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5.1.1 Simple Functions

On (Q,B, P), say X : Q — R is simple if it has a finite range. Such
a function can always be written in the form

k
X(w) = Z aiIAi(w)7
i=1

where a; € Rand A; € B, i = 1,..., k are disjoint and U%_ A; = Q.
Then

o(X)=o(Ai=1,....k) = {UigAi : 1 € {1,....k}}.

Let £ be the set of all simple functions on Q. We have

1. & is a vector space; i.e., (i) if X € £, then aX € £ for a € R;
(i) if X,Y €&, then X + Y € €.

2. f X, Y = Ej bjIBj € &, then XY = Zi,j a,-ble,.mBj ef.

3. X, Y €&, then X VY =37, (ai V bj)laus € € and
XANY = E,-’j(a; A bj)IA,ﬂBj
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5.1.2 Measurability and Simple Functions

Any measurable function can be approximated by a simple function.

Theorem 5.1.1 (Measurability Theorem)

Suppose X(w) > 0 for all w. Then X € B/B(R) iff there exist
simple functions X, € £ and

0< X, 1 X.

Proof: Because taking limits preserves measurability, every simple
function is measurable, thus X € B/B(RR). Conversely, define

n2"
k—1
Xp = Z (2n ) l[%SXSZLn] + n/[in].

k=1
Because X is measurable, X, € £. Also X, < X411 and if X(w) <
oo, then for large n, [X(w) — X,(w)| < 27" — 0 (Note that if
sup,, | X(w)| < oo, then sup,, [X(w) — Xp(w)| — 0). If X(w) = oo,
then X,(w) = n — oc.

3/56



5.2 Expectation and Integration

Suppose X : (2, B) — (R, B(R)) where R = [—00, oc] (in stochastic
modeling, we often deal with waiting time for an event to happen, If
the event never occurs, then the return time is infinite). Define

E(X) = /Q XdP or /Q X(w)P(dw),

as the Lebesgue-Stieltjes integral of X with respect to P.
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5.2.1 Expectation of Simple Functions

Suppose X is a simple random variable of the form

X = zn: a,-IA,.
i=1

where |a;| < oo, {A;} are mutually exclusive, and U;A; = Q. Then

k
E(X) = /XdP = a;P(A).

i=1
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5.2.1 Expectation of Simple Functions

Below are some simple properties (H\W 5-1: prove these properties)

1. E(1) =1, E(Ia) = P(A).

2. 1f X >0and X € &, then E(X) > 0.

3. Linearity: if X, Y € &, then E(aX + BY) = aE(X) + BE(Y)
for a, 8 € R.

4. Monotonicity: if X <Y € &, then E(X) < E(Y).

5. If Xp, X € &, either X, 1 X or X, | X, then E(X,) 1 E(X) or
E(Xn) 4 E(X).
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5.2.2 Extension of the Definition

Let £, collect all the non-negative valued simple functions, and de-
fine

E,={X>0:X:(2B)~ (R,B(R))}
to be non-negative, measurable functions with domain Q. If X € c‘f+
and P[X = oo]| > 0, define E(X) = oc.
Otherwise by Theorem 5.1.1, we may find X, € £, such that

0< X, 1 X.

We call {X,} the approximating sequence to X. The sequence
{E(X»)} is non-decreasing by monotonicity of expectations applied
to £,. Since limits of monotone sequences always exist, we conclude
that lim,_,~ E(X,) exists and define

E(X) = lim E(X,).

n—o0

This extends expectation from £ to £,
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5.2.2 Extension of the Definition

Proposition 5.2.1 (Well definition)
If X, Yim € €4 and X, T X, Yim T X, then
lim E(X,) = lim E(Yn).

n—o00 m—o0

Proof: We prove that if lim, o0 T X, < limm_o T Ym, then
limp oo T E(Xn) <limpooe T E(Ym)

Note that since limy, yoo Ym > limp oo Xn > X, EL 2 Xnp A Y T
X, € &4 as m — oo. By monotonicity of expectation on &,
E(X,) =limmseo T E(Xn A Yi) < limp00 E(Ym) holds for all n,
which completes the proof of limp—oc T E(Xn) < limm_oo T E(Ym).
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5.2.3 Basic Properties of Expectation

For expectation on &, :

L 0<E(X)<ocoandif X <Y €&, then E(X) < E(Y).
Proof: Find approximating sequences in £,: X, T X, Y 1T VY.
Then X = limp—oo T Xo <limpm—ooo T Ym = Y. We have
proved that
E(X) =limpsoo T E(Xn) <limmooo T E(Ym) = E(Y).

