) process as
(1 — ¢B)Xt = Wt, where d) = 1.

Thus, we can design a test for null hypothesis ¢ = 1. However, the MLE inference only hold for
|¢| < 1; i.e., when the process is causal.

Dicey and Fuller (1979) designed an alternative test statistic. They use ordinary least square to
estimate ¢* = ¢ — 1, and then test hypothesis ¢* = 0. The method is based on the equation:

VX=X — Xi 1
= (pXp1 +Wy) — Xy 4
=(¢p-1)X; 1+ Wy
=" X1 + Wi

Thus the Dickey-Fuller unit root test is to use ordinary least squares (OLS) to regress VX; on X;_;.
Note that, if the mean of X; is p but not 0, then we have

VX = ¢y + 1 Xe1 + Wy,
where ¢§ = (1 — ¢) and ¢7 = ¢ — 1. The goal is now to test
Hy: ¢] =0 versus H, : ¢] <0

Since we do not need consider ¢j > 0 (which corresponding to non-causal AR(1) model).

In the standard regression model
Yi=a+bZi4+¢, t=1,....m.

Minimizing the least square

> (Yi—a—1bZ)

t

yields the OLS estimator of b as

2. =Y)(Z=2) 3, Yi(Z—2)
Y2 — Z)? >u(Z—2)%°
Y b7,

Sl
I

a
and the standard error of b is taken to be

s [ Sivi-a-bzp2 |7
D\ 27

where Y and Z are sample means of Y;s and Z;s, respectively.
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Now, denote our model is
VX=X — X4 1=¢5+ 01 Xe1 + Wy,  fort=2,...n.
Define V; = X; — Xy—1 and Z; = X;_1. We have a regression model
Yi=¢g+ 12t + Wy, fort=2,...n.

Then, we have
n

n n—1
Z=n-)"Y Zi=n-1)"'> XNa=n-1)"> X
t=2 t=2 t=1

Thus, the OLS estimator of ¢7 is

o = >t Yi(Z —7) _ Dot Xt — Xi—1)(Xi—1 = Z)
Y% - z) 2o (X1 = 2)°
_ 2K = 2) = (X = D)} (X = 2)
Yo (X1 = 2)?
L DX = 2)(Xea = Z) = Y, (Xea — 2)°
Z?:z(Xt—l - Z)2
2K = 2)(Xa = 2)
Z?:z(Xt—l - 2)2

— 1.

And

-~ - 1/2
o e o (VX — 6 — 1 X 1)?
SR = { =3 5 - 27 } '

Further

o s XX A YMNX ~ =
B=Y —6iZ="— oI = | XK g ) X,
t=1

Then test statistic for

Hy: ¢] =0 versus H, : ¢] <0

is t-like ratio R
_ &
SE(¢1)
However, this ¢ does not obey a t-distribution. We reject null (have a unit root) in favor of alternative
(AR(1) is appropriate) at level « is t falls below 100(1 — «) percentage point established for Dickey-
Fuller test statistic under assumption that n is large. The 1%, 5% and 10% critical points are —3.43,
—2.86, and —2.57, respectively.
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7.3 Seasonal ARIMA Models

The classical decomposition of the time series
Xt =my + s5¢ + Y.

where my is the trend component, s; is the seasonal component, and Y; is the random noise com-
ponent. We have learned to use differencing to eliminate the trend m;. (Why? One easy way to
interpret that is that, we can view m; as a smooth function of £. Then any smooth function can be

approximated by a polynomial; i.e., there exits d, «y, ..., aq such that

d
my ~ Z aktd.
k=0

Then

d
Xt = Zaktd—kst—l—}/}.
k=0

Taking d-order differencing, we have
VIX, = ag+ VS, + V.

Further
Vd+1Xt — Vd+1St + vdJrly;:'

Thus, trend has been eliminated.) In this section, we learn how to handle seasonal components.

