STAT 823, Homework 2, due Feb. 6, 2020

1. Let Xj,...,X, be a sequence of random variables. Denote by F;(x) the cdf function of X; for
each i. Assume that lim,,_, ., F,,(x) = F(z) for some function F'. Prove or provide a counterexample

to each of the following statements:

(a) 0< F(z)<1

(b) For any = < 2/, F(z) < F(2')

(¢) limy—s—oo F(z) =0 and limg_yoo F(x) =1
(d) F is right continuous.

2. Let Xq,...,X, beiid from a distribution with density

1 1
flx) = Wexp{—%}, x>0

Show that for any n, the sample mean X,, has the same distribution as nX;; i.e., the sample mean
is much more variable than the single observation X;.
3. Let S, be the Bionmial distribution B(n,py,).

(a) Show that when p, = p,
Sn—np d
—F — N(0,1
i (0,1)

where ¢ =1 — p.
(b) Show that when p, = A/n, S, converges in probability to a Poisson distribution.
4. In the standard two-way random effect model, it is assumed that
Xij=A+Uy forj=1,....mi=1,...,s,
with the A’s and U’s all independently, normally distributed with
E(A;) =&, Var(A;) = 0%, E(Uij) = 0,Var(Uy;) = o>
Show that X = Y77 | 7% Xj;/(sm) is
(a) not consistent for £ if m — oo and s remains fixed,

(b) consistent for ¢ if s — 0o and m remains fixed.

5. Prove: if Ui, = 0,(Vip) and Us,, = Op(Vay,), then UrpUsy = 0p(Vin Van).