2. E is linear: For @« > 0 and 3 > 0,
E(aX + BY) = aE(X) + BE(Y).
Proof: £, 2 X, + Y T X+ Y.
E(X4Y) =limps00 E(Xn+Yn) = limp o (E(Xn)+E(YR)) =
liMp o0 E(Xn) + limn_sos E(Y5) = E(X) + E(Y).
For a > 0, aX, T aX, thus
E(aX) = limp_o E(aXy) = limpoo aE(X,) = aE(X).
3. Monotone Convergence Theorem (MCT) If 0 < X, 1 X,
then E(X,) 1T E(X) (interchange of expectations and limits).
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5.2.3 Basic Properties of Expectation

Proof of MCT: For each X, € £,, find an approximating sequence

Y(n) € &4 such that Y(") 1+ X, as m — oo. Define Z,,, = \/,,<mY(").

Note that {Z,} is non-decreasing. Next observe that for n < m,
n)<\/J<m y9 =z, <V Xj = Xm. Thus, for all n

X, = lim Y{" < lim Zn < lim X, = X.
m—0o0 m—0o0 m—00
Therefore X = limp_00 Xp = limpm_00 Zm. Thus, we have {Z,,} as
an approximating sequence in £ of X. Thus limye T E(Zm) =
E(X). Furthermore, we have E(X,) = limpnsoo T E(Y,(,,")) <
Mmoo T E(Zm) = E(X) < limmooo T E(Xm) for each n. Taking
limit on n, we have lim,_o E(X,) < E(X) < im0 E(Xm).
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5.2.3 Basic Properties of Expectation on &,

We now further extend the definition of £(X) beyond £,. For a
random variable X, define

XT=Xv0, X =(-X)Vo.
We have X* >0, X = X+ — X, |X|] = XT + X~ and
X € B/B(R) iff both X* € B/B(R).

We call X quasi-integrable if at least one of E(X™) and E(X™)
is finite. In this case, define

E(X) = E(X*) — E(X").

If both E(X™) and E(X™) are finite, call X integrable. This is
the case of E|X| < oco. The set of integrable random variables is
denoted by L; or L1(P) = {X : E|X| < oo}. If both E(X™) and
E(X™) are infinite, then E(X) does not exist.
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5.2.3 Basic Properties of Expectation (Summary)

X €€, E(X) = Zi a,-P(A,-)
1
X €& By & 2 X, T X, E(X) = limp_y00 E(Xp)

i
General X: E(X) = E(XT) — E(X™).
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5.2.3 Basic Properties of Expectation

Example 5.2.1 (Heavy Tails)

Let X's density be f(x), then X's expectation, if exists, is
E(X) = [ xf(x)dx.

If f(x) = x"(x > 1). Then E(X) exists and E(X) = oo.

If f(x) = 0.5|x|2/(|x| > 1), then E(XT) = E(X~) = o and
E(X) does not exist.

The same conclusion would hold if f were the Cauchy density; i.e.,
f(x) = 1/{m(1+ x?)} for x € R.
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5.2.3 Basic Properties of Expectation

For expectation of any random variable:
1. If X is integrable, then P[X = f+o00] = 0.
Proof: if P[X = oco] > 0, then E(X") = cc and X is not
integrable.

2. If E(X) exists, E(cX) = cE(X). If either E(X™") < o0 and
E(YT)<ooor E(X~)<ooand E(Y™) < oo, then X + Y'is
quasi-integrable and E(X + Y) = E(X) + E(Y).

Proof: We only prove the last equation. It is based on
X+Y)F—(X+Y) =X+Y=X"—-X"+Y"-Y"
which implies (X + )T+ X"+ Y™ = (X+Y) + X"+ Y.
Taking expectation, we have

EX+Y) T +E(XT)+E(Y™) = E(X+Y) +E(XN)+E(Y™T).
Rearranging completes the proof.
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5.2.3 Basic Properties of Expectation

For expectation of any random variable:

3. f X >0, then E(X)>0. If X,Y € L3 and X <Y, then
E(X) < E(Y).
Proof: Y - X >0 = E(Y —X) >0.
Y — X| < |Y|+|X], thus Y — X € Ly. Then by 2, we have
E(Y — X) = E(Y) — E(X).