7.3.1 Seasonal ARMA models

Seasonal models allow for randomness in the seasonal pattern from one cycle to the next. For

example, we have r years of monthly data which we tabulate as follows:

Year Jan. Feb. -+ Dec.
1 X1 Xo - X2
2 X3 X14 o Xy
3 X25 X26 T X36
r Xiv12—1)  Xogiop—1) 0 Xi2412(0-1)

Each column in this table may itself be viewed as a realization of a time series. Suppose that each
one of these twelve time series is generated by the same ARMA(P, Q) model, or more specifically

that the series corresponding to the jth month,

{Xj+12t,t:0,1,...,T—1}
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satisfies
Xjpr2e = L1Xjao¢-1) + - + PpXj110¢-p) + Ujrr2e + ©1Uj110¢-1) + - + OQUj112¢—0)

where
{Ujsroi,t =, —1,0,1,--- } ~ WN(0, 07)

holds for each j = 1,...,12. Since the same ARMA (P, Q) model is assumed to apply to each month,

we can rewrite is as

Xi =1 X104+ +PpXy_12p + U + O1Us—12 + - + OU;—12¢

d(B¥) X, = 0(BHU, (7.1)

where ®(2) =1 — @12 — - 2P, O(2) = 1+ 012+ --- 029, and {Uj 191, t = -+, —1,0,1,--- } ~
WN(0, 0%;) for each j.
Now, for simplicity, we assume U; ~ WN(0, 02), then we have X; as an ARMA process:

®(B?)X; = 0B )W;, W; ~ WN(0,0?%)

Or more generally,

®(B*)X; = O(B)W;, W, ~ WN(0,0?)

We call this model as Seasonal ARMA (SARMA) process with period s (an integer), denoted by
ARMA(P,Q)s.

If ®(z) and O(z) make a stationary ARMA(P, @), then X; is also a stationary ARMA process.
What would an ARMA(1,1)4 look like

(1—-®;BYX, = (1+0,BHW;

which is
X =01 Xy 4+ Wi + 01 Wi_y;

i.e., a regular ARMA(4,4) model (with certain coefficients being zero). Now, let us think about a
monthly model and a seasonal MA; i.e., ARMA(0, 1)12. The model can be written as

Xy = Wi+ 01 W, _10.
Obviously, it is causal and stationary. Then

vx(h) = B(X;Xs41) = EWi4+01Wi_12) Wit n +©1 Wi h_12) = (1+02)0*I(h = 0)+0,0%I(h = 12).
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Thus, we should see one spike at lag 0 and also at 12.

N=1050;Wt= rnorm(N,0,1) ;par(mar=c(4.5,4.5,.1,.1));
design.mat=matrix(c(1:6),3,2); layout(design.mat);

Yt = filter(Wt, sides=1, c(1,.6))[-(1:50)];

plot.ts(Yt, col="blue",ylab=expression(Y[t]));
acf(Yt,type="correlation",lag=96) ;acf (Yt, type="partial",blag=96)
Zt= filter(Wt, sides=1, c(1,rep(0,11),.6))[-(1:50)];

plot.ts(Zt, col="blue",ylab=expression(Z[t]));

acf (Zt,type="correlation",lag=96) ;acf (Zt, type="partial",blag=96)
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Now, let us check a seasonal AR; i.e., ARMA(1,0)2; i.e.,
Xt == (plXt_lQ + Wt.
Similarly as in the analysis of AR(1) process, we have, recursively,

Xi= 01X 12+ Wi = ®3X; 04 + 1 W12 + W,

oo
=) W1
Jj=0

Thus,

1

[e.e]
0)=)Y o’ =0"—;
7x (0) < 19 01_(1)%

What about vx(1),vx(2),...,vx(11)? They are all zero. And

o0 o
vx(12) = FE Z(I)]thfmj Z¢{Wt+12fl2j
=0 =0

oo o0
=FE Z DIWi_12; Witz + 1 Z ‘b{_th—H(j—l)
§=0 =t

[oe) oo
=F Z DI Wyi_12; Wig12 + @ Z DI Wi_12;

j=0 7=0

o

- P
_ 2j 2 _ 2 1
= <I>1 Z (I)l =0 1— @2,
Jj=0 1

Further

@k
h) = o2 L_I(h =12k).
vx (h) U‘ Z 1_(1% ( )
teger k

This is very similar to an AR(1), however, we are ignoring all the pages between multiples of 12. We
are not worried about what is going on at 1,2,3,4,..., we are only interested in the 12,24,36,.... You

can certainly generalized it to a general period, like ARMA(1,0)s, for any integer s.
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N=1050;Wt= rnorm(N,0,1) ;par(mar=c(4.5,4.5,.1,.1));

design.mat=matrix(c(1:6),3,2);

layout (design.mat) ;

Yt = filter(Wt, filter=c(.6), method="recursive")[-(1:50)];
plot.ts(Yt, col="blue",ylab=expression(Y[t]));

acf(Yt,type="correlation",lag=96);acf(Yt, type="partial",blag=96)
Zt = filter(Wt, filter=c(rep(0,11),.6), method="recursive") [-(1:50)];
plot.ts(Zt, col="blue",ylab=expression(Z[t]));

acf (Zt,type="correlation",lag=96) ;acf(Zt, type="partial",lag=96)
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It is unlikely that the 12 series (in column) corresponding to the different months are uncorrelated.
To incorporate dependence between these series we assume now that the {U;} sequence follows an
ARMA (p, g) model,
o(B)U; = 0(B)W;, W; ~ WN(0,0?).