4. Suppose {X,} is a sequence of random variables such that
X € Ly for some n, if either X, T X or X,, | X, then
E(X,) T E(X) or E(Xp) L E(X).
Proof: Focus on X, T X. Then X, | X~ so E(X™) < 0.
Then 0 < X7 = X, + X, < X,+X{ T X+ X[ . By MCT,
0 < E(Xp+ X; )T E(X+ X[ ). Because X, € L1, we have
E(Xn + X{) = E(X,) + E(X] Further because £(X~) < oo
and E(X] ) < oo, by 2, we have
E(X+X{)=E(X)+ E(X{). Thus
limpooo{ E(Xn) + E(X] )} = E(X) + E(X{); i.e.,
limp—oo E(Xn) = E(X). (HW 5-2: Prove it for X, | X)
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5.2.3 Basic Properties of Expectation

For expectation of any random variable:

5. Modulus Inequality. If X € Ly, [E(X)] < E(|X]).
Proof:
[E(X)| = |[E(XT) — E(X7)| < E(XT) + E(X7) = E(|X]).
6. Variance and Covariance. Suppose X? € [; (or X € Lyp),
then Var(X) = E(X — E(X))? = E(X?) — (E(X))?. For
X,Y € L,
Cov(X,Y)=E((X = E(X)(Y — E(Y))) = E(XY) — E(X)E(Y).
Cov(X, Y) = 0 defines that X and Y are uncorrelated If
X L Yand X,Y € Ly, then Cov(X,Y)=0.
If X1,...,X, € L are uncorrelated, then
Var(}~; Xi) = >, Var(X;).
Also if Y1,...,Ym € Ly, aj, b € R, we have

Cov(>; aiXi, 32, biYj) = X2 X2 aibjCov(X;, Y)).
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5.2.3 Basic Properties of Expectation

For expectation of any random variable:

7. Markov inequality. Suppose X € L;. For any A > 0,
PIXI = Al < ATTE(IX]).
Proof: observe 1 x Ijjx|>y < @ then take expectations.

8. Chebychev inequality. Suppose X € L;. For any X > 0,
P[IX — E(X)| > )] < Var(X)/\2.
Proof: follows from the Markov's inequality.

9. WLLN. Let {X,} be iid with finite mean y and variance o°.
Then for any € > 0, lim,_yo0 P[| Xy — 11| > €] = 0, where
)_<,, =n1 X
Proof: using Chebyshev yields
P[| Xy — | > €] < e 2Var(X,) = 4\/3;2;@)) - 22 0.

ne
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5.3 Limits and Integrals

Theorem 5.3.1 (MCT)
If 0 < X, 1 X, then 0 < E(X,) T E(X).

Corollary 5.3.1 (Series versions of MCT)

if & > 0 are non-negative random variables for n > 1, then

E(ij):.

Jj=1 J

E(&).

00 )
=1

Proof: X, =377 ;& and X =372, . Apply MCT.
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5.3 Limits and Integrals

Theorem 5.3.2 (Fatou Lemma)
If 0 < X, then
E(lim inf X,) < lim inf E(X,).

More generally, if there exists Z € L1 and X, > Z, then

E(liminf X,) < liminf E(X},).

n—oo n—oo

Proof: liminf, .o X, = sup,>y infx>, Xik. Thus if X, >0, then

n—oo n—oo

E(liminf X;) = E( lim 1 (mf Xk)) = nIi_}mOO 0 E(Iir;f Xk) < liminf E(X,).

For X, > Z, we consider X, — Z > 0.
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5.3 Limits and Integrals

Corollary 5.3.2 (More Fatou)
If X, < Z where Z € Ly, then

E(limsup X,) > limsup E(Xp).

n—o0 n—o0

Proof: We have —X,, > —Z € L1. Then

E(liminf(—X,)) < liminf E(—X,),

n—oo
so that
E(— Iinrlioréf(—Xn)) > — Iinnlior;f(—E(Xn)).
It completes the proof because — liminf,_, o (—X,) = limsup,,_, ., X»

and — liminf,_ o (—E(Xn)) = limsup,_, o E(Xn).
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5.3 Limits and Integrals

Canonical Example
Nasty things could happened when interchanging limits and
integrals: Let (2, B, P) = ([0, 1], B([0,1]), A), where X is Lebesgue
measure. Define

Xn = nlo,1/n)
For any w € [0,1], /g,1/n)(w) — 0, so X;, — 0. However,
EX, = n?*(1/n) = n — co. So

E(liminf X,) = 0 < liminf E(X,) = oo,
n—o00 n—o00

and
E(limsup X,,) = 0 # limsup E(X,) = cc.

n—o0 n—o0

Corollary 5.3.2 failed because there is no Z € L such tat X, < Z.
(Dominating condition is important!)
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5.3 Limits and Integrals

Theorem 5.3.3 (Dominated Convergence Theorem (DCT)

If X, — X and there exists a dominating random variable Z € L;
such that

|Xn| < Z,

then
E(X,) = E(X).