Then we have
®(B?)X; = ©(B?)U;

= 0(B?)¢ ™ (B)I(B)W,
= #(B)®(B'*) X, = 0(B)O(B*)W,;, W, ~ WN(0,c?%).

More generally, we have the SARMA model as
ARMA(p, q) x (P, Q)s

written as

#(B)®(B*)X; = 0(B)O(B5)W;, W; ~ WN(0,0?%).

where ¢(2) =1 — 12—+ —pp2P, P(2) =1 - Pz — - —Pp2P, 0(2) =1+ 012+ -+ + 0,27 and
O(z) =14 012+ ---Ogz°.

For example, we consider ARMA(0,1) x (0,1);9; i.e.,

X = (1 + 913)(1 + @1312)Wt =Wi+0.Wi_1 + 601 W;i_19 + 0101 W;i_13.
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N=1050;Wt= rnorm(N,0,1) ;par(mar=c(4.5,4.5,.1,.1));

design.mat=matrix(c(1:9),3,3);

#MA(1), theta=0.6

layout (design.mat) ;

Yt = filter(Wt, sides=1, c(1,.6))[-(1:50)];
plot.ts(Yt, col="blue",ylab=expression(Y[t]));

acf(Yt,type="correlation",lag=48) ;acf(Yt, type="partial",6lag=48)

#MA(1), theta=0.4

Yt = filter(Wt, sides=1, c(1,.4))[-(1:50)]1;
plot.ts(Yt, col="blue",ylab=expression(Y[t]));

acf(Yt,type="correlation",lag=48) ;acf(Yt, type="partial",6lag=48)
#SARMA(0,1)*(0,1)_{12}, theta=0.6, Theta=0.4
Zt = filter(Wt, sides=1, c(1,.6,rep(0,10),.4,.24))[-(1:50)];
plot.ts(Zt, col="blue",ylab=expression(Z[t]));

acf (Zt,type="correlation",lag=48) ;acf (Zt, type="partial",6lag=48)
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What is an ARMA(L 1) X (1, 1)12?
(1—-¢B)(1—&B")X;, = (14+6,B)(1+6,B*)W,

as
X =1 Xem1 — 1 X120+ 0101 X3 = Wi + O Wi + O1Wi_12 + 6101 Wi _13.

Things gets mess, specially when you start getting into higher values.

N=1000;Wt= rnorm(N,0,1) ;par(mar=c(4.5,4.5,.1,.1));
design.mat=matrix(c(1:9),3,3);layout(design.mat);

# ARMA(1,1), phi=0.6, theta=0.4
Yt=arima.sim(model=1list (ar=c(.6) ,ma=c(.4)) ,n=N)

plot.ts(Yt, col="blue",ylab=expression(Y[t]));
acf(Yt,type="correlation",lag=48) ;acf(Yt, type="partial",blag=48)

# ARMA(1,1), phi=0.9, theta=0.1
Yt=arima.sim(model=list (ar=c(.9) ,ma=c(.1)) ,n=N)

plot.ts(Yt, col="blue",ylab=expression(Y[t]));

acf (Yt,type="correlation",lag=48);acf(Yt, type="partial",lag=48)

# ARMA(1,1)*(1,1)_12, phi=0.6, Phi=0.9,theta=0.4, Theta=0.1
Yt=arima.sim(model=1list(ar=c(.6,rep(0,10),.9,-.54) ,ma=c(.4,rep(0,10),.1,.04)),n=N)
plot.ts(Yt, col="blue",ylab=expression(Y[t]));
acf(Yt,type="correlation",lag=48);acf(Yt, type="partial",blag=48)
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7.3.2 Seasonal ARIMA Models
In equation (7.1), we have
®(B?) X, = 0(BHU,,

We start with U; to be white noise, then relaxing this a little bit by putting U; to be an ARMA(p, q)
process, we have the Seasonal ARMA (p, ¢) model. Now we keep relaxing the assumption. What if
we put U; to be an ARIMA(p, d, q) process? This makes sense. Think about a monthly temperature
dataset across many years. The period is 12. But, there is a trend among the months. From winter
to summer, it is warmer and warmer, then decreases when getting back to winter. This makes the
stationarity of U; quite unreasonable. Putting an ARIMA model on U; can somehow fix this. That

is
#(B)(1 — B) U, = 0(BYW;, W; ~ WN(0,02). (7.2)
Then, X; becomes
(B X, =0(BYHU, = ¢(B)®(B?)(1- B)¢X, =0(B2)0(B)W,.
Or more generally, we have X; as
#(B)®(B*){(1 — B)¢X;} = 0(B)O(B*)W;, W, ~ WN(0,0?).

Can we relax it more? On the part of U;, based on what we have learned, the assumption of U;
which assumes U; is ARIMA is the best we have relax. However about on X;? We can do more! In

equation (7.1), we have X, satisfies
(B X, = ©(B™)U,

which is a more like stationary structure. What if the structure of X; is already non-stationary
regardless of the choice of U;? We put a similar ARIMA structure on X, since X; is seasonal, we
assume

o(B){(1 - B®)PX,} = o(BHU,.

Then combining with (7.2), we have

d(BY{(1 - B?)PX,} = 0(B?)U,
= ¢(B)®(B'?)(1 — B)Y(1 - B*»)P X, = 0(B)0(B>)W,.

Generalizing the period form s = 12 to a general s, we finally have the definition of a SARIMA

model as
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The SARIMA(p,d,q) x (P,D,Q)s Process: If d and D are non-negative integers, then {X;} is
said to be a seasonal ARIMA(p,d,q) x (P, D,Q)s process with period s if the differenced process
Y; = (1 — B)¥(1 — B*)P X, is a causal ARMA process,

$(B)®(B%)Y; = 0(B)O(B*)W;, W; ~ WN(0,c?),

where ¢(2) =1 — 12—+ — Pp2P, ®(2) =1 — Pz — - = Dp2P, §(2) =1+ 6012+ -+ + 0327 and
O(2) =1+ 0124 ---02“.

Now, we check basic examples. Consider SARIMA(0,1,1) x (0,1, 1)19; i.e.,
(1-B)(1 - B?)X; = (1+6,B)(1+6,B?)W,.

Then,
Xe—Xi 1 —Xi—2+ Xii3 =Wy + 01 Wi + O1Wi_12 + 0101 Wi_13.

N=1100;Wt= rnorm(N,0,1) ;par(mar=c(4.5,4.5,.1,.1)); par(mfrow=c(3,1))
Yt=filter (Wt, sides=1, c(1,.4,rep(0,10),.6,.24))[-(1:50)]
Yt=filter(Yt, filter=c(1,rep(0,10),-1,1),method="recursive") [-(1:50)]
plot.ts(Yt, col="blue",ylab=expression(Y[t]));

acf (Yt,type="correlation",lag=48) ;acf(Yt, type="partial",lag=48)
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Then SARIMA(1,1,0) x (1,1,0)19; i.e.,
(1-¢1B)(1— & B®)(1- B)(1-B)X, =W,
Then,

W= X — (14 ¢1)Xs 1+ d1X; 2
—(14P)Xi—12+ 1+ 1+ P1 + ¢1P1) Xi—13 — (61 + 61P1) Xi—14
+ @1 X¢94 — (D1 + $1P1) X025 + 91 L1 X206

N=1100;Wt= rnorm(N,0,1) ;par (mar=c(4.5,4.5,.1,.1)); par(mfrow=c(3,1)); phi=.9; Phi=.8;
Yt=filter (Wt, filter=c(1l+phi,-phi,rep(0,9),1+Phi,-1-phi-Phi-phi*Phi,phi+phi*Phi,
rep(0,9) ,-Phi,Phi+phi*Phi,-phi*Phi) ,method="recursive") [-(1:50)];

plot.ts(Yt, col="blue",ylab=expression(Y[t]));
acf(Yt,type="correlation",lag=48);acf(Yt, type="partial",blag=48)
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Typically, period s is common set by users from the background of the dataset. For example, years
weather dataset usually has s = 12 (12 month a year) ; financial data has s = 4 (four quarters a year);
etc. For the specification of D, in application, it is rarely more than one and P , ) are commonly
less than 3. For given values of p,d, q, P, D, Q, we need estimate the parameters ¢, 8, ®,® and o>.
The estimation is very trivial. Since, once d and D are given, we have Y; = (1 — B)4(1 — B*)P X,
constitute an ARMA (p + sP, ¢ + sQ) process in which some of the coefficients are zero and the rest

are function.
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7.4 Regression with stationary errors