Proof: We have —Z < X < Z. Thus, we can apply Theorem 5.3.2
and Corollary 5.3.2.
— E(limi <l
E(X) E(Ilnn_'n)lorle,,) < I|nrrl>|or;f E(X,)
< limsup E(X,) < E(limsup X)) = E(X).

n—oo n—oo
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5.4 Indefinite Integrals

Definition 5.4.1
If X € L1, we define

/ XdP = E(X - 1)
A

and call [, XdP the integral of X over A. Call X the integrand.
Suppose X > 0, we have (HW 5-3: prove these)

1.
2.
3.

0< [, XdP < E(X).

[, XdP = 0iff P(AN[X > 0]) = 0.

If {An,: n> 1} is a sequence of disjoint events
Ju,a, Xdp = 32021 [, Xdp-

If A1 C Ay, then [, Xdp < [, Xdp.

Suppose X € L; and {A,} is a monotone sequence of events.

If Ay 1+ A, then [, Xdp 1 [, XdP; while if If A, | A, then
S Xdp | [, XdP.
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5.5 The Transformation Theorem and Densities

Suppose T : (Q,B) — (', B') is a measurable map. P is a proba-
bility measure on . The induced probability measure on B’ is

P'=PoT e, P(A)=P(TYA)), AcB.

Example

Q={(a,b):a,b=1,...,6}: tossing two dices.

T(a,b) = max(a,b) : Q@ — Q'

Q' ={m:m=1,...,6}: the max of the two dices.

Let A" = {m =2}, then P'({m =2}) = P({(1,2),(2,1),(2,2)}).

Suppose X' : (', B') — (R : B(R)) is a random variable, and the
induced probability by X is Px:, where Px,(B) = P'(X'~1(B)), B €
B(R).

(Q,B,P) L (0,8, P)% (R B(R), F")
where F/(A) = P' o X’ 1(A) = Po T~1 0o X'71(A) for A € B(R).
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5.5 The Transformation Theorem and Densities

Theorem 5.5.1 (Transformation Theorem)

Suppose X' : (', B') — (R : B(R)) is a random variable. We know
X' oT:Q+ Ris also a random variable by composition.

(i) If X" >0, then

X'(')P'(dw') = / X'(T(w))P(dw), or E'(X") = E(X'oT),
Q’ Q

where E’ is the expectation operator computed with respect
to P'.
(i) We have
X' € Li(P)iff X'oT € Li(P)

in which case

/ X'(T(w))P(dw) = X' (WP (du').
T-1(A) A
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5.5 The Transformation Theorem and Densities

Proof. (i) Start with X as an indicator function (a), proceeding to
X as a simple function (b) and concluding with X being general (c).

(a): Suppose X'(w') = la(w') for A~ € B'. Then X'(T(w)) =
(T(w)€A)=Il(we T YA)) =lr-14(w). Thus

| XT@)P) = [ ram(@)P(de) = PTH(A)
Q Q
= P = [ )P = [ XI)P ().

(b) Let X’ be simple: X'(w') = S5, alla(w). Then X'(T(w)) =
Zle ala (T(w)) = Z’;Zl atlT-14,(w). Then everything follows.
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5.5 The Transformation Theorem and Densities

Proof continued. (c) Let X’ > 0 which is measurable. There exists
an approximating sequence X/ 1 X’. By MCT, E'(X]) 1+ E'(X").
Also X/ o T 1 X"oT. Then by MCT: E(X]oT) 1 E(X'oT). Thus

/QX’(T(w))P(dw): lim t [ X/(T(w))P(dw)

n—o0 Q

= lim t [ X\(J')P'(dw')
n—oo Q/

_ / X' ()P (du).

THe proof of (ii) is similar by using X’/
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5.5.1 Expectation is Always an Integral on R

Let X be a random variable on (2,5, P) and define the induced
probability measure on (R, B(R)) by

F=PoX! or F(A)=Po X }(A)=P[X € A].

The distribution function of X is F(x) = P[X < x]. Using the
Transformation Theorem allows us to compute the abstract integral

amzéxmmm)

E(X)= /RXF(dX),

which is an integral on R.
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5.5.1 Expectation is Always an Integral on R

Corollary 5.5.1 HW 5-4: prove it
(i) If X is an integrable random variable with distribution F, then

E(X):/RXF(dx).

(ii) Suppose X : (Q,B) — (E, &) is a random element of E with
distribution F = P o X! and suppose

g (E75) = (RJr’B(RJr))

is a non-negative measurable function. The expectation of
g(X)is

E(g(X)) = /Q £(X(w))P(dw) = /E £(x)F(dx).
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5.5.2 Densities
Let X : (2, B) — (R, B(R¥)) be a random vector on (Q, B, P) with
distribution F. We say X or F is absolutely continuous (AC) if
there exists a non-negative function
F (R%, B(RK)) s (R, B(R,))

such that
F(A) = / f(x)dx

A
where dx stands for Lebesgue measure and the integral is a Lebesgue-
Stieltjes integral.

Proposition 5.5.2
Let g : (R¥, B(R¥)) — (R4, B(R;)) be a non-negative measurable
function. Suppose X is a random vector with distribution F which

is AC with density f, then

E(g(X)) = /R £(x)F(x)dx.
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5.6 The Riemann vs Lebesgue Integral

We always use Riemann integrals to compute expectations using den-
sities. How does the Riemann integral compare with the Lebesgue
integral?
Theorem 5.6.1 (Riemann and Lebesgue)
Suppose f : (a, b] — R and
(a) fis B((a, b])/B(R) measurable,
(b) f is Riemann-integrable on (a, b].
Let A\ be the Lebesgue measure on (a, b]. Then
(i) f e Li([a, b], ). In fact f is bounded.
(i) The Riemann integral of f equals the Lebesgue integral.

However, a function could have Lebesgue integral but not Riemann
integral. In fact, for a function to be Riemann-integrable, it is nec-
essary and sufficient that the function be bounded and continuous
almost everywhere.
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5.6 The Riemann vs Lebesgue Integral

Lemma 5.6.1 (Integral Comparison Lemma) HW 5-5: prove it

Suppose X and X’ are random variables on (£, B, P) and suppose
X € L.

(a) If P[X = X'] =1, then X’ € L; and E(X) = E(X).
(b) P[X =X']=1iff [, XdP = [, X'dP for all A € B.
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5.6 The Riemann vs Lebesgue Integral

Example 5.6.1 (Riemann and Lebesgue)

Set Q =[0,1] and P = X =Lebesgue measure. Let X(s) = Ig(s)
for s € Q, where Q collects the rational real numbers. Then

Q) = MUren{r}) =>_A({r}) =0.

reQ

Thus A([X =1]) =0and A([X =0]) =1 —-0=1. Then by
Lemma 5.6.1, E(X) = E(O) =0. What about using Riemann
integral to calculate E(X f[o 1 s)ds? No matter how fine we
partition the [0, 1], there always eX|ts rational number in a
sub-interval. Thus the upper Riemann approximating sum is always
1 while the lower one is always 0. Thus the Riemann integral does
not exist but the Lebesgue integral does and is equal to 0.
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5.7 Product Spaces, Independence, Fubini Theorem

Let Q1,5 be two sets. Define the product space
Q1 x Qo = {(w1,w2) 1 w; €Q;,i =1,2}
and define the coordinate or projection maps 7; : Q1 x Qp — Q;,
i=1,2, by
mi(wi, w2) = wj

If AC Q1 x €5 define

Aw1 = {LUQ : (wl,wg) S A} (- Qz

Aw2 = {wl : (CU1,(JJ2) S A} C Ql.
A, is called the section of A at w;.
(i) If AC Q1 x Qp, then (A%)w, = (Au,)<.
(ii) If, for an index set T, we have A, C Q1 x Qp, foralla € T,

then

(UozAa)wl = Ua(Aa)wp (maAa)wl = ma(Aa)wl-
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5.7 Product Spaces, Independence, Fubini Theorem

Let X be a function with domain Q1 x €5 and range S. Define the
section of X as
Xy (w2) = X (w1, w?)
o)
le : Q2 — S.
We think of w; as fixed and the section is a function of varying ws.
Call X, the section of X at wj.
(i) (Ia)w = la,,
(i) If S =Rk for some k > 1 and if for i = 1,2 we have
Xi Q1 xQo— S, then

(X1 4+ X2)wr = (X1)wr + (X2)uw -

(iii) Suppose S is a metric space, X, : Q1 x Q2 +— S and
lim,_— oo X, exists. Then
lim (Xp)w, = (n“_qloxn)wr

n—oo
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5.7 Product Spaces, Independence, Fubini Theorem

A rectangle in Q; x Q5 is a subset of Q1 x Q5 of the form A; x A,
where A; € Q;, i = 1,2. We call A; and A the sides of the
rectangle. The rectangle is empty if at least one of the sides is
empty.

Suppose (£2;, B;) are two measurable spaces (i = 1,2). A rectangle
is called measurable if it is of the form A; x Ay where A; € B;, for
i =1,2. An important fact: The class of measurable rectangles is
a semi-algebra which we call RECT.

We now define a o-algebra on Q; x £ to be the smallest o-algebra
containing RECT. We denote it by B1 x B> and call it the product
o-algebra. Thus

Bl X Bz = U(RECT).