Recall classical decomposition model for time series Y;, namely,
Yi=mi+ st + Z (7.3)

where my is trend; s; is periodic with known period s (i.e. s;—s = s; for all integer t¢) satisfying
Z] 187 = 0; and Z; is a stationary process with zero mean. Often, m; and s; are taken to be
deterministic (no randomness). As we have seen, SARIMA model can help us capture stochastic s,
and can also handle deterministic m; and s; through differencing. However, differencing to eliminate
deterministic m; and/or s; can lead to undesirable overdifferencing of Z;. As an alternative approach,
one can treat model (7.3) as a regression model with stationary errors.

Standard linear regression models take the form of

Y =XB8+2
where

e Y =(Y1,...,Y,) is vector of responses;

e X isan xk matrix and X = (2,...,2});

e B3=(B1,...,0k) is the so-called regression coefficients;

o Z =(Zy,...,2,) is vector of WN(0, 0?) random variables.

For example, we can take
Y = B1+ Bat + Z;

where m; is model by a line 81 + Got. Or, we have
Y: = 1 + B2 cos(2mt) + B3 sin(2wdt) + Zy.
which counts for the seasonality. Both of them can be written in the form of
Y=Xp3+Z.

The standard approach is through the use of the so-called ordinary least squares (OLS) estimator,

denoted by Bols, which is the minimizer of the sum of squared errors:
n
=S (i—a2lB)? = (Y - XB) (Y — XB).
t=1

Setting the derivative of S(3) to be zero, we obtained the normal equations:

X'XB=X'Y
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and hence
Bos = (X' X)7'X'Y

if X’X has full rank. If Z;s are white noises, we have ,E‘}\Old is the best linear unbiased estimator of 3

(best in that, if ,/8\ is any other unbiased estimator, then
Var(c’Bols) < Var(c/ﬁ)

for any vector ¢ of constants) and further the covariance matrix for Bols is given by o?(X'X)1.

However, for time series, uncorrelated errors Z are usually unrealistic. More realistically, we have
the error term Z; to be random variables from a stationary process with zero mean. For example,
{Z:} could be a causal ARMA(p, q) process:

¢(B)Z; = 0(B)W;, W; ~ WN(0,c?).

What should we do? The solution is the generalized least square (GLS) estimator, denoted by Bgls
which minimizes

S(B) = (Y - X'B)T, (Y - XP).

Thus, the solution is
Bys = (X'T;' X)7'X'T'Y

Why? Recall in the developing of MLE of ARMA (p, q) processes, we have derived that
I, =CDC'.
Then multiplying D~Y2C~! to the model lead to
D \2cly = p~'2¢c'XxB+ D V*C 'z
Then

Cov(D™Y2C™1Z) = D~V2C~'Cov(Z)(D~V2C 1 ZY
— D—l/Qc—lrn(D—l/Qc—lz)/ — D—I/QC—ICDclclle—l/2
— In

Thus, we can view that
Y =XB8+2Z, {Z}~WN(0,1).

where Y = D=12¢-1Y, and X = DY2C-1X and Z = D"Y/2C~1Z. Then based on the OLS

estimator we have the estimator as

~ ) ~ ~ )~ ~
(X X) XY = Bys.
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In principle, we can use ML under a Gaussian assumption to estimate all parameters in model
Y = X3+ Z. Note that, all parameters include 3 and the ARMA(p, q) model for Z. However, in

practice, the following iterative scheme for parameter estimation often works well

1.

Fit the model by OLS and obtain Bols;

. Compute the residuals Y; — :1:23018;
. fit AMAR(p, ¢) or other stationary model to residuals

. using fitted model, compute Bgls and form residuals Y; — zg,@gls

Fit same model to residuals again

repeat steps 4 and 5 until parameter estimates have stabilized.
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8 Multivariate Time Series

In this section, we consider m times series {Xy;,t =0,+1,+2,...},i=1,2,...,m jointly.

8.1 Second order properties of multivariate time series

Denote
X:=(Xu,. o, Xem)", t=0,£1,+£2,...

The second-order properties of the multivariate time series {X;} are then specified by the mean
vectors

M = EXt — (Mtla e ’th)T’

and covariance matrices

Lt + h,t) = Cov(Xppn, X1) = E{(Xegn — pern)(Xo — pa) '} = [ig (8 + 2o D] 5=1-

(Stationary Multivariate Time Series). The series {X;} is said to be stationary if p; and I'(t +
h,t),h =0,£1,£2 ..., are independent of t.