If Q1 = Q5 =R, then
Bl X 82 = O’(Al X As  A; EB(R),I': 1,2)
=o({h x h: ljis of form (a, b],i = 1,2}).
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5.7 Product Spaces, Independence, Fubini Theorem

Lemma 5.7.1 (Sectioning Sets)
Sections of measurable sets are measurable. If A € B; x By, then

for all w € Q;,
Awl € Bo.

Proof: Define C,, = {A C Q1 x Qy : Ay, € Ba}. We prove
Cuwy D B1xBy = o(RECT). Known RECT is a m-system, by Dynkin's
Theorem (2.2.2), it suffices to show that C,, is a Dynkin's system
and RECTC C,,.

If A €RECT and A = Ay X Ap, Aj € B; for i = 1,2, then A,, =
{wz : (w1,w2) € A1 x Az} which equals to Ay € By if wy € A; or
() € By otherwise. Thus A,, € C,,. It concludes RECTC C,,.
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5.7 Product Spaces, Independence, Fubini Theorem

Proof continued: We now show C,, is a Dynkin's system.
(i) Q1 x Qs € RECT C C,.

(ii) If A€ Cyy, then (A%, = (Aw, )¢ € B because A, € Bo.
Thus, A€ € C,,.

(iii) If Ap € Coy (meaning (Ap)w, € B) with {A,} disjoint. Then
(UnAn)w: = Un(An)wy € Ba, thus UsA, € Cy,,.

This completes the proof.
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5.7 Product Spaces, Independence, Fubini Theorem

Corollary 5.7.1 (Sectioning Sets)
Sections of measurable function are measurable. That is if

X : (Ql X 92,81 X 82) — (S,S)

then
le € Bs.

Proof: Since X is By x By/S measurable, we have for A € S that
X7YA) = {(w1,w2) : X(w1,w2) € A} € By x By. Therefore, by
Lemma 5.7.1, (X"Y(A))., € Bo. we note
(XTHA))wy, = {wo : X(w1,wn) € A}
— fuwn t Xe(n) € A} = (Xey) 1.
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5.8 Product Measures on Product Spaces

Transition Functions
Call a function

K(wl,Az) : Ql X 82 — [0, ].]

a transition function (or transition kernel) if
(i) for each wy, K(wi,-) is a probability measure on By, and
(ii) for each Ay € By, K(-,A2) is B1/B([0,1]) measurable.

We interpret K(w1,A2) as the conditional probability given wy, the
result transits to As.
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5.8 Product Measures on Product Spaces

Theorem 5.8.1
Let P; be a probability measure on B, and suppose

K : Q1 x By [0,1]

is a transition function. Then K and P;, uniquely determine a
probability on By x B, via the formula

P(A1 X A2) = A K(wl,Az)Pl(dwl).

for all A1 X A €RECT.
Interpretation: P(A1 x Az) = P(Az|A1)P(A1).
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5.8 Product Measures on Product Spaces

Proof of Theorem 5.8.1: Again, we specified P on the semi-algebra
RECT. We need to show P is a valid probability measure on B; x
By = o(RECT). This can be done by applying the Combo Extension
Theorem 2.4.3. It requires us to check P is a o-additive set function
mapping RECT to [0, 1] such that P(Q; x Q) = 1.

Because, for each w;i, K(w1,-) is a probability measure on B;,
K(wl,Qz) =1,Vwy € Q.

Because P; is probability measure on 51,

P(Ql X QQ) = /Q K(wl,Qg)Pl(dwl)

= / Pl(dwl) = Pl(Ql) =1.
1951
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5.8 Product Measures on Product Spaces

Proof of Theorem 5.8.1 (continued): Now we show P is o-
additive on RECT. Let {A(M = A x A" - n > 1} be disjoint
elements of RECT whose union is in RECT (i.e., Uff’:l(Agn) xAg")) =
A1 X Az). We need to show

P(A; x Ap) = ZPA(" x A"

Because K(w1,-) is a probab|I|ty measure on By, for any A, € By,
K(wl,Ag) = sz IAZ(wg)K(wl, d(,UQ).

P(A1 X A2) = /Al(wl)K(wl,Az)Pl(dwl)

S—

Q
/Al(wl)/ /Az(O.)Q)K(W]_,dWQ)Pl(dW]_)
1 Qo

S~

Q

= / / IAl(wl)lAz(wg)K(wl,dwz)Pl(dwl).
Q1 JQ
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5.8 Product Measures on Product Spaces

Proof of Theorem 5.8.1 (continued): Because U
A1 X A2, /Al(wl)lAz(W2) =

Continued, we have

A1><A2 / /
Q1 JQ

by MTC = /
Q

1 n

byI\/ITC: Z/ I()wl

Z/

_ZP

Ty (Wi w2) = 325 Ly (w1)l

© (A s Al —
o) (w2).

n)(wz)K(wl, dwy)P1(dwr)
/ IA(z") (w2)K (w1, dw)P1(dwi)
2
K(wr, AS)Pr(duwn)

wl,A( Pl(dwl)

>< A(")
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5.8 Product Measures on Product Spaces

Special case. Suppose for some probability measure P> on B, that
K (w1, A2) = P2(A2). Then the previously defined P satisfies

P(Al X A2) = Pl(Al)PQ(AQ).