For a stationary series, we shall use the notation
n=EX,

and
L(h) = E{(Xt+n — pn) (Xt — pe)" } = [1ij (W)]i5=1

to represent the mean of the series and the covariance matrix at lag h, respectively.

Note that, for each i, {X;} is stationary with covariance function ~;(-) and mean function pu;.
The function ~;;(-) where i # j is called the cross-covariance function of the two series {Xy;} and
{X4;}. It should be noted that 7;;(-) is not in general the same as 7;;(-).

Further, the correlation matrix function R(-) is defined by

R = s/ 0 )| = ol
ij=1
The function R(-) is the covariance matrix function of the normalized series obtained by subtracting

p from X, and then dividing each component by its standard deviation.

Lemma 8.1. The covariance matrix function I'(-) = [7;;(")]{";=; of a stationary time series {X;} has

the properties

1. T(h) = I"(—h);

3. 7ii(+) is an autocovariance function, i = 1,...,m;
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4. Y =1 a50(j —k)ag > 0 for alln € {1,2,...} and ay,...,a, € R™.

And the correlation matrix R satisfies the above four and further
pii(0) = 1.
Example 8.1. Consider the bivariate stationary process {X;$} defined by

Xy =W,
Xio = Wi +0.75W;_19

where {W;} ~ WN(0,1). Then

X X
I'(—=10) = Cov t-10,1 , b1
Xi-102 X2
_C Wi—10 Wi
= Cov ,
Wi_10 + 0.75Wy_9g Wi + 0.75W;_19
(0 07
Lo 075
X, X,
I'0) = Cov B Bl
X2 X2
Wt Wt
= Cov ,
Wi 4+ 0.75W;_19 Wi + 0.75W;i_10
(11
1 15625

X X
F(lO) _ COV t+10,1 ’ t,1
Xit+10,2 X2
_ G Witio Wi
= Cov ,
Wt+10 + 0.75W; Wi + 0.75W;_19
0
7

and
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otherwise I'(j) = 0. The correlation matrix function is given by

R(—10) = < 8 09;168 ) , R(0) = ( 0%8 Of ) R(=10) = < O(.]6 0.(4)18 ) ’

and R(j) = 0 otherwise.

(Multivariate White Noise). The m-variate series {Wy,t = 0,4+1,£2,...} is said to be white noise

with mean 0 and covariance matrix X written
{W} ~ WN(0, X),

if and only if {W} is stationary with mean vector 0 and covariance matrix function,

¥ ifh=0
I'(h) = L
0 otherwise.

If further, we have independence, then we write

{W} ~1ID(0, X),

Multivariate white noise is used as a building block from which can be constructed an enormous

variety of multivariate time series. The linear process are those of the form
o
X, = Z CiWi—j, {W:} ~WN(0, %),
j=—00

where {C}} is a sequence of matrices whose components are absolutely summable. It is easy to see

that, this linear process have mean 0 and covariance matrix function

T(h)= Y Cju2Cj, h=041,+2,. ..

j=—o0

Estimation of . Based on the observations X1, ..., X,, and unbiased estimate of u is given by the

vector of sample means

_ 1 &
Xn:n;Xt.

This estimator is consistent and asymptotic normal with rate root—n.
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Estimation of I'(h). Based on the observations X1i,...,X,, as in the univariate case, a natural

estimate of the covariance matrix I'(h) is

T(h) = D M X — X)) (X — Xn)' for 0 < h<n-—1,
Tt (X een — X)X~ X)) for —nt1<h <0,

Denoting I'(h) = (33 (R)]7%=1, we estimate the cross correlation function by

pij(h) = 7ij(h)/+/7ii(0)7;;(0)

If ¢ = j this reduces to the sample autocorrelation function of the ith series.

Theorem 8.1. Let {X;} be the bivariate time series

Xi= Y CWi g, (W= (W, W)} ~TID(0,)

k=—o00

where {C}, = [Ck(i,j)]ijzl} is a sequence of matrices with Y 7> |Cy(7,7)| < o0, i,j = 1,2,. Then

as n — oo,

Fig (h) = 7i5(h)
and

pij(h) = pij(h)
for each fixed h > 0 and for i,j = 1, 2.

Theorem 8.2. Suppose that

Xp= Y aWij1, {Wa}~1ID(0,07)

j=—o00

and _
Xep= ) BiWij2, {We} ~1D(0,03)
j=—o0
where the two sequences {Wy1} and {W;e} are independent, > y laj| < oo and Zj 8;] < co. Then if
h>0,

o0

pra(h) ~ AN [ 0,07 > pia(5)pa2(d)

j=—o00

If h,k > 0 and h # k, then

ph) ) o ( Y p11(d)p22()) YR o pi(d)p22(j +k —h) ) } '
p12(k) A\ T Y o pn()pee(G k=) YL pui(d)pe2(d)
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This theorem plays an important role in testing for correlation between two processes. If one of

the two processes is white noise, then
pi2(h) ~ AN(0,n™ 1)
in which case it is straightforward to test the hypothesis that pj2(h) = 0. The rejection region is

p12(h)| > za/2/ V1

However, if neither process is white noise, then a value of |p12(h)| which is large relative to n~1/2

does not necessarily indicate that pia(h) is different from zero. For example, suppose that {X;}
and { X2} are two independent and identical AR(1) process with p11(h) = paa(h) = 0.8/*1. Then the

asymptotic variance of pia(h) is

nt {1 +2 2(0.8)2’“} — 4.556n "
k=1

Thus, the rejection region is

P12(R)] > 242V 4.556//n

Thus, it would not be surprising to observe a value of p2(h) as large as 3n~'/2 even though { X}
and {X»} are independent. If no the other hand pi;(h) = 0.8/ and paa(h) = (—0.8)!", then the

—-1/2

asymptotic variance of pia(h) is 0.2195n~! and an observed value of 3n for p12(h) would be very

unlikely.

8.2 Multivariate ARMA processes

(Multivariate ARMA(p, q) process). {X,t =0,%1,...} is an m-variate ARMA(p, q) process if {X;}

is a stationary solution of the difference equations,

Xi— "Xy 1 — -0, X4, =W +O W1 +---+6,W;_g,

where ®1,...,9,, ©1,...,0, are real m X m matrix and {W,} ~ WN(0, X).

Of course, we can write it in the more compact form
®(B)X; =0(B)W,;, {W.;}~WN(0,X).

where ®(z) =1 — P12z — - — ®p2P and O(2) = + 012+ - - - + ©y29 are matrix-valued polynomials,

and [ is the m x m identity matrix.

Example 8.2. (Multivariate AR(1) process). This process satisfies

X, =0X_ 1+ W, {W}~WNO 3.
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Same argument, we have
o0

X =) W,
§=0

provided all the eigenvalues of ® are less than 1 in absolute value, i.e., provided
det(I — z®) # 0 for all z € C such that |z| < 1.
Theorem 8.3. (Causality Criterion). If

det ®(z) # 0 for all z € C such that |z| < 1.

then we have exactly one stationary solution,

o0
X =) U,W,
§=0
where the matrices ¥; are determined uniquely by
i .
U(z) =Y U2l =071(2)0(2), |2 <1.
j=0
Theorem 8.4. (Invertibility Criterion). If

det ©(z) # 0 for all z € C such that |z] <1,

and {X;} is a stationary solution of the ARMA equation, then
o0
W, => T;X,
j=0
where the matrices ¥; are determined uniquely by

(z) = > Mz =07 (2)®(2), |2 <1.
j=0
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9 State-Space Models

State-space model define a rich class of processes that have served well as time series models. It
contains ARIMA and SARIMA models as special cases.

9.1 State-Space Models

In this section, we shall illustrate some of the many times series models which can be represented in

linear state-space form. We start with a more general definition of noise.

e W, ~ UN(p, R;) denotes uncorrelated noise with mean vectors p; and covariance matrix Ry

(noting that they are allowed to change with t)

o W;~ WN(u, R) denotes white noise as defined before.
The state-space model for w-dimensional time series Y1,Y o, ..., consists of two equations

1. Observation equation takes form
Yi=G X+ Wy, t=12,..., (9.1)

where

X is v-dimensional state vector (stochastic in general)

Y, is w-dimensional output vector

G, is w x v observation matriz (deterministic)

W, ~ UN(0, R;) is observation noise, which W; & R; having dimensions w & w X w (can

be degenerate, i.e., det Ry = 0).

Observation equation essentially says that we can observe linear combinations of variables in

state vector, but only in presence of noise.

2. State-transition equation takes form
X =F X +V,, t=12 ..., (92)

where

e F is v X v state transition matrix (deterministic)

o V.~ UN(0,Q,) is state transition noise, with V; & @, having dimensions v & v x v.