We denote this P by P; x P, and call P product measure. Define
o-algebra ins Q1 x Q5 by Bl# ={A1 xQ: A; € B1} and Bf =
{Q1 x Az : Ay € By}. With respect to the product measure P, we
have

BY LB}

because P(Al x N Q1 % Az) = P(Al X A2) = Pl(Al)Pz(Az) =
P(Al X Qz)P(Ql X A2)
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5.8 Product Measures on Product Spaces

Special case continued. Suppose X; : (2;,5;) — (R,B(R)) is a
random variable on Q; for i = 1,2. Define on Q1 x €, the functions

X7 (w1, w2) = Xa(w1), X5 (w1, w2) = Xo(w2)

with respect to P = P; x P,. The variables Xl# and X2# are
independent because

PIXT < x, XF <]
= P1 x Pa({(w1,w2) : X1(w1) < x, Xao(w2) < y})
= P1 x Py({w1 : X1(w1) < x} x {w2 : Xo(w2) < y})
= P1[X1 < x]P2[X2 < y] = Pi[X1 < x]P2(Q2) P1(Q1) P2[X2 < y]
= P([X1 < x] x Q)P(Q1 x [X2 <y])
= P({(w1,w2) : Xi(w1) < x})P({(w1,w2) : Xo(w2) < y})
= PIX[" < xPIX] < y].
Independence is automatically built into the model by construction

when using product measure.
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5.9 Fubini's theorem

Theorem 5.9.1
Let P; be a probability measure on (21, 81) and suppose
K : Q1 x By + [0, 1] is a transition kernel. Define P on
(Ql X QQ,Bl X Bz) by P A1 X A2 fA OJl,Az Pl(dwl)
Assume X : (1 X Q2,81 x By) — (R, B( )) and suppose X > 0
(X is integrable). Then

Y(wi) = / K (w1, dwz) Xy, (w2)

has the properties 2
(a) Y is well defined.

(b) Y € By

(c) Y =0(Y € Li(Pr)).
and furthermore/

XdP = / Y (w1)Ps (dewr)
QlXQz Q1

— /Q1 [/92 K(wl,dWQ)le(WZ)] P1(dwy). (1)
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5.9 Fubini's theorem

Interpretation: When calculating [ [ h(w1,ws)f(wi,ws)dwodws,
we can have f(w1,w2) = fj1(w2|w1)fi(w1) (joint equals conditional
times marginal). Then

//h(wl,wg)f(wl,wg)dwgdwl
= //h(wl,w2)1‘2|1(w2]wl)fl(wl)dwzdwl
= //h(wl,wg)f2|1(w1|w2)dw2 fr(w2)dws .
————

P1(dw1)

Y(w1)
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5.9 Fubini's theorem

Proof of Theorem 5.9.1: We only show (1) under the assumption
X > 0. Start with the indicator function X = I4,«xa,, where A; x
A> €RECT. Then leXQz XdP = fA1><A2 dP = P(A1 x A2). And

| venpidan = [ 1] K dez)ia n)in, (2l Pr(de)
Q]_ QZ
= /A K(wl,Ag)Pl(dwl) = P(Al X Az).

Thus (1) holds for indicators of measurable rectangles. Let
C={A€ By xBy:(1) holds for X = I},

and we know RECTC C. We claim C is a Dynkin system.
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5.9 Fubini's theorem

Proof of Theorem 5.9.1, continued: We check C is a Dynkin
system:

(i) Q1 x Qs eC.