Recursively, we have

Xi=F 1(FioXi 90+ Vio)+Vig=---
=Fiq---F)Xao+(Fioq1-- - Fo)Vi+ -+ Fi 1 Vio+ Vi
= ft(X17V17"‘7Vt—1)
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And

Y, =Gifi(X1,Vi,..., Vi) + W,
=g(X1,Vi,....Vi_1,Wy)

Two additional assumptions

(a) E{WV,} =0 for all s and ¢ (here 0 is a w X v matrix of zeros; in words, every observation

noise random variable is uncorrelated with every state-transition noise random variable).

(b) Assuming E{X;} = 0 for convenience, E{X1W}} = 0 and E{X;V} = 0 for all ¢ (in words,
initial state vector random variables are uncorrelated with observation and state-transition

noise).
Example 9.1. To interpret the state-space model, we start with a very simple example: recall the
classical decomposition model for time series Y;, namely,

Yt:mt—i—st—i-Wt

where my is trend, s; is periodic, W} is a stationary process. m; and s; can be treated as deterministic
or stochastic. Now, we consider the simple version, which is known as a local level model in which

my is stochastic and s; = 0:

Y; = Xy + Wy, {W;} ~ WN(0,0%)
X1 = X + Vi, {Vi} ~ WN(0,0%)

where E{W V;} = 0 for all s & t. This can be easily seen as a simple case of state space model:

Y, =G X+ W,
Y, = Xy + W,

where Y; =Y, Gy =1, Xy = Xy, Wy =W, and R; = UIQ/V. and

X =FX,+V,, (9.3)
Xt+1 = Xt + ‘/t (94)

where X1 = X1, Fy =1, Vi =V, and Qy = 0‘2/.

To fully specify this state-space model, we need define initial state X; = X; to be a random
variable that is uncorrelated with Wy’s and V;’s. In addition, we assume E(X;) = m; and Var(X;) =
P;. Thus, this model has 4 parameters 0‘2,[, = Ry, a%/ =V, m—1and P;.

Since Xi11 = X¢ + V4, state variable X; is a random walk starting form m; and then Y; is the

sequence of Xy which is corrupted by noise W.
par (mfrow=c(3,1)) ;par(mar=c(4.5,4.5,.1,.1))
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ml=1; P1=1; SigmaV=2;

X1=rnorm(1,m1,sqrt(P1));N=100

Vt=rnorm(N-1, 0, SigmaV);Xt=cumsum(c(X1,Vt));

for(SigmaW in c(0,1,5))

{

Yt=rnorm(N,Xt,SigmaW) ;

plot(1:N, Yt,col="blue",xlab="t", ylab="Yt in blue, Xt in red")
lines(1:N, Xt, col="red")

}
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Example 9.2. AR(1) process as a State-Space Model: The AR(1) model has form

Xip1 = 0Xy + Wigq, {Wi} ~ WN(0,0%)

This provided X; = Z;io QSth_j and consequently we have

oo

X1 = Z PWi_j.

J=0

Now, we can write it in the state-space model form

Xiy1 = X
Fi=¢
Vi= Wi
Y. =X,
G =1

W, =0.

Example 9.3. How about ARMA(1,1)? let {X;} be the causal and invertible ARMA(1,1) process

satisfying
Xy = ¢Xe 1+ Wi+ Wiy, {Wi} ~ WN(0,07).

To write it in state-space model form, we first observe that

X, = (1-¢B) Y1+ 6B)W,
= (1+60B){(1—¢B)"'W;}
(1+6B)Z;

[

Ztl

where Z; = (1 — ¢B)~1W,; i.e.,

(1-9¢B)Z; =Wy or Zy=¢pZ 1+ Wy,

0
_I_
[ Wi ]

or

Zt

Zi1

Zt
Zy

lo
“1o s
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Further Z, = Z;’;O @' W;_;. Thus, we have

X Z
t+1 —
" | Zit1
[0 1
F, = 0
| 0 ¢
)
V=
| Wi
Yt:Xt
G = |0 1}
W,=0
with
Xi= | 2| = | oW
Z Zj:0¢ Wl—j

Example 9.4. AR(p):
Xe =0 X1+ 0pXo—p + Wy, {Wi} ~ WN(O, o?).
Then we have

Xt = (Xt),

Four classical problems in State-Space Models: Given observations Y7, ..., Y,
1. What is the best predictor of State X7 (filtering).
2. What is the best predictor of State X;y;? (forecasting).
3. What is the best predictor of State X for s < ¢? (smoothing).

4. What are the best estimates of model parameters? (estimation).
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