(i) If A€ C, A° € C. Because for X = lac, we have

/ XdP = P(A°) = 1 — P(A)
Q1 xQ

= /Ql /Qz K wl,dW2)/A (wz)Pl(dwl)
/ K(wl,dwg 1 — IAW (wg))Pl(dwl)
/ K(wi, dw2)l(a,, ye(w2) P1(dwi)

/ K wl,dWQ I(Ac (WQ)Pl(du.)]_)

/le,dwg Xy (w2)P1(dwr).
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5.9 Fubini's theorem

Proof of Theorem 5.9.1, continued: We check C is a Dynkin
system:

(i) If A, € C, and {A, : n > 1} are disjoint events, then U,A, € C.
Because if X = 1,4,

XdP = P(U,A P(A
/leﬂz Z
= Z/ / K(wi, dw2)l(a,),,, (w2) P1(dwi)
n Y JQ
by MCT = / / K(wl, dWQ) Z /(An)wl (W2)P1(dwl)
Q1 JQ

n

_ / / K(w1, ), any.. (w2)Pr(den).
Q1 J Qo

Then we have show C is a Dynkin system and the m-system RECTC
C. Thus o(RECT) = By x B, C C; i.e., for any A € By x By, (1)
holds for X =
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5.9 Fubini's theorem
Proof of Theorem 5.9.1, continued: If X = Y. | a;/a., where
A; € By x By. It is easy to check (1) holds.

For arbitrary X > 0, denoted its approximating sequence by X, T X.
By monotone convergence, fQ1><Qz X,dP 1 leXQz XdP. We know
(1) holds for each X,; i.e.,

lim 4 X,dP

n—oo Ql % Q2

= Jim 1 [ 1 /| K, den) () (2) P o)

n—oo

by MCT = / im 1 [ Ko, den) (X (0] Pr( )

n—o0

by MCT = / /] (wl,dW2)n|Lrgo¢(xn)wl(wz)]Pl(dwl)

/[Q K (w1, dwp) X, (w2)]P1(dwy).
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5.9 Fubini's theorem

Theorem 5.9.2 Fubini Theorem
Let P = Py x P, be the product measure. If X is B1 x B>

measurable and is either non-negative or integrable with respect to
P, then

L xap= [ ] XateaPaldeapridin)
— / [/ Xy (w1) P1(dw1)]|Pa(dws).
Qo JQ
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5.9 Fubini's theorem

Proof: Let K(wi,Az) = P2(A2). Then P; and K determine P =
P1 x P> on By x B> and

/ XdP = / ([ K(wr, dwn)Xo, ()] Pr(dwr)
QlXQZ QZ
= [ Pr(dua)Xe ()l Pa(dn),
Q1 JQ

Also let R(Wz,Al) = P1(A;1) be a transition kernel with K : Q) x
Bi +— [0,1]. Then K and P, also determine P = P; x P> and we
have

/mszdP B / L., K (w2, dw1) Xy (w1)] Po(dw2)

— /Qz[/Ql P1(dw1) X, (w1)]P2(dws).
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5.9 Fubini's theorem

Example 5.9.2
Let X; >0, i = 1,2, be two independent random variables. Then

E(X1X2) = E(X1)E(X2).
Proof: Let X = (X1, X2), g(x1,x2) = x1x2, F; the distribution of
Xi. Then Po X 1(A; x Ay) = P[(X1,X2) € A1 x Ay] = P[X; €
Al,XQ S Az] = P1[X1 S A1]P2[X2 (S A2] = F1(A1)F2(A2) = F1 X
F2(A1 x A2). So Po X! and Fi x F» agree on RECT and hence
on B(RECT) = B;1 x Ba. From Corollary 5.5.1 we have

EX6X) = E(e(X) = [ e()PoX(dx) = [ gd(FixF)

2
+ Ry

by Fubini = / x[ [ xiFi(dx1)]F2(dx2)
Ry IRy

- E(Xl)/szz(dxz) = E(X1)E(X»).
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5.9 Fubini's theorem

Example 5.9.3 (Convolution)

Suppose X; and X; are two independent random variables with
distributions Fi, F>. The distribution of X; + X5 is given by
convolution F; x F». For x € R,

P[X1+Xo < x] = F1xFy(x) = / Fi(x—u)Fy(du) = / Fo(x—u)Fi(du).
R R
Let X = (X1, X2) which has distribution F; x F, and set

g(x1, %) = l{(u,v):u+v§x}(X17X2)a (x1,x2) € R?

Then P[X1+ X2 < x| = E(g(X)) = / gd(F1 x F2)
]R2
Fubini = /[/ I () utv<xy (X1, x2) F1(dx1 )| F2(dxo)
R JR

_ /R[/R I{V:V<XXz}(xl)Fl(dxl)]Fg(dX2)—/RFl(X—Xz)Fz(dxz)-

Other HW 5 problems: Section 5.10, Q5-7, Q9-12, Q14-Q16, Q18,
Q20, Q22, Q25, Q30-31, Q36. 56 /56



	5.1 Preparation for Integration
	5.2 Expectation and Integration
	5.3 Limits and Integrals
	5.4 Indefinite Integrals
	5.5 The Transformation Theorem and Densities
	5.6 The Riemann vs Lebesgue Integral
	5.7 Product Spaces, Independence, Fubini Theorem
	5.9 Fubini's theorem

